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SPUT SCREENS 


PROGRESS CHECKS 


PREFACE 


We have been very pleased by the widespread acceptance of the first edition of 
this book. It has been especially gratifying to find other texts adopting 
some of our innovative ideas. For example, the early introduction of complex 
numbers, permitting the solution of any quadratic equation, has now become 
the accepted approach. 

The objectives of this edition are 


« to improve the chapters on trigonometry by: 
a. eliminating the ‘‘wrapping function’’ to permit a faster pacing of the open- 
ing sections; 
b. introducing early the concept of angular measure (in both radians and 
degrees) to avoid the abrupt switch from theory to application; 
c. guiding the student to use calculators for determining the values of the 
trigonometric functions; 
* to respond to suggestions from instructors and students, thus improving the 
exposition and the examples; 
* to eliminate the need for the student to purchase a study guide, by providing a 
section in the back of the book that contains worked-out solutions to selected 
Review Exercises; 
* to ensure accuracy of the Answers section by utilizing computer programs with 
rational arithmetic to verify the answers; 
* to enliven the book by introducing Features of interest to both student and 
instructor (see pages with color marking along the edges); 
* to add topics that are currently taught at many schools (for example, linear 
programming). 
We have retained the supportive elements that have become the hallmark 
of this series: 


Many algebraic procedures are described with the aid of a “‘split screen’’ that 
displays simultaneously both the steps of an algorithm and a worked-out example. 


At carefully selected places, problems similar to those worked in the text have 
been inserted (with answers) to enable the student to test his or her understanding 
of the material just described. 


ix 


X PREFACE 


x 


WARNINGS 


END-OF-CHAPTER 
MATERIAL 


ANSWERS 


EXERCISES 


To help eliminate misconceptions and prevent bad mathematical habits, we have 
inserted numerous Warnings (indicated by the symbol shown in the margin) that 
point out the incorrect practices most commonly found in homework and 
exam papers. 


Every chapter contains a summary, including 
Terms and Symbols with appropriate page references; 
Key Ideas for Review to stress the concepts; 
Review Exercises to provide additional practice; 


Progress Tests to provide self-evaluation and reinforcement. 


The answers to all Review Exercises and Progress Tests appear in the back of 
the book. 


Abundant, carefully graded exercises provide practice in the mechanical and 
conceptual aspects of algebra. Exercises requiring a calculator are indicated by 
the symbol shown in the margin. Answers to odd-numbered exercises appear at 
the back of the book. Answers to even-numbered exercises appear in the Jnstruc- 
tor’s Manual. The Instructor’ s Manual/Test Bank is available to the instructor on 
request. 
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TO THE STUDENT 


This book was written for you. It gives you every possible chance to succeed—if 
you use it properly. 

We would like to have you think of mathematics as a challenging game—but not 
as a spectator sport. This wish leads to our primary rule: Read this textbook with 
pencil and paper handy. Every new idea or technique is illustrated by fully 
worked-out examples. As you read the text, carefully follow the examples and 
then do the Progress Checks. The key to success in a math course is working 
problems, and the Progress Checks are there to provide immediate practice with 
the material you have just learned. 

Your instructor will assign homework from the extensive selection of exercises 
that follows each section in the book. Do the assignments regularly, thoroughly, 
and independently. By doing lots of problems, you will develop the necessary 
skills in algebra, and your confidence will grow. Since algebraic techniques and 
concepts build on previous results, you can’t afford to skip any of the work. 

To help prevent or eliminate improper habits and to help you avoid the errors that 
we see each semester as we grade papers, we have interspersed Warnings 
throughout the book. The Warnings point out common errors and emphasize the 
proper method. 

There is important review material at the end of each chapter. The Terms and 
Symbols should all be familiar by the time you reach them. If your understanding 
of a term or symbol is hazy, use the page reference to find the place in the text 
where it is introduced. Go back and read the definition. 

It is possible to become so involved with the details of techniques that you lose 
track of the broader concepts. The list of Key Ideas for Review at the end of each 
chapter will help you focus on the principal ideas. 

The Review Exercises at the end of each chapter can be used as part of your 
preparation for examinations. The section covering each exercise is indicated so 
that, if needed, you can go back to restudy the material. If you get stuck on a 
problem, see if the problem that is giving you difficulty or a similar problem is 
numbered in color, indicating that a worked-out solution appears in the back of the 
book. You are then ready to try Progress Test A. You will soon pinpoint your weak 
spots and can go back for further review and more exercises in those areas. Only 
then should you proceed to Progress Test B. 

We believe that the eventual “‘payoff”’ in studying mathematics is an improved 
ability to tackle practical problems in your field of interest. To that end, this book 
places special emphasis on word problems, which recent surveys show are often 
troublesome to students. Since algebra is the basic language of the mathemati- 
cal techniques used in virtually all fields, the mastery of algebra is well worth 
your effort. 


xili 


4.4 
THE REAL NUMBER 
SYSTEM 


SETS 


THE FOUNDATIONS OF 
ALGEBRA 


No one would debate that 2 + 2 = 4, or that 5 + 3 =3 + 5. The significance of 
the statement ‘‘2 + 2 = 4’’ lies in the recognition that it is true whether the 
objects under discussion are apples or ants, cradles or cars. Further, the statement 
**5 + 3 = 3 + 5”’ indicates that the order of addition is immaterial, and this prin- 
ciple is true for any pair of integers. 

These simple examples illustrate the fundamental task of algebra: to abstract 
those properties that apply to a number system. Of course, the properties depend 
on the type of numbers we choose to deal with. We will therefore begin with a 
discussion of the real number system and its properties, since much of our work 
in algebra will involve this number system. We will then indicate a correspon- 
dence between the real numbers and the points on a real number line and will give 
a graphical presentation of this correspondence. 

The remainder of this chapter is devoted to a review of some fundamentals 
of algebra: the meaning and use of variables; algebraic expressions and polyno- 
mial forms; factoring; and operations with rational expressions or algebraic frac- 
tions. 


We will need to use the notation and terminology of sets from time to time. A set 
is simply a collection of objects or numbers, which are called the elements or 
members of the set. The elements of a set are written within braces so that the 
notation 


A = {4, 5, 6} 
tells us that the set A consists of the numbers 4, 5, and 6. The set 
B = {Exxon, Ford, Honeywell} 


consists of the names of these three corporations. We also write 4 € A, which we 
read as ‘‘4 is a member of the set A.’’ Similarly, Ford € B is read as ‘‘Ford is a 
member of the set B,’’ and IBM ¢ B is read as ‘‘IBM is not a member of the set 
B.”’ 
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THE REAL NUMBER 
SYSTEM 


If every element of a set A is also a member of a set B, then A is a subset of 
B. For example, the set of all robins is a subset of the set of all birds. 


EXAMPLE 41 
The set C consists of the names of all coins whose denominations are less than SO 
cents. We may write C in set notation as follows: 

C = {penny, nickel, dime, quarter} 


We see that dime e C but half dollar € C. Further, the set H = {nickel, dime} is a 
subset of C. 


PROGRESS CHECK 
The set V consists of the vowels in the English alphabet. 


(a) | Write V in set notation. 

(b) — Is the letter k a member of V? 

(c) Is the letter u a member of V? 

(d) List the subsets of V having four elements. 


ANSWERS 
(a) V={a, e, i, 0, u} (b) No (c) Yes 
(d) {a, e, i, o}, {e, i, 0, u}, {a, i, 0, u}, {a, e, 0, u}, {a, e, i, u} 


Since much of our work in algebra deals with the real number system, we’ ll begin 
with a review of the composition of this number system. 

The numbers 1, 2, 3, . . . , used for counting, form the set of natural 
numbers. If we had only these numbers to use to show the profit eared by a 
company, we would have no way to indicate that the company had no profit or 
had a loss. To indicate no profit we introduce 0, and for losses we need to 
introduce negative numbers. The numbers 


pols S108 1 2 ee 


form the set of integers. Thus, every natural number is an integer, and the set of 
natural numbers is seen to be a subset of the set of integers. 

When we try to divide two apples equally among four people we find no 
number in the set of integers that will express how many apples each person 
should get. We need to introduce the set of rational numbers, which are num- 
bers that can be written as a ratio of two integers, 


- with q not equal to zero 


Examples of rational numbers are 


ee ee eae 


By writing an integer n in the form n/1, we see that every integer is a rational 
number. The decimal number 1.3 is also a rational number, since 1.3 = i. 
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We have now seen three fundamental number systems: the natural number 
system, the system of integers, and the rational number system. Each later system 
includes the previous system or systems, and each is more complicated than the 
one before. However, the rational number system is still inadequate for sophis- 
ticated uses of mathematics, since there exist numbers that are not rational, that 
is, numbers that cannot be written as the ratio of two integers. These are called 
irrational numbers. It can be shown that the number a that satisfies a: a = 2 is 
such a number. The number 7, which is the ratio of the circumference of a circle 
to its diameter, is also such a number. 

The decimal form of a rational number will either terminate, as 

3 


A 
4 ~ 0.75 —57 0.8 


or will form a repeating pattern, as 
= 0.666... 7= 0.090909... 2= 0.148571... 


Remarkably, the decimal form of an irrational number never forms a repeating 
pattern. 

The rational and irrational numbers together form the real number system 
(Figure 1). 


Real numbers 


FIGURE 4 


PROPERTIES OF THE REAL With respect to the operations of addition and multiplication, the real number 


NUMBERS (Optional) 


system has properties that are fundamental to algebra. The letters a, b, and c will 
denote real numbers. 


Property |. The sum of a and b, denoted by a + 5, is a real number. 


Property 2. The product of a and b, denoted by a-b or ab, is a real number. 


We say that the set of real numbers is closed with respect to the operations of 
addition and multiplication, since the sum and the product of two real numbers 
are also real numbers. 
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Commutative Laws Property 3.a+b=b+a _ Commutative law of addition 


Property 4. ab = ba Commutative law of multiplication 


That is, we may add or multiply real numbers in any order. 


Associative Laws Property 5. (a+ b)+c=a+t+(b+c) Associative law of addition 
Property 6. (ab)c = a(bc) Associative law of multiplication 


That is, when adding or multiplying real numbers we may group them in any 
order. 


Identities Property 7. There is a unique real number, denoted by 0, such that a + 0 = 
0 + a =a for every real number a. 
Property 8. There is a unique real number, denoted by 1, such that a‘ 1 = 
1+a=a for every real number a. 


The real number 0 of Property 7 is called the additive identity; the real number | 
of Property 8 is called the multiplicative identity. 


Inverses Property 9. For every real number a, there is a unique real number, denoted by 
—a, such that 


a+ (—a)=(—a)+a=0 


Property 10. For every real number a # 0, there is a unique real number, 
denoted by I/a, such that 


()=Qe 


The number —a of Property 9 is called the negative or additive inverse of a. The 
number I/a of Property 10 is called the reciprocal or multiplicative inverse of a. 


Distributive Laws Property 11. ab +c)=ab + ac 
Property 12. (a + b)c = ac + be 


EXAMPLE 2 
Specify the property illustrated by each of the following statements. 


(a) 2+3=3+2 (b) (2°3)°4=2:(3°4) 


(c) 23=1 (d) 203+5)=2°3+2°5 
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SOLUTION 
(a) commutative law of addition (b) associative law of multiplication 
(c) multiplicative inverse (d) distributive law 

EQUALITY When we Say that two numbers are equal, we mean that they are identical. Thus, 


when we write 

a=b 
(read ‘‘a equals b’’), we mean that a and b represent the same number. For 
example, 2 + 5 and 4 + 3 are different ways of writing the number 7, so we can 
write 


2+5=4+3 
Equality satisfies four basic properties. 


Properties of Equality 


Let a, b, and c be elements of a set. 


1. a=a_ Reflexive property 

2. If a=b,thenb=a. Symmetric property 

3. If a=band b=c, thena=c. Transitive property 
4 


. If a=b, then a may be replaced by 5b in any statement that involves a or 
b. Substitution property 


EXAMPLE 3 

Specify the property illustrated by each of the following statements. 
(a) If Sa-—2=b5, then b=S5Sa—2. 

(b) If a= band b=5 thena=S. 

(Cc) If 3(a+ 2) = 3a + 6, anda = b, then 3(b + 2) = 3b + 6. 


SOLUTION 
(a) symmetric property (b) transitive property 
(c) substitution property 


THEOREMS Using Properties 1-12, the properties of equality, and rules of logic, we can 
prove many other properties of the real numbers. 


Theorem 1 _ Ifa, b, and ¢ are real numbers, and a = b, then 


(a) atc=bt+e 
(b) ac=be 


This theorem, which will be used often in working with equations, allows us 
to add the same number to both sides of an equation and to multiply both sides of 
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an equation by the same number. We will prove Theorem 1a and leave the proof 
of Theorem Ib as an exercise. 


PROOF OF THEOREM ‘a 


Reason 


Closure property 
Reflexive property 
Substitution property with a = b 


The following theorem is the converse of Theorem |. 


Cancellation Laws Theorem 2 Let a, b, and c be real numbers. 
(a) Ifa+c=b+c, thena=b. 
(b) If ac = bc and c # O, then a= b. 


Part b of Theorem 2 is often called the cancellation law of multiplication. We’ll 
prove this theorem to offer another example of the method to be used. 


PROOF OF THEOREM 2b 


Closure property 


Inverse 
Theorem 1b 


Associative law 


Multiplicative inverse 


Multiplicative identity 


We can restate part a of Theorems | and 2 in this way: If a, b, and c are real 
numbers, then a + c = 6 + c if and only if a = b. The connector ‘‘if and only if’’ 
is used to indicate that either both statements are true or both statements are 
false. 
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Theorem 3 Let a and b be real numbers. 
(a) a-0=0-a=0 


(b) If ab=0, then a =0orb=0. 


The real numbers a and b are said to be factors of the product ab. Part b of 
Theorem 3 says that a product of two real numbers can be zero only if at least one 
of the factors is zero. 

The next theorem gives us the usual rules of signs. 


Theorem 4 Let a and b be real numbers. Then 
(a) —{-a)=a 
(b) (—a)(b) = —(ab) = a(—b) 


(c) (—1)(a) = —-a 
(d) (—a)(—b) = ab 
(e) —(a+b)=(-a)+(—)) 


It is important to note that —a is not necessarily a negative number. In fact, 
Theorem 4(a) shows that —(—3) = 3. 

We next introduce the operations of subtraction and division. If a and b are 
real numbers, the difference between a and b, denoted by a — b, is defined by 


a—-b=a+(-—b) 
and the operation is called subtraction. Thus, 
6—-2=6+(-2)=4 2-2=0 0-8=-8 
It is easy to show that the distributive laws hold for subtraction, that is, 


a(b — c) =ab-—ac 


(a — b)c = ac — be 


If a and b are real numbers and b + 0, then the quotient of a and b, denoted 
by a/b, is defined by 


and the operation is called division. We also write a/b as a + b and speak of the 
fraction a over b. The numbers a and 5 are called the numerator and denom- 
inator, respectively, of the fraction a/b. Observe that we have not defined divi- 
sion by zero, since 0 has no reciprocal. 
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The following theorem summarizes the familiar properties of fractions. 


Theorem § Leta, b, c, and d be real numbers with b + 0, d + 0. Then 


Example 
a_ c H A = = 4 j . — . 
(a) 5 qil and only if ad = bc = § since 2 6=3:°-4 
a: 
a 
b 
d 
a _atec 
bo Re 
a 
b + 
i a 
b d_ bd 
a 
2 
c 
d 
PROGRESS CHECK 
Perform the indicated operations. 
Sul 5 4 2.3 
Oe Og a | 
ANSWERS 
17 2 23 
(a) 0 (b) 3 (c) 71 


EXERCISE SET 1.1 


In Exercises 1-8 write each set by listing its elements within braces. 


1. The set of natural numbers from 3 to 7, inclusive. a ee a F S11 
: tort tS = —-3, -—2, -1,0, 1, ; 
2. The set of integers between —4 and 2. oe ee { : aii 
; sisting of the positive integers in S. 
oo) Ais PCG MEE er ve QWeen: sand => 6. The subset of the set S = {—4, — 1.1, 3.7, 4.8} consist- 
4. The set of natural numbers from —9 to 3, inclusive. 


ing of the negative rational numbers in S. 
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7. The subset of all xe S, S = {1,3,6, 7, 10}, such that x 8. The subset ofall xe S, S = {2,5, 8, 9, 10}, such that x 
is an odd integer. is an even integer. 


In Exercises 9—22 determine whether the given statement is true (T) or false (F). 


9.  —14 isa natural number. 18. The sum of two rational numbers is always a rational 


10. —¢is a rational number. number. 


19. The sum of two irrational numbers is always an irra- 
tional number. 


11. 7/3 is a rational number. 
12. 1.75/18.6 is an irrational number. 
20. The product of two rational numbers is always a ratio- 


13. —1207 is an integer. ‘ial waiiber 


Hes “Oy 12 Asati ama ROO RE AUDER: 21. The product of two irrational numbers is always an 


15. ¢is a real number. irrational number. 
16. 3 is a rational number. 22. The difference of two irrational numbers is always an 
17. 2ais a real number. irrational number. 


In Exercises 23—36 the letters represent real numbers. Identify the property or properties of real numbers that justify each 
statement. 


23. atx=xta 24. (xy)z = x(yz) 
25. xyz + xy = H(z + 1) 26. x+y is areal number 
27. (a+ b)+3=at(b+t+3) 28. Stity)=(t+y)+5 
29. cx is a real number 30. (a+ 5)+b=(a+b)+5 
31. uv=vu 32. x+O0=x 
33. a(bc) = c(ab) 34. xy-xry=0 
35. S+t=1 36. xy l=x 
In Exercises 37—40 find a counterexample; that is, find real values for which the statement is false. 
37. a-b=b-a 33, 22 
boa 
39. a(b+c)=abt+c 40. (a+ b)\(c+d)=ac + bd 
In Exercises 41—44 indicate the property or properties of equality that justify the statement. 
41. If3x=5, then 5 = 3x. 44. Ifx+2y+ 3z=r+sandr=x+t 1, thenx+2y+ 
42. Ifx+y=7and y=5, thenx+5=7. 3z=xt1 +s, 


43. If 2y=zandz=x+ 2, then 2y=x+2. 


In Exercises 45—49, a, b, and c are real numbers. Use the properties of the real numbers and the properties of equality to 
prove each theorem. 


45. If a=b, then ac = bc. (Theorem Ib) ply a reason for each of the following steps. 
te. Wra= bande eO, then =. papel 
c c 0 
47. Ifa+c=b+c, then a= b. (Theorem 2a) =0-b 
48. a(b—c)=ab-—ac =0 
49. Prove that the real number 0 does not have a recipro- Since this conclusion is impossible, the original 


cal. (Hint: Assume b = 1/0 is the reciprocal of 0. Sup- assumption must be false.) 
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41.2 


THE REAL NUMBER LINE 
RAEN DSi 


INEQUALITIES 


There is a simple and very useful geometric interpretation of the real number 
system. Draw a horizontal straight line; pick a point on this line, label it with the 
number 0, call it the origin, and denote it by O. Designate the side to the right of 
the origin as the positive direction and the side to the left as the negative direc- 
tion. 


direction 


Negative Positive 
direction 
0 
Origin 


Next, select a unit of length for measuring distance. With each positive real 
number r we associate the point that is r units to the right of the origin, and with 
each negative number —r we associate the point that is r units to the left of the 
origin. Thus, the set of real numbers is identified with all possible points on a 
straight line. For every point on the line there is a real number and for every real 
number there is a point on the line. The line is called the real number line, and 
the number associated with a point is called its coordinate. We can now show 
some points on this line. 


0.75 qT 


i: saa Sa SS Se Sea 


25 
direction 4 29 ; 0 1 7 3 direction 


The numbers to the right of zero are called positive; the numbers to the left 
of zero are called negative. The positive numbers and zero together are called the 
nonnegative numbers. 

We will frequently turn to the real number line to help us picture the results 
of algebraic computations. 


EXAMPLE 41 
13 


3 
os 2.4° 


Draw a real number line and plot the following points: > 


SOLUTION 


If a and b are real numbers, we can compare their positions on the real number 
line by using the relations less than, greater than, less than or equal to, and 
greater than or equal to, denoted by the inequality symbols <, >, =, and =, 
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respectively. Table | describes both algebraic and geometric interpretations of 
the inequality symbols. 


TABLE 4 
Algebraic Statement Equivalent Statement Geometric Statement 
a>0 a is positive a lies to the right of the origin 
a<0 a is negative a lies to the left of the origin 
a>b a — bis positive a lies to the right of b 
a<b a — bis negative a lies to the left of b 
a=b a — b is zero or posi- a coincides with b or lies to the 
tive right of b 
azb a — bis zero or nega- a coincides with b or lies to the 


tive left of b 


Expressions involving inequality symbols, such as a <b and a= b, are 
called inequalities. We often combine these expressions so that a = b < c means 
both a =b and b<c. For example, —5 =x <2 is equivalent to —5 =x and 
eS 2. 


PROGRESS CHECK 
Verify that the following inequalities are true by using either the ‘‘Equivalent 
Statement’’ or ‘‘Geometric Statement’’ of Table 1. 


(a) -1<3 (b) 252 (c) =—2.7< -1.2 
deapel 
(d) -4<-2<0 (e) ae ed 


The real numbers satisfy the following useful properties of inequalities. 


Let a, b, and c be real numbers. 
1, One and only one of the following relations holds: 


a<b,a>b,a=b_ Trichotomy property 
- Ifa<bandb<c, thena<c. Transitive property 
3. Ifa<b, thenat+c<bte. 


. Ifa<bandc>0, then ac< be. When an inequality is multiplied by a 
positive number, the sense of the inequality is preserved. 


. Ifa<band c<0, then ac >bc. When an inequality is multiplied by a 
negative number, the sense of the inequality is reversed. 
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ABSOLUTE VALUE 


EXAMPLE 2 

(a) Since —-2<4 and 4< 5, then —2<5. 

(b) Since —-2<5, -2+3<5+3,o0rl<8. 

(c) Since 3< 4,3 + (—5)<4 + (—5S), or —2< —-1. 
(d) Since 2 <5, 2(3)< 5(3), or6< 15. 

(e) Since —3 < 2, (—3)(—2) > 2(—2), or 6> —4. 


Suppose we are interested in the distances between the origin and the points 
labeled 4 and —4 on the real number line. Each of these points is four units from 
the origin; that is, the distance is independent of the direction and is nonnegative 
(Figure 2). 

Negative Positive 
direction = 4-3 2 -] 0 I } 3 4 direction 
ebe.}—-—-_J_-_-—_——__4—_—_ 

4 units 4 units 
FIGURE 2 


When we are interested in the magnitude of a number a, and don’t care about 
the direction or sign, we use the concept of absolute value, which we write as lal. 
The formal definition of absolute value is stated as follows. 


=| a ifaz=0 
© Nee awaeo 


Since distance is independent of direction and is always nonnegative, we can 
view fal as the distance from the origin to either point a or point —a on the real 
number line. 


EXAMPLE 3 

(a) I41=4 I-41 =4 lol = 0 

(b) The distance on the real number line between the point labeled 3.4 and the 
origin is |3.4| = 3.4. Similarly, the distance between point —2.3 and the origin is 
1-2.31 = 2.3. 


In working with the notation of absolute value, it is important to perform the 
operations within the bars first. Here are some examples. 


EXAMPLE 4 
(a) IS—21=131=3 (b) 12-Si=I-31=3 
(c) 13-51-18 — 6 = 1-21 -l21=2-2=0 


4-71 _ 1-31 
(d) = 6 


Eee 
-6 2 


Properties of Absolute 
Value 


Distance on the Real 
Number Line 
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The following properties of absolute value follow from the definition. 


For all real numbers a and 5b, 
1. la =O 


2. lal = |—al 
3. la-—bl=l|b-al 


We began by showing a use for absolute value in denoting distance from the 
origin without regard to direction. We will conclude by demonstrating the use of 
absolute value to denote the distance between any two points a and b on the real 
number line. In Figure 3, the distance between the points labeled 2 and 5 is 3 units 
and can be obtained by evaluating either |S — 21 or 12 — 5I. Similarly, the distance 
between the points labeled —1 and 4 is given by either 14 —(—1)|=5 or 
|—1 —4| = 5. Using the notation AB to denote the distance between the points A 
and B, we provide the following definition. 


The distance AB between points A and B on the real number line, whose coor- 
dinates are a and b, respectively, is given by 


AB = |b — al 


Property (3) then tells us that AB = |b — al = la — DI. Viewed another way, Prop- 
erty (3) states that the distance between any two points on the real number line is 
independent of the direction. 


3 units 


FIGURE 3 


EXAMPLE 5 
Let points A, B, and C have coordinates —4, —1, and 3, respectively, on the real 


number line. Find the following distances. 
(a) AB (b) CB (c) OB 


SOLUTION 

Using the definition, we have 

(a) AB=I-1 —(—4)l=I-1 +4 41 = 131 =3 
(b) CB=I-1—-—31=|-41 =4 

(c) OB ={-1-Ol=I-Ill=1 
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PROGRESS CHECK 

The points P, Q, and R on the real number line have coordinates —6, 4, and 6, 
respectively. Find the following distances. 

(a) PR (b) QP (c) PQ 

ANSWERS 

(a) 12  (b) 10 (c) 10 


EXERCISE SET 1.2 
1. Draw a real number line and plot the following 3. Give the real numbers associated with the points A, B, 
points. C, D, O, and E on the rea] number line below. 
(a) 4 (b) —2 (c) 3 (d) —3.5 4. Represent the following by real numbers. 
(e) 0 (a) a profit of $10 
2. Draw a real number line and plot the following (b) a loss of $20 
points. (c) a temperature of 20° above zero 
(a) —-5 (b) 4 (c) 3.5 (d) 3 (d) a temperature of 5° below zero 
(e) -4 
E Cc O A B D 
—j—}-+-—4-_} 4 4-0-4} > 
-5 -4 -3 -2 -l 0 1 72 3 4 5 


In Exercises 5-10 indicate which of the two given numbers appears first, viewed from left to right, on the real number 
line. 


5. 4,6 6. 4,0 Te 233 8 0, -4 
92 S553 10. 4, -5 
In Exercises 11—14 indicate the set of numbers on a real number line. 
1]. The natural numbers less than 8. 13. The integers that are greater than 2 and less than 7. 
12. The natural numbers greater than 4 and less than 14. The integers that are greater than —5 and less than or 
10. equal to I. 
In Exercises 15—24 express the statement as an inequality. 
15. 10 is greater than 9.99. 20. ais between 3 and 7. 
16. —6is less than —2. 21. bis less than or equal to —4. 
17. ais nonnegative. 22. ais between 4 and }. 
18. b is negative. 23. bis greater than or equal to 5. 
19. x is positive. 24. x is negative. 


In Exercises 25—30 give a property of inequalities that justifies the statement. 


25. Since —3 <1, then —1 <3. 28. Since 5 >3, then 5 # 3. 
26. Since —5 < —1 and —1 <4, then —5 <4. 29. Since —1 <6, then —3 < 18. 
27. Since 14>9, then —14< —9. 30. Since 6 > —1, then 7 is a positive number. 


In Exercises 31—44 find the value of the expression. 
31. [2I 32. |-3l 33. 11.5! 34. |-0.8! 
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35. —12I 36. —I-a 37. [2-31 38. |2 -—2\ 
114 — 8I 2 — 121 

39, |2-(-2)l 40. 121+ 1-3] 41. esi 42. 1 él 

131 — 121 13 — 2l 
a ale ol ances 
In Exercises 45—50 the coordinates of points A and B are given. Find AB. 
45. 2,5 46. -3,6 47; 3,1 48. —4,¥ 
49. -$,4 50. 2,2 
1.3 A variable is a symbol to which we can assign values. For example, in Section 
ALGEBRAIC 1.1 we defined a rational number as one that can be written as p/q, where p and q 
EXPRESSIONS; are integers (and q is not zero). The symbols p and q are variables, since we can 
POLYNOMIALS 


assign values to them. A variable can be restricted to a particular number system 
(for example, p and q must be integers) or to a subset of a number system (note 
that q cannot be zero). 

If we invest P dollars at an annual interest rate of 6%, then we will eam 
0.06P dollars interest per year, and we will have P + 0.06P dollars at the end of 
the year. We call P + 0.06P an algebraic expression. Note that an algebraic 
expression involves variables (in this case P), constants (such as 0.06), and 
algebraic operations (such as +, —, X, +). Virtually everything we do in 
algebra involves algebraic expressions, sometimes as simple as our example and 
sometimes very involved. 

An algebraic expression takes on a value when we assign a specific number 
to each variable in the expression. Thus, the expression 


3m+4n 
mtn 


is evaluated when m = 3 and n = 2 by substitution of these values for m and 
n: 


3(3) + 4(2)_9+8_ 17 
342 5 5 


We often need to write algebraic expressions in which a variable multiplies 
itself repeatedly. We use the notation of exponents to indicate such repeated 
multiplication. Thus, 


n factors 


where n is a natural number and a is a real number. We call a the base and n the 
exponent and say that a” is the nth power of a. When n = 1, we simply write a 
rather than a’. 

It is convenient to define a° for all real numbers a + 0 by having a® = 1. We 
will provide motivation for this seemingly arbitrary definition in Section 1.6. 
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POLYNOMIALS 


EXAMPLE 4 
Write without using exponents. 


(a) GF ©) 26 6c) Gy 6@) =3x5" 


SOLUTION 
(a) GP =4s-4-4=4 (b) 2° =2-x-x-x 
(c) (2x)? = 2-2 W=Bexexex  (d) —3x-V= exe rysyry 
WARNING Note the difference between 
(—3)? = (—3)(-3) = 9 
and 
—3? = -(3°3)=-9 


Later in this chapter we will need an important rule of exponents. Observe 
that if m and n are natural numbers and a is any real number, then 


a™ a" = a-a-...°A * A°Qa’...°@ 
[$$$ oe 
m factors n factors 


Since there are a total of m + n factors on the right side, we conclude that 
| a™a" = qa" | 


EXAMPLE 2 
Multiply. 
(a) x+x? — (b)  (3x)(4x4) 


SOLUTION 
(a) Pepa PtH= SS 
(b) (3x)(4x*) =3°-4+x-x4 = 12x!t4 = 12 


PROGRESS CHECK 

Multiply. 

(xe? § ©) (2)(=2s") 
ANSWERS 


(a) x’ (b) —4x!° 


A polynomial is an algebraic expression of a certain form. Polynomials play an 
important role in the study of algebra, since many word problems translate into 
equations or inequalities that involve polynomials. We first study the manipula- 
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tive and mechanical aspects of polynomials; this knowledge will serve as back- 
ground for dealing with their applications in later chapters. 

Let x denote a variable and let n be a nonnegative integer. The expression 
ax’, where a is aconstant real number, is called a monomial in x. A polynomial 
in x is an expression that is a sum of monomials and has the general form 


P=ajxX' + dy 1+... + ayxt+ao, a, #0 (1) 


Each of the monomials in Equation (1) is called a term of P, and do, a},... , Gy 
are constant real numbers that are called the coefficients of the terms of P. Note 
that a polynomial may consist of just one term; that is, a monomial is also 
considered to be a polynomial. 


EXAMPLE 3 
(a) The following expressions are polynomials in x: 


3x4 +2x4+5 2x3 + 5x? —2x +1 sx 


Notice that we write 2x°> + 5x? + (—2)x + 1 as 2x3 + 5x2 — 2x +1. 
(b) The following expressions are not polynomials in x: 
4 2x 1 
x C2 


PE a a Sa 


Remember that each term of a polynomial in x must be of the form ax” 
where a is a real number and n is a nonnegative integer. 


The degree of a monomial in x is the exponent of x. Thus, the degree of 5x? 
is 3. A monomial in which the exponent of x is 0 is called a constant term and is 
said to be of degree zero. The nonzero coefficient a,, of the term in P with highest 
degree is called the leading coefficient of P and we say that P is a polynomial of 
degree n. A special case is the polynomial all of whose coefficients are zero. 
Such a polynomial is called the zero polynomial, is denoted by 0, and is said to 
have no degree. 


EXAMPLE 4 
Given the polynomial 


paoesae ete4 


3 
4 
The terms of P are 2x4, 0x7, —3x?, 3h ~] 
4 
The coefficients of the terms are 2, 0, —3, 3 -1 


The degree of P is 4 and the leading coefficient is 2. 
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OPERATIONS WITH 
POLYNOMIALS 


A monomial in the variables x and y is an expression of the form ar”y", 
where a is a constant and m and n are nonnegative integers. The number a is 
called the coefficient of the monomial. The degree of a monomial in x and y is 
the sum of the exponents of x and y. Thus, the degree of 2° y? is3 +2=5.A 
polynomial in x and y is an expression which is a sum of monomials. The degree 
of a polynomial in x and y is the degree of the highest-degree monomial with 
nonzero coefficient. 


EXAMPLE 5 
The following are polynomials in x and y: 


2x2y + y? — 3xy + 1 Degree is 3. 
xy Degree is 2. 
3x4 + xy — y? Degree is 4. 


If P and Q are polynomials in x, then the terms cx’ in P and dv’ in Q are said to be 
like terms; that is, like terms have the same exponent in x. For example, 
given 

P=47+4x-1 
and 

Q=3r-2° +4 


then the like terms are Ox? and 3x°; 4x? and —2x2; 4x and Ox; —1 and 4. 
We define equality of polynomials in the following way. 


| Two polynomials are equal if all like terms are identical. | 


EXAMPLE 6 
Find A, B, C, and D if 


Ax + (A+B)? + Cx+(C —-D)=-2P +x+3 


SOLUTION 
Equating the coefficients of like terms, we have 


A=-2 A+B=0 c=1 C—D=3 
B=2 D=-2 


If P and Q are polynomials in x, the sum P + Q is obtained by forming the 
sums of all pairs of like terms. The sum of cx’ in P and dv’ in Q is (c + d)x’. 
Similarly, the difference P—Q is obtained by forming the differences, 
(c — d)x’, of like terms. 
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EXAMPLE 7 
(a) Add 2° + 22-3 and x?- x2 +2x4+2. 
(b) Subtract 2° + x? — x + 1 from 3x? — 27 + 2x. 


SOLUTION 
(a) Adding the coefficients of like terms, 


(23 + 27 -3)¢ (QP —-P+x4+2=3P4+ 27 4+2x-1 
(b) Subtracting the coefficients of like terms, 
(3x? — 27 + 2x) -— (2P +22? -—x 4+ 1) =O -324+3x-1 


WARNING 
(x+ 3) = (942) F245 —=x42 
The coefficient —1 must multiply each term in the parentheses. Thus, 
—(x+2)=-x-2 
and 


(x+5)—-(®+2)=x4+5-x-2 
=3 


Multiplication of polynomials is based on the rule for exponents developed 


earlier in this section, 


and on the distributive laws 


a(b +c) = ab+ ac 
(a + b)c =ac + be 


EXAMPLE 8 
Multiply 3x7(2° — 6x? + 5). 


SOLUTION 


3x9 (2x3 — 6x? + 5) = (3x3)(2x°) + (3x7)(— 6x”) + (3x7)(5) Distributive law 


= (3)? + Gh-O)r** +3)G)e ata = ar" 


= 6x° — 18 + 15x? 


EXAMPLE 9 
Multiply (x + 2)(3x? — x + 5). 
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SOLUTION 
(x + 2)(3x2 — x + 5) 


= x(3x2 —x + 5) + 2(3x7 -—x+ 5) Distributive law 
= 3x3 - x2 + 5x+ 6x7-2x+10 Distributive law and a”a"” = a™*" 


= 3x3 + 5° + 3x+ 10 Adding like terms 
PROGRESS CHECK 
Multiply. 
(a) (x2 +2)0?-3x+1) 9 (b) (x? — xy + y(2x + y) 
ANSWERS 


(a) x4-324+32-6x+2 (b) 2 —3x*y + Ay- Aw’? +y 


The multiplication in Example 9 can be carried out in ‘‘long form’’ as 


follows. 
3x? -—x+5 
x+2 
3x3 — x2 + 5x = x(3x2 — x + 5) 


6x27-2x+10 =2(3x2?-x+5) 
3x3 + 5x7 +3x+10 =sum of above lines 
In Example 9 the product of polynomials of degrees one and two is seen to 


be a polynomial of degree three. From the multiplication process it is easy to 
derive the following useful rule. 


The degree of the product of two nonzero polynomials is the sum of the degrees 
of the polynomials. 


Products of the form (2x + 3)(5x — 2) or (2 + y)(3x — 2y) occur often, and 
we can handle them mentally by the familiar method: 


10° -6 


7 mn 
Tae | =10x7 + Ilx — 6 
ud 
15x 


5. 
—4x 
Sum = Ix 


PROGRESS CHECK 
(a) Multiply (2x? — xy + y?)(3x + y) in long form. 
(b) Multiply (2x — 3)(3x — 2) mentally. 


ANSWERS 
(a) 620 -—xy+2y+y? (db) O°? - 13x+6 
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A number of special products occur frequently, and it is worthwhile know- 
ing them. 


Special Products (a + b)? = (a + b\(a + b) = a? + 2ab+ b? 


(a — b)? = (a — b\(a — b) = a — 2ab + B 
(a+ ba — b) =a? — b? 


EXAMPLE 10 
Multiply mentally. 
(a) (x+2) = (b) @&—-3)? — (e) (+ 4-4) 


SOLUTION 

(a) (x +27? =(6+ Dart 2=24+ 4x44 
(b) (x-37 = —-3)e-3) =x? -6c4+ 9 
{c) (x+ 4\(x - 4) =x? - 16 


EXERCISE SET 1.3 
In Exercises 1-6 evaluate the given expression when r = 2, s = 3, andr = 4. 


t 
l rt2ste 2. rst eer a 4. (r+s)t 
+s5+ 
5, 6 tt 
rt t 
Evaluate ¢r + 5 when r = 12. 10. The perimeter of a rectangle is given by the formula 
Evaluate 3C + 32 when C = 37. P=2 (L+ W), where L is the length and W is the 


width of the rectangle. Find the perimeter if 
(a) L=2 feet, W = 3 feet; 
(b) L=4 meter, W =} meter. 


If P dollars are invested at a simple interest rate of r 
percent per year for ¢ years, the amount on hand at the 


end of ¢ years is P + Prt. Suppose you invest $2000 at re a 
8% per year (r = 0.08). Find the amount you will 11. Evaluate 0.027 + 0.314s¢ + 2.25t when r = 2.5, s = 


have on hand after 3.4, and t = 2.81. 
(a) 1 year; (b) 4 year; (c) 8 months. 12. Evaluate 10.421x + 0.82ly + 2.34xyz when x= 
3.21, y = 2.42, and z = 1.23. 


Evaluate the given expression in Exercises 13-18. 


13. Lxl — lel+lyl when x = —3, y=4 14. Ie +ylt+'x— yl when x = —3, y=2 

- Ixl + lyl 
is 2 whew 1,8 =2 16, Zt} when x= -3,y=4 

2a Ixl — ly 

—la — 2bl e es la—bl—2lce—al = 7 Fs 

17. arb When a= —2, b= | 18. Ses pea when a = —2, b=3, c= —S5 
Carry out the indicated operations in Exercises 19-24. 
19. b+ b? 20. 3-25 21. (4y?\(—Sy®) 22. (—6x*)(—4x’) 
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25. 


Which of the following expressions are not poly- 
nomials? 

(a) —3x7+2r+5 (b) 
(c) —3x73+2xy+5 (d) 


—3x’y 
=9x°* Ee ny? +5 


26. 


Which of the following expressions are not polynomi- 
als? 
(a) 4x9 — x2 +6 (b) 2o+tx-2 


(c) 4x5y (d) x49y+2x-3 


In Exercises 27—30 indicate the leading coefficient and the degree of the given polynomial. 


21: 


29. 


In Exercises 31—34 find the degree of the given polynomial. 


31. 


33. 


41. 


2x3 + 3x? - 5 


ax¢+22-x-1 


3x?y — 4x7 - 2y + 4 
Qnxy3 — y> + 3x7 -2 


Find the value of the polynomial 3x”y? + 2xy — x + 
2y + 7 when x = 2 and y= —1. 

Find the value of the polynomial 0.02x? + 0.3x — 0.5 
when x = 0.3. 


Find the value of the polynomial 2.1x° + 3.3x? — 
4.1x — 7.2 when x = 4.1. 


Write a polynomial giving the area of a circle of ra- 
dius r. 


Write a polynomial giving the area of a triangle of 
base b and height h. 


A field consists of a rectangle and a square arranged as 
shown in Figure 4. What does each of the following 
polynomials represent? 

(a) x?+xy 9 (b) 2x4 2y 

(c) 4x (d) 4x + 2y 

An investor buys x shares of G.E. stock at $55 per 
share, y shares of Exxon stock at $45 per share, and z 
shares of A.T.&T. stock at $60 per share. What does 
the polynomial 55x + 45y + 60z represent? 


Perform the indicated operations in Exercises 42-60. 


42. 


(4x2 + 3x + 2) + (3x? — 2x — 5) 
(2x2 + 3x + 8) — (5 — 2x + 2x?) 
4xy? + Ixy + 2x+ 3 -(-2y’* +xyy—y+t 2) 


28. 


30. 


32. 


34. 


(287? — st? + st—s +t) — Bs??? — 2st — 4st? — 1 + 3) 


3xy?z — 4x*yz + xy + 3 — (Qxy*z + xyz — yz + x — 2) 
a’bc + ab*c + 2ab? — 3a’be — 4ab? + 3 

(x + 1) (x? + 2x — 3) 

Qs=3) (= 5+ 2) 

(x? + 3) (2x? — x + 2) 


49. 
51. 
53. 


=A = Se tat 3 


—1.5 + 7x? + 0.75x7 


AP tay yey 
Sry 2 


4 


1 | 


FIGURE 4 


(2 — x) (2x3 +x — 2) 
(—3s + 2) (-2s* — 5 + 3) 
Qy +7) ty +y-3) 


54. (2 +2x—- 1) (2x? — 3x4 2) 55. (a* — 4a + 3) (4a° + 2a+ 5) 
56. (2a* + ab + b”) (3a — b? + 1) 57. (—3a+ab+ b’) (3b7 + 2b+ 
58. 5(2x — 3)? 59. 2(3x — 2) (3 — x) 


60. (x-— 1) (++ 2) @ + 3) 


61. An investor buys x shares of IBM stock at $260 per 
share at Thursday’s opening of the stock market. Later 
in the day, he sells y shares of G&W stock at $13 per 
share and z shares of Holiday Inn stock at $17 per 
share. Write a polynomial that expresses the money 
transactions for the day. 


62. Anartist takes a rectangular piece of cardboard whose 
sides are x and y and cuts out a square of side x/2 
(Figure 5) to obtain a mat for a painting. Write a poly- 
nomial giving the area of the mat. 
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2) 


FIGURE 5 
In Exercises 63-76 perform the multiplication mentally. 
63. (x— 1) (x+ 3) 64. (xt 2) (x+ 3) 65. (2x + 1) (2x + 3) 66. (3x—1)(x+ 5) 
67. Gx -2)(x-1) 68. (x +4) (2e-1) 69. (x+y? 70. (x- 4) 
71. (x1)? 72. (x + 2) (x-2) 73. (+1) Qx-1) 74. (3a + 2b) 
75. (x2 + yy? 76. (x—y)? 
14 Now that we can find the product of two polynomials, let’s consider the reverse 
FACTORING problem: given a polynomial, can we find factors whose product will yield the 
ZRII DES TEA 


given polynomial? This process, known as factoring, is one of the basic tools of 
algebra. In this chapter a polynomial with integer coefficients is to be factored as 
a product of polynomials of lower degree with integer coefficients; a polynomial 
with rational coefficients is to be factored as a product of polynomials of lower 


degree with rational coefficients. 


We will approach factoring by learning to recognize the situations in which 


factoring is possible. 


COMMON FACTORS Consider the polynomial 
vr+x 
Since the factor x is common to both terms, we can write 


+x=x(x+ 1) 
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EXAMPLE 4 
Factor. 
(a) 15x3—10x?  (b) 4x*y— Bxy? + Oxy = (c)- x(x + y) — Sy(x + y) 


SOLUTION 
(a) Both 5 and x? are common to both terms. Therefore, 


15x? — 10x? = 5x2(3x — 2) 
(b) Here we see that 2, x, and y are common to all terms. Therefore, 
4xty — 8xy? + Oxy = 2xy(2x — 4y + 3) 
(c) The expression (x + y) is found in both terms. Factoring, we have 


2x(x + y) — Sy(x + y) = (x + y)(2x — Sy) 


PROGRESS CHECK 

Factor. 

(a) 4x27-x (b) 3x*— 9x2 (c) 3m(2x — 3y) — n(2x — 3y) 
ANSWERS 


(a) x(4x— 1) (b) 3x(x? — 3) (c) (2x — 3y)(3m — n) 


FACTORING BY It is sometimes possible to discover common factors by first grouping terms. The 
GROUPING best way to learn the procedure is by studying some examples. 

EXAMPLE 2 

Factor. 


(a) 2ab+b+2actc (b) 2x—4xy- 3y + bry 
SOLUTION 
(a) Group those terms containing b and those terms containing c. 


2ab + b + 2ac + c = (Zab + b) + (2ac + c) Grouping 
= D(2a + 1) + c(2a + 1) Common factors b, c 


= (2a + 1)(b + c) Common factor 2a + 1 
(b) 
2x — 4x2y — 3y + Oxy? = (2x — 4x7y) — By — Gy?) Grouping with sign 
change 
= 2x(1 —'2xy) — 3y(1 — 2xy) Common factors 2x, 3y 
= (1 — 2xy)(2x — 3y) Common factor | — 2xy 
PROGRESS CHECK 
Factor. 


(a) 2m?n+m?+2mn*+n ~~ (b) 2a? — 4ab? — ab + 263 


FACTORING 
SECOND-DEGREE 
POLYNOMIALS 
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ANSWERS 
(a) (2mn + 1)(m? + n) (b) (a — 2b?)(2a — b) 


To factor a second-degree polynomial, such as 
x? + 5x+6 


we first note that the term x? can have come only from x: x, so we can write two 
incomplete factors like this: 


rt+5xt+6=(x \(x ) 


The constant term +6 can be the product of either two positive numbers or two 
negative numbers. Since the middle term +5x is the sum of two other products, 
both signs must be positive. Thus, 


P+5xt+6=(x+ \xt+ ) 


Finally, the number 6 can be written as the product of two integers in only two 
ways: 1:6 and 2:3. The first pair gives a middle term of 7x. The second pair 
gives the actual middle term, 5x. So 


x? + 5x+6= (x + 2)(x + 3) 


EXAMPLE 3 
Factor. 
(a) x*—7x+ 10 (b) x -—3x-4 


SOLUTION 

(a) Since the constant term is positive and the middle term is negative, we must 
have two negative signs. Integer pairs whose product is 10 are 1 and 10, and 
2 and 5. We find that 


x? — Ix + 10 = (x — 2)(x — 5) 


(b) Since the constant term is negative, we must have opposite signs. Integer 
pairs whose product is 4 are | and 4, and 2 and 2. We find that 


x -— 3x-4=(x + I(x- 4) 


When the leading coefficient of a second-degree polynomial is an integer 
other than 1, the factoring process becomes more complex. To factor the poly- 
nomial ax* + bx +c, where a, b, and c are integers with a>1, we must 
have 


ax? + bx +c = (rx + ul(sx + v) = (rs)x? + (rv + su)x + uw 
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x 


SPECIAL FACTORS 


where r, s, u, and v are integers. Equating the coefficients of like terms, we 
have 
rs=a mwt+su=b uv=c 


These three equations give candidates for r, s, u, and v. The final choices from 
among the candidates are determined by trial and error, which is made easier by 
using mental multiplication. 


EXAMPLE 4 
Factor 2x7 — x — 6. 


SOLUTION 
The term 2x can result only from the factors 2x and x, so the factors must be of 
the form 

2? -—x-6= (2 \x ) 


The constant term, —6, must be the product of factors of opposite signs, so we 
may write 


(2x+ \x- ) 
2? -—x-6= jor 
(2x—- )\(x+ ) 


The integer factors of 6 are 

1-6 6:1 23 3:2 
By trying these we find that 

27 — x-—6 = (2x + 3Y(x— 2) 


PROGRESS CHECK 
Factor. 
(a) 3x7 - 16x +2) (b) 27+ 3x-9 


ANSWERS 
(a) Gx-7)@-3) (b) Qx—3)@+ 3) 


WARNING The polynomial x* — 6x can be written as 
x? — 6x = x(x — 6) 


and is then a product of two polynomials of positive degree. Students often fail to 
consider x to be a ‘‘true’’ factor. 


There is a special case of the second-degree polynomial that occurs frequently 
and factors easily. Given the polynomial x7 — 9, we see that each term is a perfect 


Difference of Two 
Squares 


Sum and Difference of 
Two Cubes 
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square, and we can easily verify that 
x7 —9=(x + 3) (x- 3) 


The general rule, which holds whenever we are dealing with a difference of two 
squares, may be stated as follows. 


a®— b>? =(at+b) (a—b) 


EXAMPLE 5 
Factor. 


(a) 427-25 (b) 9r? — 16 
SOLUTION 
(a) Since 
4x7 — 25 = (2x)? — (5)? 


we may use the formula for the difference of two squares with a = 2x and 
b =5. Thus, 


4x7 — 25 = (2x + 5)(2x — 5) 
(b) Since 
Or? — 167 = (3r)? — (41)? 
we have a = 3r and b = 41, resulting in 


9r — 16 = (3r + 41)\(3r — 42) 


PROGRESS CHECK 

Factor. 

(a) x2-— 49 (b) léx27-9 (c) 25x? — y? 
ANSWERS 


(a) (x+7)(x- 7) (b) (4x + 3)(4x — 3) (c) (Sx + y)(5x- y) 


The fornulas for a sum of two cubes and a difference of two cubes can be 
verified by multiplying the factors on the right-hand sides of the following equa- 
tions. 


a + b? = (a+ b)(a? — ab + b?) 
@ — & = (a — b)(a2 + ab + b?) 
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COMBINING METHODS 


These formulas provide a direct means of factoring the sum or difference of two 
cubes and are used in the same way as the formula for a difference of two squares. 
Be careful with the placement of plus and minus signs when using these formu- 
las. 


EXAMPLE 6 
Factor. 


(a) +l (b) 27m? — 64n? (c) au + 8y? 


SOLUTION 
(a) With a= x and b= 1, the formula for the sum of two cubes yields the 
following result: 


etl =(xt 102A -2x 4+ 1) 
(b) Since 
27m} — 64n3 = (3m)3 — (4n)3 


we can use the formula for the difference of two cubes with a = 3m and 
b= 4n: 


27m} — 64n? = (3m — 4n)\(9m? + 12mn + 16n?) 
(c) Note that 


i + 8 = (Ju): + (2v)3 
27 3 


and then use the formula for the sum of two cubes: 
ab 3 (#4 a _2 ) 
a + 83 = (: + w)(‘¢ any + 4v? 


We conclude with problems that combine the various methods of factoring that 
we have studied. Here is a good rule to follow. 


| Always remove common factors before attempting any other factoring tech- 
niques. 


EXAMPLE 7 
Factor. 


(a) 2° — & (b) 3y(y + 3) + Ay + 3Xy? —- 1) 


SOLUTION 
(a) Removing 2x as a common factor, we find that 


“NO FUSS" FACTORING 
FOR SECOND-DEGREE 
POLYNOMIALS 


Try the method on 
these second-degree 
polynomials, 


3x? + 10x - 8 
6x? - 13x +6 
4x? - 15x - 4 
10x? + 11x -6 
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Factoring involves a certain amount of trial and error, which can become frus- 
trating, especially when the lead coefficient is not 1. You might want to try a 
rather neat scheme that will greatly reduce the number of candidates. 

We'll demonstrate the method for the polynomial 


4x? + 11x +6 (1) 
Using the lead coefficient of 4, write the pair of incomplete factors 
(4x (4x) (2) 


Next, multiply the coefficient of x* and the constant term in (1) to produce 
4-6 = 24, Now find two integers whose product is 24 and whose sum is 11, the 
coefficient of the middle term of (1). It's clear that 8 and 3 will do nicely, so we 
write 

(4x + 8)(4x + 3) (3) 


Finally, within each parenthesis in (3) discard any common divisor. Thus 
(4x + 8) reduces to (x + 2) and we write 
(x + 2)(4x + 3) (4) 


which is the factorization of 4x* + 11x + 6. 
Will the method always work? Yes—if you first remove all common factors in 
the original polynomial. That is, you must first write 
6x? + 15x + 6 = 3(2x* + 5x + 2) 


and apply the method to the polynomial 2x? + 5x + 2. 

(For a proof that the method works, see M. A. Autrie and J. D. Austin, “A 
Novel Way to Factor Quadratic Polynomials,” The Mathematics Teacher 72, no. 
2 [1979].) 

We'll use the polynomial 2x* — x — 6 of Example 7 to demonstrate the 
method when some of the coefficients are negative. 


Step 1. The lead coefficient is 2, so we write 
(2x (2x) 


Step 2. ac = (2)(-6) = —12 


Step 3. Two integers whose product is —12 and 
whose sum is —1 are 3 and —4. We then write 


(2x + 3)(2x — 4) 
Step 4. Reducing (2x — 4) to (x — 2), we have 
2x? — x — 6 = (2x + 3)(x — 2) 
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IRREDUCIBLE 
POLYNOMIALS 


EXERCISE SET 4.4 
Factor completely. 


le Se 15 


5. Sbc + 25b 
. 3x? + 6x?y — 9x2 
I. x27 + 4x43 


15. a? — Tab + 12b? 

19. 9-—x 
M5 

23. 6 

27. x7 - 12x +20 


31. 2x? -3x-2 
35. 6x7 + 13x +6 
39. 10x* — 13x-3 


43. 10r’s? + Orst + 212 


2x? — 8x = 2x(x? — 4) 
= ax(x + 2)(x — 2) 
(b) Removing the common factor y + 3, we see that 


3y(y + 3) + Ay + 3) — 1) = (y + 3)13y + 20? — 1)) 
= (y + 3)(3y + 2y? — 2) 
= & + 3)(2y’ + 3y — 2) 
=(y + 3)(2y — 1y + 2) 


PROGRESS CHECK 

Factor. 

(a) +5x7-6x  (b) 2° -—2°y- 4x 
(c) —3x(x+ 1) +(x+ 1)(22 + 1) 


ANSWERS 


(a) x(x+6\(x-1) (b) 2txt+ylx—2y) (c) @&t+ I)(2e- I-11) 


Are there polynomials that cannot be written as a product of polynomials of lower 
degree with integer coefficients? The answer is yes. Examples are the polyno- 
mials x? + 1 and x? + x + 1. A polynomial is said to be prime or irreducible if it 
cannot be written as a product of two polynomials each of positive degree. Thus, 
x + 1 is irreducible over the integers. 


2, xt ay 3. -2x — By 4. 3x-—6y+ 15 
6. xt +x? 7. —3y? - 4y° 8. 3abc + 12be 
10. 9a*b? + 12a*b — 15ab? 
12, x7+2x-8 13. y?—8y+ 15 14. y?+7y-8 
16. x*-49 17. yo} 18. a?—T7a+10 
20. 4b? — a? 21. x7 -Sx-14 22. xy?-9 
24. 4a - Bb 25. x2 -6x+9 26. a*b* -} 
28. x7 — 8x— 20 29. x27 + 11x+24 30. yoo 
32. 2x*+7x+6 33. 3a7- lla+6 34. 4x7 -9x+2 
36. 4y?-9 37. 8m?-—6m-9 38. 9x2 + 24x + 16 
40. 9y? — 16x? 41. 6a? — Sab — 6b* 42. 4x? + 20x + 25 
44, x!2-] 45. 16 — 9xy? 46. 6+5x— 4x’ 
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47. 8n? — 18n-5 48. 15 + 4x - 4x27 49. 27-22-12 50. 3y* + 6y — 45 
51. 30x? - 35x + 10 52. x4y4 — xy? 53. 18x?m + 33xm+9m 54. 25m?n? — Sm?n 
55. 127 — 22x3 — 20x* 56. 10r* — Srs — 15s? 57. x4—y4 58. a*- 16 

59. b*+2b7-8 60. 4b* + 20b? + 25 61. + 27yY° 62. 8x + 125y° 
63. 27x°-y° 64. 64x° - 27y° 65. a+8 66. 8r?— 27 

67. = - 8n° 68. 8a — ab 69. (xt+yP-8 70. 27+(¢+yy 
71. 8x®— 125y® 72. a®+27b® 

73. A(x + I)y + 2) — By + 2) 74. Wet Ix- 1) + 5x- 1) 


75. 3x + 2)°%(x — 1) — 4x +: 2)7(2e +7) 
16. 4(2x — 1)%(x + 2)3(x + 1) — 3(2x — 1)%(x + 2)°(x + 3) 


4.5 


RATIONAL EXPRESSIONS 
aS eee 


MULTIPLICATION AND 
DIVISION OF RATIONAL 
BORESSIONS 


Much of the terminology and many of the techniques of arithmetic fractions carry 
over to algebraic fractions, which are the quotients of algebraic expressions. In 
particular, we refer to a quotient of two polynomials as a rational expression. 
Our objective in this section is to review the procedures for adding, subtracting, 
multiplying, and dividing rational expressions. We will then be able to convert a 
complicated fraction like 


1 1 
es 


into a form that will simplify evaluation of the fraction and facilitate other oper- 
ations with it. 


The symbols appearing in rational expressions represent real numbers. We may, 
therefore, apply the rules of arithmetic to rational expressions. 


Multiplication of rational expressions 


Division of rational expressions 


EXAMPLE 4 
é] 
Divide cas by eae 
y x=3 
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SOLUTION 
2x 
Beye 2k x3 2x = 3) 
3y yy 3y Cl 
= 3 


The basic rule that allows us to simplify rational expressions is the cancel- 
lation principle. 


Cancellation Principle ab_b 
ne = a a#0 


This rule results from the fact that a/a = 1. Thus, 


ac ac c c 


Once again we find that a rule for arithmetic of fractions carries over to rational 


expressions. 
EXAMPLE 2 
Simplify. 
(a) r-4 (b) 3x7(y — 1) . 6x(y — 1) (c) wr—x-6 
ay + 5xt+6 yt+1 9 (tly 3x — x7 
SOLUTION 
oA et ix 2) x= 2 f 
Gy eSee6 UES ED wee Te 
3x°ty = 1) 


(b) ft!) _3¢ = 1), w+ _ Ba" ly — ort 1)* 
6x(y — 1)? yt] 6x(y—1)2 6x(y— 1)2%(y + 1) 


GH 1y 
_ xy + 1)? - 
- 20-1)’ y#1,—-1 
eS Poke 6 C= Fat?) b= et 2) 
. 3x — x? x(3 — x) —x(x — 3) 
ee x#3 
—x x 


Note that in Example 2c we wrote (3 — x) as —(x — 3). This technique is 
often used to recognize factors that may be canceled. 
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PROGRESS CHECK 
Simplify. 
4-xr 8-2x xr 16 
(a) Pe =< —6 (b) y y 
ANSWERS 
QS as a #4 
4 x-3 oe x+4’ : 
WARNING 
(a) Only multiplicative factors can be canceled. Thus, 
es eo Sa 
x 


Since x is not a multiplicative factor in the numerator, we may not perform 
cancellation. 
(b) Note that 


a 
na 
y-x 


To simplify correctly, write 


eX 
yx y 4 


ey = 
yax OFM D545, 


ADDITION AND 
SUBTRACTION OF 
RATIONAL ©PRESSIONS 


Since the variables in rational expressions represent real numbers, the rules of 
arithmetic for addition and subtraction of fractions apply to rational expressions. 
When rational expressions have the same denominator, the addition and subtrac- 
tion rules are as follows. 


For example, 


2 re 


_ ie fay eas one 
5 el ee ee | 


x-1l x-1l ° x-1 


To add or subtract rational expressions with different denominators, we must 
first rewrite each rational expression as an equivalent one with the same denom- 
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Equivalent Fractions 


inator as the others. Although any common denominator will do, we will con- 
centrate on finding the least common denominator, or LCD, of two or more 
rational expressions. We now outline the procedure and provide an example. 


EXAMPLE 3 
Find the LCD of the following three rational expressions: 
1 —2 3x 
P-r P-x +2 +1 
SOLUTION 


Step 1. 


1 —2 3x 
x(x — 1) x(x — I(x + 1) (x + 1)? 


Step 2. 
highest 


factor exponent 
2 


x 
x= 1 l 
xt+i1 2 


Step 3. The LCD is 
x(x — W(x + 1)? 


PROGRESS CHECK 
Find the LCD of the following fractions: 


2a —7Tb 3 
(Ba? + 12a + 12)b a(4b? — 8b + 4) ab? + 2b> 


ANSWER 
12ab? (a + 2)?(b — 1)? 


The fractions 2/5 and 6/15 are said to be equivalent, because we obtain 6/15 by 
multiplying 2/5 by 1 = 3/3. We also say that algebraic fractions are equivalent 
fractions if we can obtain one from the other by multiplying both the numerator 
and denominator by the same expression. 

To add rational expressions, we must first determine the LCD and then 
convert each rational expression into an equivalent fraction with the LCD as its 
denominator. We can accomplish this conversion by multiplying the fraction by 
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the appropriate equivalent of |. We now outline the procedure and provide an 
example. 


EXAMPLE 4 
Simplify 


xl 2 
2x2 3x(x + 2) 
SOLUTION 


Addition of Rational Expressions 


Step |. 


LCD = 6r°(x + 2) 
Step 2. 


x+1 3(x+2)_ 3x7 +9x +6 
2x? 3(x +2) Or(x + 2) 


2 2x 4x 


4x 
22 3x(x+2))9 Or(x+2)  Gr(x+ 2) 


_ ox +5x+6 
6x°(x + 2) 


PROGRESS CHECK 
Perform the indicated operations. 


x-8 3 4r—3 2r+l, 2 
@ Fo4e-a ©) “os ae ty 
ANSWERS 
c= 3 6r? + Tr — 12 
(a) xx+2)°  * 42 (0) 36r3 
COMPLEX FRACTIONS At the beginning of this section we said that we wanted to be able to simplify 


fractions like 
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This is an example of a complex fraction, which is a fractional form with frac- 
tions in the numerator or denominator or both. 

There are two methods commonly used to simplify complex fractions. For- 
tunately, we already have all the tools needed, and we can now demonstrate both 


methods. 
EXAMPLE 5 
Simplify 
el 
x 
| Caren | 
x? 7 x 
SOLUTION 


Step 1. The LCD of 1/1, I/x, and I/x? is 2. 


Step 2. 


PROGRESS CHECK 
Simplify. 
2+4 
(a) (b) 
2 
1-- 
x 
ANSWERS 
2x + | 
b 
(a) =, (b) 
EXERCISE SET 1.5 
Perform all possible simplification in Exercises 1—20. 
, oad S25 
" x7 - 16 y+5 
5 6 -—x-1 6 2x3 + x? — 3x 
* 2x%+3x-2 Se = Sr 
9, 25x a? 2b? + 6b io. 2m ety 
“  b+3 a-5 “ xty 4xy 
x+2,x7-2x-8 
ll. > 
3y Sy 
ff eke tt ee eG 
Ge Saya Gee 2 
2x + 3 
a Ee 
15. (x —4) 79,8 
x“ — 7x +10 
17. (Q? — 2x -15) + rer 
2 2 
- - + 
19. Xor4 xt t3x-4 x +3 


In Exercises 21-30 find the LCD. 


21. 
25. 
27. 


29. 
In Exercises 31-50 perform the indicated operations and simplify. 


31. 


4 x«x-2 x x+4 
x’ y ae: ea pe? 
2b 3 %6 2 x 3 
b=) (B= 1) ee seer ec 
4x 5 

x—-2’ x4+x-6 

3 2 x 

xt? x’ x=] 


8 4 x 2 
32. 5 
o=2 tsa v-4'4-x" 
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a. b 
—+- 
b a 
iit 
a b 
ae 
a—b 
x? — 8x + 16 5x° — 45 
ce x-4 oh 
é a a, pee a oer 8 
' 3x-6 x4 : 8 ° 4 
3x 6x2 
ee x+2° x*-x-6 
ia Gilg 2 Sr = ae 2 
- 4x? —3x- 1 3x27 +7x4+2 
2_ ; at+1 
16. (a 2a) ae 
2 = 
18. St ty 
Pegi Stisas SE ah oe ae 
6x27 4+x-1 x7 4+4x4+3 x2 -3x 
23. key wie 24. ae ae? 
a 2a x x 
3 2y 
26; y?—3y-4° yt 
4 3 x 
aU ea See 
x-1 1 2 
33. ; +2 4. = ta 


37 


38 


35. 


39. 


43. 


45. 


47. 


49, 
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OPS 
l 2x -1 
x-1 (x-2xt+) 
2x 3 
PRea2 5s? 
2= 1 MeeD 


a b 

a0: 8b 12a 

40. -— 
x-y xty 


Pt+5x+6 Pt 4x +3 


2x xt 


x—1 x7 4+3x-4 


37. 


41. 


46. 


48. 


50. 


38. 


42. 


Bes 
3x xy 
Sx 4 
2x? —- 18 3x-9 
2X =) 
2x+1 (2x +1) (x - 2) 
2 x 
x-2 x-x-6 
2x71 x 
wB-4x +x-2 
2x Sneek ae 1 


x+2 > x-2 x- 


In Exercises 51-66 simplify the complex fraction and perform all indicated operations. 


51. 


55. 


59. 


63. 


16 


oe 


INTEGER 


EXPONENTS 
(= ee ee 


POSITIVE INTEGER 
EXPONENTS 


ee 
52. 1 
2+- 

x 
a___b 
a-—b atb 

56. ar a a 
Xn Lok 
KS 2a RAED 

60. x " a 
5 ac A on 

11 

y 

4. |--—— 
1 

y-- 

y 


53. 


57. 


61. 


x1 
al 
x 
f= _ 
[= 
a 
ie ar 
1- 
fies 
1- he 
1+ 


4 


54. 


58. 


62. 


66. 


In Section 1.3 we defined a” for a real number a and a positive integer n as 


a" = a‘a’...-a 


+ 


n factors 


and we showed that if m and n are positive integers then aa" = a"*". The 
method we used to establish this rule was to write out the factors a” and a” and 
count the total number of occurrences of a. The same method can be used to 
establish the rest of the rules in Table 2 when m and 7 are positive integers. 


4.6 INTEGER EXPONENTS 39 


TABLE 2 


POSITIVE INTEGER EXPONENTS 


4°42 = 45+2 = 47 

Px = Pt? =P 

(2y)?(2y)* = (2y)3*5 = (2y)8 

(2793 = 22:3 = 26 

(4)3 = 473 = y!2 

(a2)" = a2" 

[x + 2)*)3 = (x + 2)4°3 = (4 + 2)!2 
(ab)* = a*b4 

(2x2y)4 = 24(x2)4y4 = l6exy4 


24 


T6y4 


(-38 (-33-2 -3 3 
ae ey eT 


al =] 
y 
EXAMPLE 4 
Simplify the following. 
kL 

(a) (4a7b*)(2a*b) (b) (2x?y)* (c) oF yr 
SOLUTION 
(a) (4a7b>)(2a°b) = 4+ 2+ a?a*b*b = 8a°b* 
(b) (2x?y)* = 24(x)4y* = 16x8y4 

a 
© Ra! 
PROGRESS CHECK 
Simplify, using only positive exponents. 


14 
@ ©) we © | 


- po 3 
@ BEY © ca «) (=%) 
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ZERO AND NEGATIVE 
EXPONENTS 


ANSWERS 
2 
12 10 6 es 3,6 
(a) x (b) x (c) a (d) t+ (e) 27a*b 
3,6 
© -S 


We next expand our rules to include zero and negative exponents when the base is 
nonzero. We will assume that the previous rules for exponents apply to a° and see 
if this leads us to a definition of a°. For example, applying the rule aa" = a"*" 
yields 


a"@° = a"*° = q™ 


Dividing both sides by a”, we obtain a° = 1. We therefore define a° for any 
nonzero real number by 


The same approach will lead us to a definition of negative exponents. For con- 
sistency, we must have 


ag—" = gt" = P= or aq ™= ( 


~~ 


Division of both sides of Equation (1) by a” suggests that we define a~™ by 


a” ==, a#0 
a 
Dividing Equation (1) by a~™, we have 
1 
a" =— a#0 


Thus, a~™ is the reciprocal of a”, and a” is the reciprocal of a~™. The rule for 
handling negative exponents can be expressed as follows. 


A nonzero factor moves from numerator to denominator (or from denominator 
to numerator) by changing the sign of the exponent. 


Table 3 summarizes and illustrates these results. 
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ZERO AND INTEGER EXPONENTS 


2\9 
3) =! A(xy)® = 4 


=3(y? to = 3 


= 20-1? Oy =eayen 


(a-1)? (x Be 


l 

=4,= 67 =a 7 y 
(x?y 3) 5 = (x?) ‘(y 3) Say ee 6 

x 


PROGRESS CHECK 
Simplify, using only positive exponents. 


a —2 -3\-I 
(a) xy-3 @ = © () 


9x Bye a 
ANSWERS 
@ gw © -% @} 
x WARNING Don’t confuse negative numbers and negative exponents. 
@ 2*=5 


Note that 2-* # —24. 


) (-2 = 4-4- -! 


EXERCISE SET 4.6 
In Exercises 1-6 the right-hand side is incorrect. Find the correct term. 
6 2 
L eted 2. Oy =y’ cs ae 4. B=x4 
x 
4\*_ 4 
4 9,4 el 
5. (2x)* = 2x 6. (3) 3 


In Exercises 7—64 use the rules for exponents to simplify. Write the answers using only positive exponents. 


ee rs 2 om 0. Se 
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x\3 12 
11. -(2) 12. =3rr 13. (°)5-x4 14, oe 
15. (2x) 16. —(2x%)5 17y rex" 18. (—2)"™(-2)" 
x" cla 3 60 23 y2)4/ ,3)7 
19: 8 20. (Sr 21. (—5x°) (-6x°) 22; WYO) 
y* 5)5 (5 a (—2a*b)* 
23. Pe 24. ((3b + 1)°] 25. ary 26. (= 304 
37 y3)4 2 3 
27. (2x + 1)°(2x + 1)’ 28. O° 29. (—2a?b?)?" 30. (~326*2) 
= 3 
0 = 0 _ 1 a —2)-3 
Sl. 203 32. Gy)" -2 33. (x? + 1° 34. (-3) 
35. sh a6? 37. (—x)? 38. =4-3 
39 = 40. (2a)~® Al... 5=25° 42. 4y5y~? 
43. (37)-3 44, (x7?) Ca i ie 46. [(x+y)7P 
2 8 A..—2 
47. oa 48. a 49. = 50. (4y72)7? 
51. (3a72b73)-? 32. 53 (-4 = sa, 2 
me "Quy? eae ' By 
3a5p~2 (5) (ae) 2x73 2 
55. oa 56 Par) 57. @e8 58. ae 
-2\-1 oes 
59. (a— 26%)"! 60 =) 61. reared 62. (a7! +677! 
a '+b7! (2) (2) (2) *-() 
63. ata pt 64. Bh TAG 65. Show that 7) alle 3 
Evaluate each expression in Exercises 66-69. 
I Sei 1 ie (486) 
66. (1.207) 67. [(—3.67)7] (2 EE 69, (saat 
4.7 Consider a square whose area is 25 square centimeters, and whose sides are of 
RATIONAL EXPONENTS length a. We can then write 
AND RADICALS 2_ 
a* =25 
nTH ROOTS 


so that a is a number whose square is 25. We say that a is the square root of b if 
a? = b. Similarly, we say that a is a cube root of b if a? = b, and, in general, if n 
is a natural number, we say that 


a is an nth root of b if a =b 


Thus, 5 is a square root of 25 since 5? = 25, and —2 is a cube root of —8 since 
(—2)? = -8. 


Principal nth Root 
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Since (—5)? = 25, we conclude that —5 is also a square root of 25. More 
generally, if b > 0 and a is a square root of b, then —a is also a square root of b. If 
b <0, there is no real number a such that a* = b, since the square of a real 
number is always nonnegative. (We'll see in Section 1.8 that mathematicians 
have created an extended number system in which there is a root when b < 0 and 
n is even.) 

The cases are summarized in Table 4. 


Number of nth 
roots of b such 
that b =a" Examples 


Square roots are 2, —2. 
No square roots. 

Cube root is 2. 

Cube root is —2. 
Square root is 0. 


We would like to define rational exponents in a manner that will be consis- 
tent with the rules for integer exponents. If the rule (a”)" = a™ is to hold, then 
we must have 

(b'/")" = pn =b 


But a is an nth root of b if a” = b. Then for every natural number n, we say 
that 


b'" is an nth root of b 


If n is even and b is positive, Table 4 indicates that there are two numbers, a and 
—a, that are nth roots of b. For example, 


47 = 16 and (—4)? = 16 


There are then two candidates for 16’, namely 4 and —4. To avoid ambiguity 
we say that 16’? = 4, That is, if n is even and b is positive, we always choose the 
positive number a such that a” = b to be the nth root and call a the principal nth 
root of b. Thus, b'” denotes the principal nth root of b. 


EXAMPLE 4 
Evaluate. 


1/4 
(a) 144" (by) (= 8)? {e) (-25)""—@d) -(2) 
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SOLUTION 
(a) 1442 = 12 (b) (—8)'3 = -2 


1 1/4 
(c) (—25)!? is not a real number (d) -(<) = ; 


RATIONAL EXPONENTS Now we are prepared to define b”””, where m is an integer (positive or negative), 
nis a natural number, and b > 0 when n is even. We want the rules for exponents 
to hold for rational exponents as well. That is, we want to have 


43/2 — 40/2) 3) — (41'2)3 = 23 =8 
and 
2a qo) = (43)¥2 = (64)"2 =8 


To achieve this consistency, we define 6”, for an integer m, anatural number n, 
and a real number b, by 


pr = (by =- (btn 


where b must be positive when n is even. With this definition, all the rules of 
exponents continue to hold when the exponents are rational numbers. 


EXAMPLE 2 
Simplify. 
() (=3 ©) 2? GC GF @ Gy PF 


SOLUTION 

(a) (8) = |(—8)7 = (- 2)" = 16 
(b) xl/2 + 3/4 = x2 +3/4 = {54 

(c) (x34)? = 63/42) _ x2 


(d) (3x23 y~ 9/33 = 3 + xO) y(— 5/33) = 2Txy = > y #0 


PROGRESS CHECK 
Simplify. Assume all variables are positive real numbers. 


xl 3\ 12 
(a) 2783 (b) (a!2b-2)-?_—(@) ( 3) 
ANSWERS 
@s oO 2 © & 
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WHEN IS A PROOF NOTA Books of mathematical puzzles love to include “proofs” that lead to false or 
PROOF? contradictory results. Of course, there is always an incorrect step hidden some- 
where in the proof. The error may be subtle, but a good grounding in the fun- 
damentals of mathematics will enable you to catch it. 
Examine the following “proof.” 


i= ive (1) 
=I (2) 
==) = (3) 


= (-1)' (4) 
=-1 (5) 


The result is obviously contradictory: we can’thave 1 = ~1. Yet each step seems 
to be legitimate. Did you spot the flaw? The rule . 


(b™ ite = pwo 


used in going from (2) to (3) doesn't apply when n is even and 6 is negative. Any 
time the rules of algebra are abused the results are unpredictable! 


RADICALS The symbol Vb is an alternative way of writing b'/2. that is, Vb denotes the 
nonnegative square root of b. The symbol V is called a radical sign, and Vb is 
called the principal square root of b. Thus, 


V25=5 V0=0 V-25 is undefined 


In general, the symbol \/b is an alternative way of writing b'", the principal nth 
root of b. Of course, we must apply the same restrictions to Wb that we estab- 
lished for b'". In summary, 


Vb =b'"=a where a” = b 
with these restrictions: 
e if nis even and b<0O, Wb is not a real number; 


e if nis even and b=0, Vb is the nonnegative number a satisfying a” = b. 


WARNING Many students are accustomed to writing V4 = +2. This is incor- 

) rect, since the symbol V indicates the principal square root, which is nonnega- 
tive. Get in the habit of writing V4 = 2. If you want to indicate all square roots 
of 4, write +V4 = +2. 


In short, Vb is the radical form of b'". We can switch back and forth from 
one form to the other. For instance, 


VW7=7T3 DS = Vi 
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Finally, we treat the radical form of b””” where m is an integer and n is a 
natural number as follows. 


bmn = (bryin = V/pm 


bmn = (plnym — (Wb) 


Thus, 
73 = (72)"3 = V7 
743 = (71392 = (V7)? 
EXAMPLE 3 


Change from radical form to rational exponent form or vice versa. Assume all 
variables are nonzero. 


(a) (2x)"3?, x>0 (b) vy 
ic) -(=30)"" (i) V+ y¥? 
SOLUTION 

= H l l 1 7 
Or ae? Var © Voy 
(c) (-3a)?7 = W-27a3 d) V+ y¥ = (2 + y)!2 
PROGRESS CHECK 


Change from radical form to rational exponent form or vice versa. Assume all 
variables are positive real numbers. 
(a) W2rss  (b) (x+y)? 
1 
dD WS 
Tar 


— 5/4 


(c) y 
ANSWERS 

(a) (2r)¥4s¥* = (b) V(xt y)? 
(c) we (d) m 54 


Since radicals are just another way of writing exponents, the properties of 
radicals can be derived from the properties of exponents. 


Properties of Radicals 


Simplifying Radicals 
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If n is anatural number, a and b are real numbers, and all radicals denote real 
numbers, then 


(1) VW/p" = (b7)!n = (bUnym = (Wo) V32 = (V8)? 
(2) Va: Vb=a""-b'" = (ab)""=Vab V4 V9 = V6 
Va an v8 8 


a a Un 
Oo yoge (3) =Wpero | ae 
(4) ve={2 nee V(=4 = I-41 =4 


lat if n is even 


Here are some examples using these properties. 


EXAMPLE 4 
Simplify. 


(a) VI8  (b) V—54 (c) 2V8ry (da) V8 


SOLUTION 
(a) V18 = V9-2 = VovV2 =3V2 

(bt) V—54 = V(—27)(2) = V—27V2 = -3V2 
(c) 2Vaxry = 2VBVEVy = 2(2)(x) Vy = 4xVy 
(d) Vx8 = Ve2- V2 - V2? = Ul et bet = be? 


WARNING The properties of radicals state that 
Ve = ul 


It is a common error to write Vx2 = x, but this leads to the conclusion that 
V(—6)* = —6. Since the symbol ve represents the principal or nonnegative 
square root of a number, the result cannot be negative. It is therefore essential to 
write V2 = il (and, in fact, Wx" = \xl whenever n is even) unless we know that 
x = 0, in which case we can write Ve =x. 


A radical is said to be in simplified form when the following conditions are 
satisfied: 


1. Vb" has m <n; 
2. Vb™ has no common factors between m and n; 


3. A denominator is free of radicals. 
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The first two conditions can always be met by using the properties of radicals and 
by writing radicals in exponent form. For example, 


Vid = Vix = V8 Wa = Wx 
and 
Wit = x6 = 29 = VB 


The third condition can always be satisfied by multiplying the fraction by a 
properly chosen form of unity, a process called rationalizing the denomina- 
tor. For example, to rationalize 1/V3, we proceed as follows. 


In this connection, a useful formula is 
(Vin + Vn) (Vm — Van) =m—n 


which we will apply in the following examples. 


EXAMPLE 5 


Rationalize the denominator. Assume all variables denote positive real num- 
bers. 


4 5 
o Vi ONs=2 ea) Res 
SOLUTION 
a i is y 


si 4 V5+V2 
eovi= V5—-V2 V5+V2 


= 103 +V9 4 v5 + -v9) 


5-2 

5 Vx-2 inn 
OR vat a 
: 5 5 Vet? se 
ie) Vxt+2 ~Ver2 "Ve+9 “x42 


PROGRESS CHECK 
Rationalize the denominator. Assume all radicals denote real numbers. 


-9x° -6 4 
Oo Vay | Virve © Vevey 77? 


Operations with 
Radicals 
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ANSWERS 
(a) —3yV3xy —(b) 5 (V2 - V6) (c) are 
EXAMPLE 6 


Write in simplified form. Assume all radicals denote real numbers. 


‘ 3 
(a) VW (b) =. y>0  () oS 


Vy — Vy Wy 
_ V2 Vy _ 2xV2y 
Vy Vy y 


PROGRESS CHECK 
Write in simplified form. All radicals denote real numbers. 


8x6 3/47 Be all 
(a) V75— (b) Vy (c) VWab*c (d) Via x, y>0 


ANSWERS 
3 
(a) 5V3 (by ut Vay (c) be2 Vabe  (d) = VB? 


We can add or subtract expressions involving exactly the same radical forms. For 
example, 


2V24+3 V2=5V2 
since 
2V2+3 V2=(2+ 3) V2=5 V2 
And 
3 Vty —7 Wty = -4 Viey 
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EXAMPLE 7 
(a) 7V5+4V3-9 V5 =-2V54+4V3 
) VE - 4 Vig 3 VE +4 Vig = -2 Vy + Lin 


WARNING 
* V9 + V16 + V25 


You can perform addition only with identical radical forms. Adding unlike rad- 
icals is one of the most common mistakes made by students in algebra! You can 
easily verify that 


V9 +V16=3+4=7 


The product of Va and \/b can be readily simplified only when m= rn. 


Thus, 
VBS Vig = VF 
but 
cannot be readily simplified. 
EXAMPLE 8 
Multiply and simplify. 


(a) 2 Vxy?- Vy? = 2 Vey! = dry Vy 
(b) Was Vab Vab? = Verb Vab 


EXERCISE SET 4.7 
In Exercises 1-12 simplify, and write the answer using only positive exponents. 
1. 1G" 2. (-125)7 3 3. (-64) 28 fe ig 3 
2x3 = 2/3 x2 V6 125*3 
5. 7A 6. Vr 7. (Sa) 8. 12523 
x15\ 3/5 x18 \23 
9. (x"/3y2)6 10. (x®y4)> V2 ll. (55) 12. (3) 
In Exercises 13-18 write the expression in radical form. 
2/5 
13. (3) CO I a? 6: (-8r 


-3/2 
17. (12x°y7?)?8 18. (&-4-*) 


ere 


fees] 


In Exercises 19-24 write the expression in exponent form. 
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V8 
V20x°y’z4 


\5 


Vv 48x yr? 


AVES VAP 


19. V3 20. V3? 21. 22, 
V(-8/ 
l 
23. gen, 24. V(2a*b*)* 
92 
In Exercises 25-33 evaluate the expression. 
25; ‘i 26. 2 27. V-81 28. 
2 2 

29. Vise 30. (-5) 31, (3) 32. 
33. (14.43)3/ 
In Exercises 34-36 provide a real value for each variable to demonstrate the result. 
34. Vi #x 35. Ver ty#txty 36. Vx Vy # Vi 
In Exercises 37—56 write the expression in simplified form. (Every variable represents a positive real number. ) 
37. V48 38. 200 39. V54 40. 
41. Wy’ 42. Wp" 43. W/96x!° 44, 
45. Vry? 46. V24b!% 14 47. Vi6x*y? 48. 
49 i 50 = 51 ae 52 

~ NS ‘ 3V11 , 3y , 
sa, sq 32 55. Wry’ 56 
3 Vax - 205 pb EYED 
In Exercises 57-66 simplify and combine terms. 
57. 2V3+5V3 58. 4V11-6V11 
59. 3Vx+4Vx 60. 3V2+5V2-2V2 
61. 2V27+ V12- V48 62. V20—4V45 + V80 
63. V40 + V45 — W135 + 2V80 64. V2abc — 3V Babe + Ve 
65. 2V5—(3V5 + 4V5) 66. 2V18 — 3V12 - 2V75) 
In Exercises 67—74 multiply and simplify. 
67. V3(V3 +4) 68. V3a(V2 - V3) 69. 3Vx2y Way? 70. 
71. (V2-V3y 72. (V8 —2V2) (V2 + 2V8) 
73. (V3x + V2y) (V3x — 2V2y) 74. (W2x + 3) (W2x - 3) 
In Exercises 75-86 rationalize the denominator. 

3 = -2 
15. WT 76. 77. : 
a es v7 -9 V3-4 a 

»p, —S 80 4 81 3 82 

' 3Va+1 " 2-V2y ° 54+ V5y 
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W244 
83. 
Vv2-1 


84. 


V5+V3 as V6+ V2 Pe 2Va 
V5 - V3 2 ITS ALD " Vat Vy 


In Exercises 87—88 provide real values for x and y and a poéitive integer value for n to demonstrate the result. 


87. Vx+ Vy# Vaty 


88. Vr ty #xty 


89. Find the step in the following ‘‘proof™' that is incor- 90. Prove that labl = lal |b). (Hint: Begin with 


rect. Explain. 


labl = V (ab)2.) 


1=VI=VEInH) = V-1V-1 = - 1 


18 


COMPLEX NUMBERS 
CSRS aOR 


One of the central problems in algebra is to find solutions to a given polynomial 
equation. This problem will be discussed in later chapters of this book. For now, 
observe that there is no real number that satisfies a simple polynomial equation 
like 

= -4 


since the square of a real number is always nonnegative. 

To resolve this problem, mathematicians created a new number system built 
upon an ‘‘imaginary unit’’ i, defined by i = V—=1. This number i has the prop- 
erty that when we square both sides of the equation we have i? = — 1, a result that 
cannot be obtained with real numbers. By definition, 


We also assume that i behaves according to all the algebraic laws we have 
already developed (with the exception of the rules for inequalities for real num- 
bers). This allows us to simplify higher powers of i. Thus, 


P=?-i=(-li=-i 
*=?-? =(-1(-1)=1 
Now it’s easy to simplify i” when 7 is any natural number. Since i* = 1, we 


simply seek the highest multiple of 4 which is less than or equal to n. For exam- 
ple, 


P=*-f=(1)i=i 
i27 _ 24. / = (i4)®- 3 = (1)? = P =-j 
EXAMPLE 4 
Simplify. 
(a) p! (b) —(j"4 
SOLUTION 
(a) Pl = 78. = (4 ?-P=()2-P=P= -i 


(b)  —i74 = — (72-72 = —(4)'8- 7? = —(1)8- 2 = -—(1Y(-1) = 1 
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It is easy also to write square roots of negative numbers in terms of #. For 
example, 


V —-25 = iV25 = Si 


and, in general, we define 
V-a=iVa fora>0 


Any number of the form bi, where b is a real number, is called an imaginary 
number. 


WARNING 
Vrav=5 + V6 


The rule Va: Vb = Vab holds only when a = 0 and b= 0. Instead, write 
V-4V -9 = 2i-3i = 67 = -6 


Having created imaginary numbers, we next combine real and imaginary 
numbers. We say that a + bi, where a and b are real numbers, is a complex 
number. The number a is called the real part of a+ bi and b is called the 
imaginary part. The following are examples of complex numbers. 

: : 4. A. 
3+ 2i 2 2i 5 + 5! 
Note that every real number a can be written as a complex number by choosing 
b= 0. Thus, 


| =ar+0Oi | 


We see that the real number system is a subset of the complex number system. 
The desire to find solutions to every quadratic equation has led mathematicians to 
create a more comprehensive number system, which incorporates all previous 
number systems. 

Will you have to learn still more number systems? The answer, fortunately, 
is a resounding *‘No!’’ We will show in a later chapter that complex numbers are 
all that we need to provide solutions to any polynomial equation. 


EXAMPLE 2 
Write as a complex number. 


@ -> ) V=9 (© -1-V=4 
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SOLUTION 


1. : 
(a) sae 7+ 0 


(b) V—-9 =iV9 = 3i=043i 
(c) -l1-V-4=-1-iV4=-1-2i 


Don’t be disturbed by the word ‘‘complex.’” You already have all the basic 
tools you will need to tackle this number system. We will next define operations 
with complex numbers in such a way that the rules for the real numbers and the 
imaginary unit i continue to hold. We begin with equality and say that two 
complex numbers are equal if their real parts are equal and their imaginary parts 
are equal; that is, 


| a+bi=c+di if a=candb=d 


EXAMPLE 3 
Solve the equation x + 3i = 6 — yi for x and y. 


SOLUTION 


Equating the real parts, we have x = 6; equating the imaginary parts, 3 = —y or 
y=-3. 


Complex numbers are added and subtracted by adding or subtracting the real 
parts and by adding or subtracting the imaginary parts. 


Addition and (a + bi) + (c + di) = (at+c)+(b+d)i 


Sup mocton et Compiex (a + bi) — (c + di) = (a-c) + (b- di 
Numbers 


Note that the sum or difference of two complex numbers is again a complex 
number. 


EXAMPLE 4 
Perform the indicated operations. 
(a) (7 — 2i) + (4 — 3i) (b) 14 -—(3—- 81) 


SOLUTION 
(a) (7 — 2i) + (4—- 31) = (7 + 4) + (-2 -— 3)i= 11 - Si 
(b) 14 -—(3 — 8) = (14 — 3) + 8 = 11 + 8 


PROGRESS CHECK 
Perform the indicated operations. 
(a) (—9 + 3i) + (6 — 2i) (b) 7i— (3 + 91) 


Multiplication of 
Complex Numbers 


EXERCISE SET 1.8 
Simplify in Exercises 1-9. 
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ANSWERS 
(a) -3+i (b) -3-—2: 


We now define multiplication of complex numbers in a manner that permits 
the commutative, associative, and distributive laws to hold, along with the def- 
inition i2 = —1. We must have 


(a + bi)(c + di) = a(c + di) + bi(c + di) 
= ac + adi + bei + bdi* 
= aac + (ad + bc)i + bd(-1) 
= (ac — bd) + (ad + be)i 


The rule for multiplication is 


(a + bi)(c + di) = (ac — bd) + (ad + be)i 


This result is significant because it demonstrates that the product of two complex 
numbers is again a complex number. It need not be memorized; simply use the 
distributive law to form all the products and the substitution i2? = —1 to simplify. 


EXAMPLE 5 
Find the product of (2 — 3é) and (7 + 5i). 


SOLUTION 
(2 — 3i)(7 + Si) = 2(7 + Si) — 317 + Si) 
= 14+ 10i— 21 -— 157? 
= 14-1 1hi- 15(-1) 
=29-1li 
PROGRESS CHECK 


Find the product. 
(a) (-—3 — (4-20 (b) (—4 — 2i)(2 — 3a) 


ANSWERS 
(a) -14+2i (b) —14+ 8 


In Exercises 10-21! write the number in the form a + bi. 


10. 2 


i. -} 12. -0.3 13. V—25 
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mo S45 Is. -V—36 
18. -3-V—n 19. 0.3- V—98 


In Exercises 22—26 solve for x and for y. 


22. @+2)+Qy- Di=—-1 + 5i 
24. (5x +2) + Gy-2= 4-71 
26. (y—2) + (Sx —3)1=5 


16. —V-18 17. 3-V-49 
20. -0.5+ V-32 21. -2-V-16 
23. (3x-1) + (y+ 5yi= 1-34 

25. (2y + 1)— (2k — i= -8 + 3i 


In Exercises 27—42 compute the answer and write it in the form a + bi. 


27. 26+ 3-H 28. —3i + (2 — Si) 29. 2+ 3§+ (3 — 2%) 30. (3 - 2i)- (2 + ii) 
: . Ls 2 P : : F 

31. -—3-Si-(2-0 32. (-)) +(1-4) 33. —2i(3 + i) 34. 34(2-H) 
H hee ore if4-i : : : ' 

35:4 —5 +i 36. 9 37. (2-1) (2+) 38. (5 +i) (2 — 3i) 

39. (-2-2i)(-4-3i) 40. (2+ 58 (I - 3%) 41. (3-2) (2-4 42. (4—- 3%) (2 + 3i) 

In Exercises 43-46 evaluate the polynomial x” — 2x + 5 for the given complex value of x. 

43. 14+2i 44. 2-i 45. ha 46. 1-2i 

47. Prove that the commutative law of addition holds for 50. Prove that —a — bi is the additive inverse of the com- 
the set of complex numbers. Plex number a + bi. 

48. Prove that the commutative law of multiplication 51. Prove the distributive property for the set of complex 
holds for the set of complex numbers. numbers. 

49. Prove that 0 + Oj is the additive identity and 1 + Oiis 52. For what values of x is Vx — 3 a real number? 
the multiplicative identity for the set of complex num- 53s For what values of y is 1 /2y — 10 a real number? 
bers. 

TERMS AND SYMBOLS 

set (p. 1) inequalities (p. 11) degree of a polynomial complex fraction (p. 36) 


element, member (p. 1) 

{ }@ 

e(p. 1) 

é(p. 1) 

subset (Pp. 2) 

natural numbers (p. 2) 
integers (p. 2) 

rational numbers (p. 2) 
irrational numbers (p. 3) 
real number system (p. 3) 
equal (p. 5) 

factor (p. 7) 

real number tine (p. 10) 
origin (p. 10) 
nonnegative (p. 10) 
<,>, s, = (p. 10) 
inequality symbols (p. 10) 


absolute value (p. 12) 

| 1(p. 12) 

AB (p. 13) 

variable (p. 15) 

algebraic expression 
(p. 15) 

constant (p. 15) 

algebraic operations (p- 15) 

evaluate (p. 15) 

base (p. 15) 

exponent (p. 15) 

power (p. 15) 

polynomial (p. 17) 

monomial (p. 17) 

coefficient (p. 17) 

degree of a monomial 
(p. 17) 


(p. 17) 
constant term (p. 17) 
leading coefficient (p. 17) 
zero polynomial (p. 17) 
like terms (p. 18) 
factoring (p. 23) 
prime polynomial (p. 30) 
irreducible polynomial 
(p. 30) 
algebraic fraction (p. 31) 
rational expression (p. 31) 
cancellation principle 
(p. 32) 
least common denominator 
(p. 34) 
LCD (p. 34) 
equivalent fraction (p. 34) 


nth root (Pp. 42) 
principal nth root (p. 43) 
radical sign (p. 45) 
Principal square root 
(p. 45) 
radical form (p. 45) 
simplified form of a radical 
(p. 47) 
rationalizing the denomina- 
tor (p. 48) 
imaginary unit i (p. 52) 
imaginary number (p. 53) 
complex number (p. 53) 
real part (p. 53) 
imaginary part (p. 53) 


KEY IDEAS FOR REVIEW 
0 A set is simply a collection of objects or numbers. 


C The real number system is composed of the rational and 
irrational numbers. The rational numbers are those that 
can be written as the ratio of two integers, p/g, with 
q # O; the irrational numbers cannot be written as a ratio 
of integers. 


(J The real number system satisfies a number of important 
properties. These are 


closure commutativity associativity 
identities inverses distributivity 


() If two numbers are identical, we say that they are equal. 
Equality satisfies these basic properties 
reflexive property symmetric property 
transitive property substitution property 
CD There is a one-to-one correspondence between the set of 
all real numbers and the set of all points on the real 
number line. That is, forevery point on the line there is a 
real number and for every real number there is a point on 
the line. 


C Algebraic statements using inequality symbols have 
straightforward geometric interpretations using the real 
number line. For example, a < 6 says that a lies to the 
left of 6 on the real number line. 

C Inequalities can be operated on in the same manner as 
statements involving an equals sign, with one important 
exception. When an inequality is multiplied or divided 
by a negative number, the sense of the inequality is 
reversed. 

(CD Absolute value specifies distance independent of the 
direction. Three important properties of absolute value 
are 

lal = |—al la- bl=lb-al 

C The distance between points A and B whose coordinates 
are a and b, respectively, is given by 

AB = |b - al 
DC) Algebraic expressions of the form 
P =a,X" + an-iX" '+°-> tayxtag 
are called polynomials. 


lal=0 


REVIEW EXERCISES 
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O To add (subtract) polynomials, simply add (subtract) 
like terms. To multiply polynomials, form all possible 
products, using the rule for exponents: a"a” = a™*", 


0 A polynomial is said to be factored when it is written as 
a product of polynomials of lower degree. 


CO Most of the rules of arithmetic for handling fractions 
carry over to rational expressions. For example, the 
LCD has the same meaning except that we deal with 
polynomials in factored form rather than with inte- 
gers. 


(CD The mules for positive integer exponents also apply to 
zero and negative integer exponents and to rational 
exponents. 


OC Radical notation is simply another way of writing a 
rational exponent. That is, /b = b!”". 


C If nis even and 6 is positive, there are two real numbers 
a such that b'/" =a. Under these circumstances, we 
insist that the nth root be positive. That is, Vb is a 
positive number if n is even and 6b is positive. Thus, 
V16 = 4. 

(J We must write Ve = ll to ensure that the result is a 
positive number. 


DO To be in simplified form, a radical must satisfy the fol- 
lowing conditions. 
© Wx" has m <n. 

@ \/x" has no common factors between m and n. 
© The denominator has been rationalized. 

(J Complex numbers were created because there are no real 
numbers that satisfy such simple polynomial equations 
as x7 +5 =0, 

CZ Using the imaginary unit i= V—1, a complex number 
is of the form a+ bi, where a and b are real num- 
bers. 


C The real number system is a subset of the complex num- 
ber system. 


Solutions to exercises whoge numbers are in color are in the Solutions section in the back of the book. 


1.1 In Exercises 1-3 write each set by listing its elements 
within braces. 


1. The set of natural numbers from —S to 4, inclu- 
sive. 
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2. The set of integers from —3 to —1, inclusive. 


3. The subset of x € S, S = {0.5, 1, 1.5, 2} such that 
x is an even integer. 


For Exercises 4—7 determine whether the statement is 
true (T) or false (F). 


4. V7 isa real number. 
5. -—35 is a natural number. 
6. —14 is not an integer. 
7. QOjisan irrational number. 


In Exercises 8-11 identify the property of the real num- 
ber system that justifies the statement. All variables 
represent real numbers. 


8. (3a) + (—3a) = 
9. (3+ 4)x = 3x+ 4x 
10. 2e+2y+z=2r+2+2y 
Il. Ox-l = 9x 
In Exercises 12—14 sketch the given set of numbers on 
a real number line. 
12. The negative real numbers. 
13. The real numbers x such that x > 4. 
14. The real numbers x such that —1 <x< 1. 
15. Find the value of |—3! — II — 5I. 


16. Find PQ if the coordinates of P and Q are 3 
and 6, respectively. 

17. A salesperson receives 3.25x + 0.15y dollars, 
where x is the number of hours worked and y is 
the number of miles driven. Find the amount due 
the salesperson if x= 12 hours and y= 80 
miles. 

18. Which of the following expressions are not poly- 
nomials. 


(a) —2xy? + xy (b) 367+ 2b-6 


(c) x72 +5x2-—x (d) 7.5x72 + 3x -39 


In Exercises 19 and 20 indicate the leading coefficient 
and the degree of each polynomial. 


19. -O.5x7+6r—-5 20. 2x7 +3x4- 7x 
In Exercises 21-23 perforin the indicated operations. 
21. (3ab? — a*b + 2b- a) —- 

(2a7b* + 2a’b — 2b — a) 


22. x(2x — 1x + 2) 23. 3x(2x + 1)? 


1.4 In Exercises 24-29 factor each expression. 


24. 27-2 

25. x? — 25y? 

26. 2a* + 3ab+ 6a + 9b 
27. 4x2 + 19x = 5 

28. x Sea | 

29. 27r® + 8s® 


1.5 In Exercises 30—33 perform the indicated operations 


and simplify. 


ty) Ox + 4-x2 x-2 
30. 3(x2 — y?) =tay 31. ye : y 
39 a+b a? — 4b? 
‘ at+2b a@—-P 


33. Se =3 gt a3 


-x 3x? — 3x2 
In Exercises 34—37 find the LCD 
I 2 3 
34. 
2? =—4'x-2 
4 5 —3 
a x'xt—x'(x—-1)? 
36. 2. —-4 x+2 


(x— Dy? y2’ - 1? 


—1 3x 
a. ryt’ resy 7 4y? + 8y +4 
In Exercises 38-41 perforin the indicated operations 
and simplify. 


4 3 2 

.24+= 39. = 

a 2? aa r-16 x=4 
30 =f a 

40. = ~ 4 +s 

x-1 I 
pee! 
x 


1.6-In Exercises 42-50 simplify, and express the answers 
1.7 using only positive exponents. All variables are posi- 


tive numbers. 


42. (2a7b-3)73 43. 


3\-43 
a2 1° 44. (3) 


ytn 2 
46. V 
45. ro 80 47. Vin 
48. Vx7y5 49. W32x8)° 50. pee 
Vx+ Vy 


In Exercises 51-52 perform the indicated operations. 
Simplify the answer. 


Sh. Wxty? + 2Wx2y? 52. 


1.8 53. Solve for x and for y: 
(x — 2) + Qy — i= -4 +73 
54. Simplify 77. 


(V3 + V5)? 
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In Problems 1 and 2 write each set by listing its elements 
within braces. 


1. The set of positive, even integers less than 13. 
2. The subset of xe S, S = {—1, 2, 3, 5, 7}, such that x is 
a multiple of 3. 
In Problems 3 and 4 determine whether the statement is true 
(T) or false (F). 
3. —1.36 1s an irrational number. 
4. wis equal to #. 


In Problems 5 and 6 identify the property of the real number 
system that justifies the statement. All variables represent 
real numbers. 


5. xy¥zt+1l=(zt+ Ixy 6. (-6) (-2) =] 


In Problems 7 and 8 sketch the given set of numbers on a 
real number line. 


7. The integers that are greater than —3 and less than or 
equal to 3. 


The real numbers x such that —2 =x < 1/2. 
Find the value of |2 — 3] — 14 — 21. 


10. Find AB if the coordinates of A and B are —6 and —4, 
respectively. 

11. The area of a region is given by the expression 
3x2 — xy. Find the area when x=5 meters and 
y = 10 meters. 


— ly — 2x1 
12. Evaluate the expression att when x = 3 and 
y=-l. : 
13. Whichof the following expressions are not polynomi- 
als? 
(a) x (b) S5x-4y + 3x? -y 
(c) 4° +x (d) 2x? + 3x° 


In Problems 14 and 15 indicate the leading coefficient and 
the degree of each polynomial. 
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In Exercises 55-57 perform the indicated operations 
and write all answers in the form a + bi. 


55. 2+(6- 4) 56. (2 + i)? 
57. (4 — 3%) (2 + 31) 
14. —2.2x9 + 3x3 — 2x 15. 14x°-2x +1 


In Problems 
tions. 


16. 3xyt+2x+3y+2-(l-y-—x+xy) 
17. (a+2) Ba? -—at5) 

In Problems 18 and 19 factor each expression. 
18. 8a°b® — 12a°b? + 16a*b 19. 4 — 9x2 


In Problems 20 and 21 perform the indicated operations and 
simplify. 


16 and 17 perform the indicated opera- 


m* (= a] b-x x1 
20: Ba [ee s > 

3n? ~ \9n 2m? alt ageod 1 od 
22. Find the LCD of 

eal 2 3 

a) on ne oo) 
In Problems 23 and 24 perform the indicated operations and 
simplify. F 

2x 5 = 

23. 2g Gt 24. x+1 


cl 
In Problems 25-28 simplify, and express the answers using 
only positive exponents. 


x2 -6 2n 
25. (5s) 26. 3 
=1 pate 
2: @-1 28. (2a*b”*) 
In Problems 29—31 perform the indicated operations. 
29. 3V24-2V81 30. (V7 -5) 


LD 2 Jen 
31. 2 Oxy 
32. For what values of x is V2 — x a real number? 


In Problems 33 and 34 perform the indicated operations and 
write all answers in the form a + bi. 


33. (2 -—i)+(-3 +i) 34. (5 + 2i)(2 — 3i) 
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PROGRESS TEST 18 
In Problems | and 2 write each set by listing its elements 
within braces. 

1. The set of positive, odd integers less than 10. 

2. The subset of xe S, S = {0, 15, 12, 24}, such that x is 

divisible by 3. 

In Problems 3 and 4 determine whether the statement is true 
(T) or false (F). 

3. 19.6is areal number. 4. 7 is equal to 3.14. 


In Problems 5 and 6 identify the property of the real number 
system that justifies the statement. All variables represent 
real numbers. 
5S. atbt+tc=ct+atb 6 23+x)=6+2x 
In Problems 7 and 8 sketch the given set of numbers on a 
real number line. 
7. The natural numbers that are less than 5. 
8. The real numbers x such that 3 <x <3. 
D5] se SI, 
I-7l 
10. Find AB if the coordinates of A and B are —2 and 5, 
respectively. 


9. Find the value of 


11. The area of a trapezoid is given by the formula A = 
th(b + b’). Find the area if h=4 meters, b=3 
meters, and b’ = 4 meters. 


12. Evaluate the expression Ixl/x — yl when x = —2 and 
y=-3. 

13. Whichof the following expressions are not polynomi- 
als? 


(a) 3xr° +x !-2 (b) 2x-—x? +x 

(c) 2x2? +xy-4 (d) xy + xl2y +2 
In Problems 14 and 15 indicate the leading coefficient and 
the degree of each polynomial. 
14.) Hae a 15, 45x" =x" + 170" 
In Problems 16 and 17 perform the indicated operations. 
16. Qs?f -—srt+st—-stn- 

BPP =—29 = 4s = 143) 


17. (b + 3) (—3b? + 2b + 4) 
In Problems 18 and 19 factor each expression. 
18.  5r3s4 ~ 40r‘s3r 19. 27+ 7x-4 
In Problems 20 and 21 perform the indicated operations and 
simplify. 
ary — 1), &= IP 
6u2v3 Quy? 


vrt+Tx-8 x 


20. 


ati x-x x +8x 

22. Find the LCD of 
y-1 x= 2 3x 
eiy+ 1)  Ww—- 2 4y2?+8y+4 


In Problems 23 and 24 perform the indicated operations and 
simplify. 
—4 3 x 24. l-x 2x 


— — + 5] anes: 
l=% xitx xt] 


= x-1 
In Problems 25-28 simplify, and express the answers using 
only positive exponents. 


4x3 


0 26. (b*)°(b")° 
20s x8 \3/4 Ax + 2)° 
(2n) 28. = 
In Problems 29-31 simplify the given expression. 
—4 
29. Wxl4yl? | <r 
es eae 
31. Vath? 


1 
32. For what values of x is a real number? 
Vx—2 


In Problems 33 and 34 perform the indicated operations and 
write all answers in the form a + bi. 


33. (4-2) - (2 i ii) 34. (3-21) (2-4) 
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2A 
LINEAR EQUATIONS 
IN ONE UNKNOWN 


SOLVING EQUATIONS 


EQUATIONS AND 
INEQUALITIES 


A major concern of algebra is the solution of equations. Does a given equation 
have a solution? Is it possible for an equation to have more than one solution? Is 
there a procedure for solving an equation? In this chapter we will explore the 
answers to these questions for polynomial equations of the first and second 
degree. We will also see that the ability to solve equations enables us to tackle a 
wide variety of applications and word problems. 

Linear inequalities also play an important role in solving word problems. 
For example, if we are required to combine food products in such a way that a 
specified minimum or maximum of protein is provided, we need to use inequal- 
ities. Many important industries, including steel and petroleum refincries, use 
computers daily to solve problems that involve thousands of inequalities. The 
solutions to such problems enable a company to optimize its ‘‘product mix’’ and 
its profitability. 


Expressions of the form 


x-2=0 x*>-9=0 3(2x — 5) = 3 


ax+5=Vax-7 sas x? — 3x? = 32 
are examples of equations in the unknown x. An equation states that two alge- 
braic expressions are equal. We refer to these expressions as the left-hand and 
right-hand sides of the equation. 

Our task is to find values of the unknown for which the equation holds true. 
These values are called solutions or roots of the equation, and the set of all 
solutions is called the solution set. For example, 2 is a solution of the equation 
3x — 1 =5 since 3(2) — 1 = 5. However, —2 is not a solution since 3(—2) — 
1 #5. 

The solutions o f an equation depend on the number system we are using. For 
example, the equation 2x — 5 has no integer solutions but does have a solution 
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Identities and 
Conditional Equations 


Equivalent Equations 


among the rational numbers, namely 3. Similarly, the equation x? = —4 has 
no solutions among the real numbers but does have solutions if we consider com- 
plex numbers, namely 2i and —2i. The solution sets of these two equations 
are {3} and {2i, —2i}, respectively. 


We say that an equation is an identity if it is true for every real number for which 
both sides of the equation are defined. For example, the equation 


baat (x= 1) 


is an identity because it is true for all real numbers; that is, every real number is a 
solution of the equation. The equation 


x-5=3 


is a false statement for all values of x except 8. If, as in that equation, there are 
real-number values of x for which the sides of the equation, although both 
defined, are unequal, the equation is called a conditional equation. 

When we say that we want to ‘“‘solve an equation,’’ we mean that we want to 
find all solutions or roots. If we can replace an equation with another, simpler 
equation that has the same solutions, we will have an approach to solving equa- 
tions. Equations having the same solutions are called equivalent equations. For 
example, 3x — 1 =5 and 3x = 6 are equivalent equations because it can be 
shown that {2} is the solution set of both equations. 

There are two important rules that allow us to replace an equation with an 
equivalent equation. 


The solutions of a given equation are not affected by the following opera- 
tions: 

1. addition or subtraction of the same number or expression on both sides of the 
equation 

2. multiplication or division of both sides of the equation by a number other 
than 0 


EXAMPLE 4 
Solve 3x + 4 = 13. 


SOLUTION 


We apply the preceding rules to this equation. The strategy is to isolate x, so we 
subtract 4 from both sides of the equation. 


3x+4-4=13-~-4 
3x =9 


Dividing both sides by 3, we obtain the solution 
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x=3 
It is generally a good idea to check by substitution, to make sure that 3 does 
indeed satisfy the original equation. 
3x+4=13 
3(3) + 4= 13 
13=13 
To be technically accurate, the solution of the equation in Example | is 3, 
while x = 3 is an equation that is equivalent to the original equation. Now that 
this distinction is understood, we will join in the common usage that says that the 
equation 3x + 4 = 13 “has the solution x = 3.”’ 
When the given equation contains rational expressions, we eliminate frac- 


tions by first multiplying by the least common denominator of all of the fractions. 
This technique is illustrated in Examples 2, 3, and 4. 


EXAMPLE 2 

Solve the equati z os +1 

olv uation -x — -=—x ; 
: 6 3 5 

SOLUTION 


We first eliminate fractions by multiplying both sides of the equation by the LCD 
of all fractions, which is 30. 


25x — 40 = 18x + 30 
7x = 70 
x= 10 
The student should verify that x = 10 is a solution of the original equation. 


PROGRESS CHECK 
Solve and check. 


(a) — 2-5) =5 4 1) 
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SOLVING LINEAR The equations we have solved are all of the first degree and involve only one 
EQUATIONS unknown. Such equations are called first-degree equations in one unknown, or 
more simply, linear equations. The general form of such equations is 


ax+b=0 


where a and b are any real numbers and a + 0. Let’s see how we would solve this 


equation. 
ax+b=0 
ax+b—b=0O-—b_ Subtract b from both sides. 
ax=—b 
ax _—b Mee : 
= re Divide both sides by a + 0. 
b 
pee 
a 


We have thus obtained the following result. 


Roois of a Linear The linear equation ax + b = 0, a # 0, has exactly one solution: —b/a. 
Equation 


Sometimes we are led to linear equations in the course of solving other 
equations. The following example illustrates this situation. 


EXAMPLE 3 


Solve aS a 
x 


SOLUTION 
The LCD of all fractions is x + 3. Multiplying both sides of the equation by x + 3 
to eliminate fractions, we obtain 


Sx — 3(x + 3) = 1 


Sx —-3x-9=1 
2x = 10 
x=§ 


5(5) _ 3 1 
5+3 ~ 543 
25 1 
8 a= e 


Multiplying by 
an Unknown 
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We said earlier that multiplication of both sides of an equation by any non- 
zero number results in an equivalent equation. What happens if we multiply an 
equation by an expression that contains an unknown? In Example 3 this procedure 
worked just fine and gave us a solution. But this will not always be so, because 
the answer we obtain may produce a zero denominator when substituted in the 
original equation. The following rule must therefore be carefully observed. 


When we multiply or divide both sides of an equation by an expression that 
contains the unknown, the resulting equation might not be equivalent to the 


onginal equation. The answer obtained must be substituted in the onginal equa- 
tion to verify that it is a solution. 


EXAMPLE 4 

Solve and check: tia 
x= 2 x-2 

SOLUTION 

The LCD of all fractions is x — 2. Multiplying both sides of the equation by 
x — 2, we eliminate fractions and obtain 


8x + 1+ 4x -— 2) = 7x +3 
8x +14+4%-8=7x4+3 


x=2 


Checking our answer, we find that x = 2 is not a solution, since substituting x = 2 
in the original equation yields a denominator of zero. We conclude that the given 
equation has no solution. 


PROGRESS CHECK 
Solve and check. 

seq al 6 _ 2 2 
(a) x 5 x (b) x+1 ray 
ANSWERS 


(a) x=6 (b) no solution 


EXAMPLE 5 
Solve the equation 2x + | = 2x — 3. 


SOLUTION 
Subtracting 2x from both sides, we have 
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ax +1—2x =2x-3-2x 


1=-3 


This equivalent equation is a contradiction. Conclusion: not every equation has a 
solution! 


EXERCISE SET 2.1 


In Exercises 1-4 determine whether the given statement is true (T) or false (F). 


|. x= —5S is a solution of 2x + 3 = —7. 


2 x= 3 isa solution of 3x — = 


3. a re is a solution of kx + 6 = 4x. 


4-k 


ead 
4. 373 


2 


k #0, is a solution of 2kx + 7 = 5x. 


In Exercises 5-24 solve the given linear equation and check your answer. 


5. 3x+5=-1 6. Sr+10=0 
3,5 = 
gl eae 10. -1= 


13. -—S5x+8=3x-4 
17. 2(3b+1)=3b-4 
19. 40¢- 1) = 2x +3) 
21. 2x+4)-1=0 
23. -4(2x + 1) -(x- 2)=-11 
Solve for x in Exercises 25-28. 
25. kx +8= 5x 

27. 2-k+5(x- 1) =3 


Solve and check in Exercises 29-44. 


x_5 3x 
29. 773 30. z 5 
2 aS 1 - 4x 
ay y+3 7 af 1—- 2x 
2 2 3 
a: fo. Pea ee 
x es) 
cee B see | x+1 
helene eee dee 
" b bt+3 b*+2b-3 
3r+ 1 ara? 
a r+3 ~ rt3 


ars 


14. 2x-1=3x+2 


vk 


2=3x+4 8. is+2=4 


ae ee 
Cee 12. 


—2x+6=—-5Sx-4 16. 
—3(2x + 1) = -8x + 1 

—3(x — 2) = 2(x + 4) 
3a+2—-2(a- 1) =3(2a + 3) 
3(a + 2) — 2(a- 3) =0 


4r+4=3r-2 


6x +4 = —3x-5 


8 — 2kx = —3x 
3(2 + 3k) + 4(x — 2) =5 


3 5.3.) 
= =e eae eet a A 

1 - 32. ri a 
1 | ane? 4 as al 
Poo. 0 =ge2 | Popa > gaa 
3 2 ea 
x-l x+1 x-1 
2 jaetZ 
ye 2 ~x-2 

3 2itiad| Mel 
xe—2x x2+2x-8 x+4 
2x — 1 3x — 2 

roe a 
=) Die 4 
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In Exercises 45—48 indicate whether the equation is an identity (I) or a conditional equation (C). 

45. x2 +x-—2=(x+2)(x- 1) 46, (2)? =a dat 2 

47. 2x+1=3x-1 48. 3x-5=4x-x-2-3 

In Exercises 49-54 write (T) if the equations within each exercise are all equivalent equations and (F) if they are not 
equivalent. 


49. 2x&-3=5 2x = 8 x=4 50. S(x- 1)=10 x-1=2 x=3 
Sl. x(x — 1) = 5x x-1=5 x=6 52. x=S5 x7 =25 
53. 3(x? + 2x + 1) = -6 34 OF 3G Ha = orl 

x?+2x+1=-2 (x + 3x — 1) =(x- 1)? 

(x + 1)? =-2 x+3=x-1 
2.2 Many applied problems lead to linear equations that must be solved. The solution 
APPLICATIONS procedure described in Section 2.1 was already familiar to you and probably 
Seay 


presents no difficulties. The challenge of applied problems is translating words 
into appropriate algebraic forms. This translation process requires an ability that 
you can acquire only with practice. 

The steps listed here can guide you in solving word problems. 


Step 1. Read the problem carefully to understand what is required. 

Step 2. Separate what is known from what is to be found. 

Step 3. In many problems, the unknown quantity is the answer to a question such 
as “‘how much”’ or “‘how many.” Let an algebraic symbol, say x, rep- 
resent the unknown. 

Step 4. If possible, represent other quantities in the problem in terms of x. 

Step 5. Find the relationship in the problem that you can express as an equation 
(or an inequality). 

Step 6. Solve and check. 


The words and phrases in Table | should prove helpful in translating a word 
problem into an algebraic expression that can be solved. 


EXAMPLE 4 


If you pay $66 for a car radio after receiving a 25% discount, what was the price 
of the radio before the discount? 


SOLUTION 
Let x = the price of the radio (in dollars) before the discount. Then 


0.25x = the amount discounted 
and the price of the radio after the discount is given by 


x — 0.25x 
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TABLE 4 


Algebraic Algebraic 
Word or phrase symbol Example expression 


Sum Sum of two numbers 


Difference Difference of two numbers 
Difference of a number and 3 


Product 7 Product of two numbers 
Quotient Quotient of two numbers 


Exceeds a exceeds b by 3 
More than a is 3 more than b 
More of There are 3 more of a than of b 


Twice Twice a number 

Twice the difference of x and 3 
3 more than twice a number 

3 less than twice a number 


Is or equals The sum of a number and 3 is 15. 


Hence 
x — 0.25x = 66 
0.75x = 66 
_ 66 _ 
eS gs eon 


The price of the radio was $88 before the discount. 


COIN PROBLEMS Coin problems are easy to interpret if you keep this in mind: Always distinguish 
between the number of coins and the value of the coins. You will also find it 
helpful to use a chart, as in the following example. 


EXAMPLE 2 
A purse contains $3.20 in quarters and dimes. If there are 3 more quarters than 
dimes, how many coins of each type are there? 


SOLUTION 
In this problem, we may let the unknown represent either the number of quarters 


or the number of dimes. We make a choice. Let 


n = the number of quarters 


SIMPLE INTEREST 
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Then 
n — 3 = the number of dimes 


since there are 3 more quarters than dimes. 
The following table is useful in further analysis of the problem. 


Number of coins x Number of cents in each coin = Value in cents 


Quarters n 25 25n 


Dimes ee 10 i 1003) 


We know that 


total value = (value of quarters) + (value of dimes) 
320 = 25n + 10(n — 3) 
320 = 25n + 10n — 30 
350 = 35n 
10=n 
Then 


n = number of quarters = 10 


n — 3 = number of dimes = 7 


Now verify that the total value of all the coins is $3.20. 


Interest is the fee charged for borrowing money. In this section we will deal only 
with simple interest, which assumes the fee to be a fixed percentage r of the 
amount borrowed. We call the amount borrowed the principal and denote it 
by P. 

If the principal P is borrowed at a simple interest rate r, then the interest due 
at the end of each year is Pr, and the total interest / due at the end of ¢ years 
is 

l= Prt 
Consequently, if S is the total amount owed at the end of ¢ years, then 
S=P+Prt 


since both the principal and interest are to be repaid. 
The basic formulas that we have derived for simple interest calculations 
are 


!=Prt 


S=P+Prt 
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DISTANCE (UNIFORM 
MOTION) PROBLEMS 


EXAMPLE 3 
A part of $7000 was borrowed at 6% simple annual interest and the remainder at 


8%. If the total amount of interest due after 3 years is $1380, how much was 
borrowed at each rate? 


SOLUTION 
Let 


n = the amount borrowed at 6% 
Then 


7000 — n = the amount borrowed at 8% 


since the total amount is $7000. We can display the information in table form 
using the equation / = Prt. 


Interest 
6% portion n 0.06 3 0.18n 
8% portion 7000 —n 0.08 3 0.24(7000 — n) 


Note that we write the rate r in its decimal form, so that 6% = 0.06 and 8% = 
0.08. 


Since the total interest of $1380 is the sum of the interest from the two 
portions, we have 
1380 = 0.18n + 0.24(7000 — n) 
1380 = 0.18n + 1680 — 0.24n 
0.06n = 300 
n = 5000 


We conclude that $5000 was borrowed at 6% and $2000 was borrowed at 
8%. 


Here is the key to the solution of distance problems. 


Distance = rate X time 


The relationships that permit you to write an equation are sometimes 
obscured by the words. Here are some questions to ask as you set up a distance 
problem. 


M(XTURE PROBLEMS 
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(a) Are there two distances that are equal? (Will two objects have traveled the 
same distance? Is the distance on a retum trip the same as the distance 
going?) 

(b) Is the sum (or difference) of two distances equal to a constant? (When two 
objects are traveling toward each other, they meet when the sum of the 
distances traveled by them equals the original distance between them.) 


EXAMPLE 4 


Two trains leave New York for Chicago. The first train travels at an average 
speed of 60 miles per hour. The second train, which departs an hour later, travels 
at an average speed of 80 miles per hour. How long will it take the second train to 
overtake the first train? 


SOLUTION 
Since we are interested in the time the second train travels, we choose to let 
t = the number of hours the second train travels 
Then 
t+ 1 =the number of hours the first train travels 


since the first train departs one hour earlier. 


First train 


Second train 


At the moment the second train overtakes the first, they must both have traveled 
the same distance. Thus, 


60(¢ + 1) = 80r 
60r + 60 = 801 
60 = 201 
3=1 


It takes the second train 3 hours to catch up with the first train. 


One type of mixture problem involves mixing commodities, say two or more 
types of nuts, to obtain a mixture with a desired value. If the commodities are 
measured in pounds, the relationships we need are 


number of pounds X price per pound = value of commodity 


pounds in mixture = sum of pounds of each commodity 
value of mixture = sum of values of individual commodities 
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WORK PROBLEMS 


EXAMPLE 5 

How many pounds of Brazilian coffee worth $5 per pound must be mixed with 20 
pounds of Colombian coffee worth $4 per pound to produce a mixture worth 
$4.20 per pound? 


SOLUTION 
Let n = number of pounds of Brazilian coffee. We display all the information, 


using cents in place of dollars. 


Type of coffee Number of pounds x Price per pound = Value (in cents) 


Brazilian 
Colombian 8000 
Mixture 420(n + 20) 


Note that the weight of the mixture equals the sum of the weights of the Brazilian 
and Colombian coffees that make up the mixture. Since the value of the mixture 
is the sum of the values of the two types of coffee, 
value of mixture = (value of Brazilian) + (value of Colombian) 
420(n + 20) = 500n + 8000 
420n + 8400 = 500n + 8000 
400 = 80n 
S=n 


We must add 5 pounds of Brazilian coffee to make the required mixture. 


Work problems typically involve two or more people or machines working on the 
same task. The key to these problems is to express the rate of work per unit of 
time, whether an hour, a day, a week, or some other unit. For example, if a 
machine can do a job in S days, then 


rate of machine = ; job per day 


If this machine were used for two days, it would perform @ of the job. In sum- 
mary: 


If a machine (or person) can complete a job in n days, then 


Rate of machine (or person) = 1 job per day 


Work done = Rate X Time 
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EXAMPLE 6 

Using a small mower, at 12 noon a student begins to mow a lawn, a job that 
would take him 9 hours working alone. At ] P.M. another student, using a tractor, 
joins him, and they complete the job together at 3 P.M. How many hours would it 
take to do the job by tractor only? 


SOLUTION 
Let x = number of hours to do the job by tractor alone. The small mower works 
from 12 noon to 3 P.M., or 3 hours; the tractor is used from | P.M. to 3 P.M., or 2 
hours. 

All the information can be displayed in table form. 


Work done 


Small mower 


Tractor 


Since 


work done by , work done by _ 1 whole job 


small mower tractor 
3 2 = 
9 _ x = 


ox(3 +2) = 9x-1 
9 x 
3x + 18 = 9x 


Thus, by tractor alone, the job can be done in 3 hours. 


The circumference C of a circle is given by the formula 
C =2nr 


where r is the radius of the circle. For every value of r, the formula gives us a 
value of C. If r= 20, we have 


C = 27(20) = 407 


It is sometimes convenient to be able to tum a formula around, that is, to be 
able to solve for a different variable. For example, if we want to express the 
radius of a circle in terms of the circumference, we have 
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on 


r 


Dividing by 27 


Now, given a value of C, we can determine a value of r. 


EXAMPLE 7 


If an amount P is borrowed at the simple annual interest rate r, then the amount § 
due at the end of ¢ years is 


Solve for P. 
SOLUTION 
S=P+ Prt 
S=P(1 + rt) 
re 
ltr . 


EXERCISE SET 2.2 


In Exercises 1-3 let n represent the unknown. Translate from words to an algebraic expression or equation. 


2, 


The number of blue chips is 3 more than twice the 
number of red chips. 

The number of station wagons on a parking lot is 20 
fewer than 3 times the number of sedans. 


3. 


S=P+ Prt 


Common factor P 


Dividing both sides by (1 + ré) 


Five less than 6 times a number is 26. 


In Exercises 4—41 translate from words to an algebraic problem and solve. 


4. 


Janis is 3 years olderthan her sister. Thirty years from 
now the sum of their ages will be 111. Find the current 
ages of the sisters. 

John is presently 12 years older than Fred. Four years 
ago John was twice as old as Fred. How old is each 
now? 

The larger of two numbers is 3 more than twice the 
smaller. If their sum is 18, find the numbers. 

Find three consecutive integers whose sum is 21. 

A certain number is 5 less than another number. If 
their sum is 11, find the two numbers. 


A resort guarantees that the average temperature over 
the period Friday, Saturday, and Sunday will be exact- 
ly 80°F, or else each guest pays only half price for the 


11. 


facilities. If the temperatures on Friday and Saturday 
were 90°F and 82°F, respectively, what must the tem- 
perature be on Sunday so that the resort does not lose 
half of its revenue? 


A patient’s temperature was taken at 6 A.M., 12 noon, 
3 P.M., and 8 P.M. The first, third, and fourth readings 
were 102.5°, 101.5°, and 102°F, respectively. The 
nurse forgot to write down the second reading but 
recorded that the average of the four readings was 
101.5°F. What was the second temperature reading? 


A 12-meter-long steel beam is to be cut into two pieces 
so that one piece will be 4 meters longer than the oth- 
er. How long will each piece be? 


A rectangular field whose length is 10 meters longer 


13. 


20. 


than its width is to be enclosed with exactly 100 
meters of fencing material. What are the dimensions 
of the field? 


A vending machine contains $3.00 in nickels and 
dimes. If the number of dimes is 5 more than twice the 
number of nickels, how many coins of each type are 
there? 


A wallet contains $460 in $5, $10, and $20 bills. The 
number of $5 bills exceeds twice the number of $10 
bills by 4, and the number of $20 bills is 6 fewer than 
the number of $10 bills. How many bills of each type 
are there? 


A movie theater charges $3 admission for an adult and 
$1.50 for a child. If 700 tickets were sold on a partic- 
ular day and the total revenue received was $1650, 
how many tickets of each type were sold? 


A student bought 5-cent, 10-cent, and 15-cent stamps 
with a total value of $6.70. If the number of 5-cent 
stamps is 2 more than the number of 10-cent stamps, 
and the number of 15-cent stamps is 5 more than one- 
half the number of 10-cent stamps, how many stamps 
of each denomination did the student obtain? 


Anamateur theater group is converting a classroom to 
an auditorium for a forthcoming play. The group will 
sell $3, $5, and $6 tickets, and will receive exactly 
$503 from the sale of tickets. If the number of $5 
tickets is twice the number of $6 tickets, and the num- 
ber of $3 tickets is | more than 3 times the number of 
$6 tickets, how many tickets of each type are there? 


To pay for their child’s college education, the parents 
invested $10,000, part in a certificate of deposit pay- 
ing 8.5% annual interest, the rest in a mutual fund 
paying 7% annual interest. The annual income from 
the certificate of deposit is $200 more than the annual 
income from the mutual fund. How much money was 
put into each type of investment? 


A bicycle store is closing out its entire stock of a cer- 
tain brand of 3-speed and 10-speed models. The profit 
on a 3-speed bicycle is 11% of the sale price, and the 
profit on a 10-speed model is 22% of the sale price. If 
the entire stock will be sold for $16,000 and the profit 
on the entire stock will be 19%, how much will be 
obtained from the sale of each type of bicycle? 


A film shop carrying black-and-white film and color 
film has $4000 in inventory. The profit on black-and- 
white film is 12%, and the profit on color film is 21%. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 
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If all the film is sold, and if the profit on color film is 
$150 less than the profit on black-and-white film, how 
much was invested in each type of film? 


A firm borrowed $12,000 at a simple annual interest 
rate of 8% for a period of 3 years. At the end of the 
first year, the firm found that its needs were reduced. 
The firm returned a portion of the original loan and 
retained the remainder until the end of the 3-year peri- 
od. If the total interest paid was $1760, how much was 
retumed at the end of the first year? 


A finance company lent a certain amount of money to 
Firm A at 7% annual interest. An amount $100 less 
than that lent to Firm A was lent to Firm B at 8%, and 
an amount $200 more than that lent to Firm A was lent 
to Firm C at 8.5% for one year. If the total annual 
income is $126.50, how much was lent to each 
firm? 


Two trucks leave Philadelphia for Miami. The first 
truck to leave travels at an average speed of 50 kilo- 
meters per hour. The second truck, which leaves two 
hours later, travels at an average speed of 55 kilome- 
ters per hour. How long will it take the second truck to 
overtake the first truck? 


Jackie either drives or bicycles from home to school. 
Her average speed when driving 1s 36 miles per hour, 
and her average speed when bicycling is 12 miles per 
hour. If it takes her } hour less to drive to school than 
to bicycle, how long does it take her to go to school, 
and how far is the school from her home? 


Professors Roberts and Jones, who live 676 miles 
apart, are exchanging houses and jobs forthe summer. 
They start out for their new locations at exactly the 
same time, and they meet after 6.5 hours of driving. If 
their average speeds differ by 4 miles per hour, what 
are their average speeds? 


Steve leaves school by moped for spring vacation. 
Forty minutes later his roommate, Frank, notices that 
Steve forgot to take his camera, so Frank decides to try 
to catch up with Steve by car. If Steve’s average speed 
is 25 miles per hour and Frank averages 45 miles per 
hour, how long does it take Frank to overtake 
Steve? 


An express train and a local train start out from the 
same point at the same time and travel in opposite 
directions. The express train travels twice as fast as 
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28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


In Exercises 42—51 solve for the indicated variable in terms of the 


42. 43. 


44. 


46. 


48. 


50. 
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the local train. If after 4 hours they are 480 kilometers 
apart, what is the average speed of each train? 


How many pounds of raisins worth $1.50 per pound 
must be mixed with 10 pounds of peanuts worth $1.20 
per pound to produce a mixture worth $1.40 per 
pound? 


How many ounces of Ceylon tea worth $1.50 per 
ounce and how many ounces of Formosa tea worth 
$2.00 per ounce must be mixed to obtain a mixture of 
8 ounces that is worth $1.85 per ounce? 


A copper alloy that is 40% copper is to be combined 
with a copper alloy that is 80% copper to produce 120 
kilograms of an alloy that is 70% copper. How many 
kilograms of each alloy must be used? 


A vat contains 27 gallons of water and 9 gallons of 
acetic acid. How many gallons of water must be evap- 
orated if the resulting solution is to be 40% acetic 
acid? 

A producer of packaged frozen vegetables wants to 
market mixed vegetables at $1.20 per kilogram. How 
many kilograms of green beans worth $1.00 per kilo- 
gram must be mixed with 100 kilograms of corn worth 
$1.30 per kilogram and 90 kilograms of peas worth 
$1.40 per kilogram to produce a satisfactory mix- 
ture? 


A certain number is 3 times another. If the difference 
of their reciprocals is 8, find the numbers. 


If 4 is subtracted from 3 times the reciprocal of a cer- 
tain number, the result is %. Find the number. 


Computer A can carry out an engineering analysis in 4 
hours, while computer B can do the same job in 6 
hours. How long will it take to complete the job if both 
computers work together? 


A=Pr forr 
Vala for h 

1 
S=5 8 + vt for v 
A=P(1+rt) forr 


vy 


a= for vo 


36. 


37. 


38. 


39. 


40. 


41. 


45. 


47. 


49. 


51. 


Jackie can paint a certain room in 3 hours, Lisa in 4 
hours, and Susan in 2 hours. How long will it take to 
paint the room if they all work together? 


A senior copy editor together with a junior copy editor 
can edit a book in 3 days. The junior editor, working 
alone, would take twice as long to complete the job as 
the senior editor would require if working alone. How 
long would it take each editor to complete the job by 
herself? 


Hose A can fill a certain vat in 3 hours. After 2 hours 
of pumping, hose A is turned off. Hose B is then 
turned on and completes filling the vat in 3 hours. 
How long would it take hose B alone to fill the vat? 


A printing shop starts a job at 10 A.M. on press A. 
Using this press alone, it would take 8 hours to com- 
plete the job. At 2 P.M. press B is also turned on, and 
both presses together finish the job at 4 P.M. How long 
would it take press B alone to do the job? 


A boat travels 20 kilometers upstream in the same 
time that it would take the same boat to travel 30 kilo- 
meters downstream. If the rate of the stream is 5 kilo- 
meters per hour, find the speed of the boat in still 
water. 


An airplane flying against the wind travels 300 miles 
in the same time that it would take the same plane to 
travel 400 miles with the wind. If the wind speed is 20 
miles per hour, find the speed of the airplane in still 
air. 


remaining variables. 


C=2nr forr 
=2c+32 for C 
1 

A= Zh (b+ b’) for b 


1d a : 
; rags for f5 
g2e= 


for L 


2.3 
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Se 
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Much of the terminology of equations carries over to inequalities. A solution of 
an inequality is a value of the unknown that satisfies the inequality, and the 
solution set is composed of all solutions. The properties of inequalities listed in 
Section 1.1 enable us to use the same procedures in solving inequalities as in 
solving equations with one exception. 


Multiplication or division of an inequality by a negative number reverses the 


sense of the inequality. 


We will concentrate for now on solving a linear inequality, that is, an 
inequality in which the unknown appears only in the first degree. 


EXAMPLE 4 
Solve the inequality 2x + 11 =5x—- I. 


SOLUTION 
We perform addition and subtraction to collect terms in x just as we did for 
equations. 


ax+1125x-1 
2x = 5x -— 12 
-3x=-12 


We now divide both sides of the inequality by —3, a negative number, and 
therefore reverse the sense of the inequality. 


-3x = 12 
—3 =3 
x=s4 
PROGRESS CHECK 
Solve the inequality 3x — 2 = 5x + 4. 
ANSWER 
x= -3 
WARNING Given the inequality 
—2x = —-6 


itis a common error to conclude that dividing by —2 gives x = —3. Multiplica- 
tion or division by a negative number changes the sense of the inequality but the 
signs obey the usual rules of algebra. Thus, 
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—2x = -6 

-2x _ -6 : 

= = = Reverse sense of the inequality. 
x=3 


There are three methods commonly used to describe subsets of the real 
numbers: graphs on a real number line, interval notation, and set-builder nota- 
tion. Since there will be occasions when we want to use each of these schemes, 
this is a convenient time to introduce them and to apply them to inequalities. 

The graph of an inequality is the set of all points satisfying the inequality. 
The graph of the inequality a = x < b is shown in Figure |. The portion of the 


EF 
a b 
FIGURE 41 


real number line that is in color is the solution set of the inequality. The circle at 
point a has been filled in to indicate that a is also a solution of the inequality; the 
circle at point b has been left open to indicate that b is not a member of the 
solution set. 

An interval is a set of numbers on the real number line that form a line 
segment, a half line, or the entire real number line. The subset shown in Figure 1 
would be written in interval notation as [a, b), where a and b are the endpoints 
of the interval. A bracket, [ or ], indicates that the endpoint is included, while a 
parenthesis, ( or ), indicates that the endpoint is not included. The interval [a, 5] 
is called a closed interval because both endpoints are included. The interval (a, 
b) is called an open interval because neither endpoint is included. Finally, the 
intervals [a, b) and (a, b] are called half-open intervals. 

The set of all real numbers satisfying a given property P is written as 


{xlx satisfies property P} 


which is read as ‘‘the set of all x such that x satisfies property P.’’ This form, 
called set-builder notation, provides a third means of designating subsets of the 
real number line. Thus, the interval [a, b) shown in Figure | is written as 


{xia <x <b} 


which indicates that x must satisfy the inequalities x = a and x < b. 


EXAMPLE 2 

Graph each of the given intervals on a real number line and indicate the same 
subset of the real number line in set-builder notation. 

(a) (—3,2) <b) 4) te) 4-2 
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SOLUTION 


oe Ge 3<xs2} 


-3 —2 -! 


$$ —_— {ll <x < 4} 
oe | 


ae SS Pa as a 


=. ee ae 


To describe the inequalities x > 2 and x S 3 in interval notation, we need to 
introduce the symbols © and —© (read ‘‘infinity’’ and ‘‘minus infinity,’’ respec- 
tively). The inequalities x > 2 and x = 3 are then written as (2, 9%) and (—%, 3}, 
respectively, in interval notation and would be graphed on a real number line as 
shown in Figure 2. Note that © and — are symbols (not numbers) indicating that 


$+} +} Pt ttt 


—2 -l 0 1 2 z} 4 —2 -1 0 1 2 3 4 
FIGURE 2 


the intervals extend indefinitely. An interval using one of these symbols is called 
an infinite interval. The interval (—°%, 0) designates the entire real number line. 
Square brackets must never be used around © and —®%, since they are not real 
numbers. 


EXAMPLE 3 
Graph each inequality and write the solution set in interval notation. 
(a) xs -2 (b) x2-1 (c) x<3 


SOLUTION 
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EXAMPLE 4 
Solve the inequality 


x 1 -—2x 
> 


Graph the solution set, and write the solution set in both interval notation and 
set-builder notation. 


SOLUTION 
To clear the inequality of fractions, we multiply both sides by the LCD of all 
fractions, which is 6. 
3x — 54 < (1 — 2x) 
3x -—54<2-4x 
1x < 56 
x<8 


We may write the solution set as {xlx < 8} or as the infinite interval (—%, 8). The 
graph of the solution set is shown in Figure 3. 


-1 0 1 2 3 4 5 6 7 8 
FIGURE 3 


EXAMPLE 5 
Solve the inequality. 
(a) at at (b) %x-1)<2x45 


SOLUTION 
(a) The LCD of all fractions is 6. Multiplying both sides of the inequality by 6, 
we obtain 

4x+1)<4x-1 

4x+4<4x-1 
4<-l 

Our procedure has led to a contradiction, indicating that there is no solution to the 
inequality. 
(b) Expanding and simplifying leads to the inequality 


=2<5 


Since this inequality is true for all real values of x, we conclude that the solution 
set is the set of all real numbers. 
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PROGRESS CHECK 
Solve, and write the answers in interval notation. 


3x-] 
4 


x mais 2 
+ = Sxt+- 
(a) Lens (b) =x 5 


2 


ANSWERS 
(a) (3, %) (b) no solution 


DOUBLE INEQUAUTIES We can solve double inequalities such as 
L<3x 257 
by operating on both inequalities at the same time. 


3<3x=s9 Add +2 to each member. 
1<x33 Divide each member by 3. 


The solution set is the half-open interval (1, 3]. 
EXAMPLE 6 


Solve the inequality —3 S 1 — 2x < 6, and wmite the answer in interval nota- 
tion. 


SOLUTION 
Operating on both inequalities, we have 


—4 <= -2r<5 Add —1 to each member. 


ees -3 Divide each member by —2. 


The solution set is the half-open interval (—3, 2]. 


PROGRESS CHECK 
Solve the inequality —S < 2 — 3x < —1, and write the answer in interval nota- 
tion. 


EXAMPLE 7 

A taxpayer may choose to pay a 20% tax on the gross income or a 25% tax on the 
gross income less $4000. Above what income level should the taxpayer elect to 
pay at the 20% rate? 
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SOLUTION 

It we let x = gross income, then the choice available to the taxpayer is 
(a) pay at the 20% rate on the gross income, that is, pay 0.20x, or 
(b) pay at the 25% rate on the gross income less $4000, that is, pay 


0.25(x — 4000) 
To determine when (a) produces a lower tax than (b), we must solve 
0.20x < 0.25(x — 4000) 
0.20x < 0.25x — 1000 


—0.05x < — 1000 
1000 _ 
i> 0.05 > 20,000 
The taxpayer should choose to pay at the 20% rate if the gross income is more 
than $20,000. 
PROGRESS CHECK 


A customer is offered the following choice of telephone services: unlimited local 
calls at a fixed $20 monthly charge, or a base rate of $8 per month plus $0.06 per 
message unit. At what level of use does it cost less to choose the unlimited 


service? 
ANSWER 
Unlimited service costs less when the anticipated use exceeds 200 message 
units. 
EXERCISE SET 2.3 
In Exercises 1—9 express the given inequality in interval notation. 
l -S5sx<1 2. -4<xs51 3, x>9 42S = 2 
s. S12s7 S53 6 x2-5 7. 3<x<7 8. x<17 


9 -6<x=s—-4 


In Exercises 10-18 express the given interval as an inequality. 


10. (-4, 3] 11. [5, 8] 12. (—%, -2] 13. (3, ©) 

14. [-3, 10) 15. (~~, 5} 16. (-2, -1) 17. [0, ~) 

18. (—5, 7) 

In Exercises 19-36 solve the inequality and graph the result. 

19. x+4<8 20. x+5<4 21. x+3<-3 22. x-2s5 
23. x-322 24. x+52-1 25. 2<at+3 26. -5>b-3 
27. 2y<-l 28. 3x<6 29. 2x20 30. -hye4 
31. 2r+5<9 32. 3x-2>4 3. Sr 122 eee 
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4 


35. care! 36. ea ie 

Solve the given inequality in Exercises 37-60 and write the solution set in interval notation. 

37. 44+3<11 38. sy-2s82 39. +124 40. —-Sx+2>-8 

41. 4(2x+1)<16 42. 3(3r-—4)=15 43. 2x — 3) <3(x + 2) 44. 4x — 3) =3(x-2) 

45. 3(2a — 1) > 4(2a — 3) 46. 23x—-1)+4<3x4+2)-8 
2 5_ 1 1 1 3 
=i =e — = = ae = = 

47. ge tt = (ee 1)+4 48. qex + 2) 1s a" 3) +4 
1 ees el x. Sx x 
“— +-<-—--= . sos > s- 

ae as a a ae ae 

51. 34+1)+622(2x—-1)+4 52. 4(3x+2)—-1S -2(x- 3)+ 15 

53. -—2<4x=5 54. 356x< 12 55. -452x+2=5-2 56. 5S3x-1811 

57. 351-2x<7 58. 5<2-3x=11 59. -8<2-5xs7 60. -10<5-—2x<~—S 

In Exercises 61—67 translate from words to an algebraic problem and solve. 

61. A student has grades of 42 and 70 in the first two tests interest per year, so that the return on the total invest- 
of the semester. If an average of 70 is required to ment will be at least 6%. What is the minimum 
obtain a C grade, what is the minimum score the stu- amount that must be invested in the more speculative 
dent must achieve on the third exam to obtain a C? bond? 

62. A compact car can be rented from firm A for $160 per 65. A book publisher spends $38,000 on editorial 
week with no charge for mileage or from firm B for expenses and $12 per book for manufacturing and 
$100 per week plus 20 cents for each mile driven. If sales expenses in the course of publishing a psychol- 
the car is driven m miles, for what values of m does it ogy textbook. If the book sells for $25, how many 
cost less to rent from firm A? copies must be sold to show a profit? 

63. An appliance salesperson is paid $30 perday plus$25 66. If the area of a right triangle is not to exceed 80 square 
for each appliance sold. How many appliances must inches and the base is 10 inches, what values may be 
be sold for the salesperson’s income to exceed $130 assigned to the altitude h? 
per day? 67. A total of 70 meters of fencing material is available 

64. A pension trust invests $6000 in a bond that pays 5% with which to enclose a rectangular area. If the width 
simple interest per year. Additional funds are to be of the rectangle is 15 meters, what values can be 
invested in a more speculative bond paying 9% simple assigned to the length L? 

2.4 In Section 1.2 we discussed the use of absolute value notation to indicate dis- 

ABSOLUTE VALUE IN tance, and we provided this formal definition. 

a —x ifx<0 


The following example illustrates the application of this definition to the solution 
of equations involving absolute value. 


EXAMPLE 4 
Solve the equation |2x — 7i = 11. 
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SOLUTION 
We apply the definition of absolute value to the two cases. 
Case 1.2x —-720 Case 2.2x-—7<0 
With the first part of the definition, With the second part of the definition, 
2x-W=2k-7=11 2x — 71 = —(2x - 7) = 11 
x=9 x= —2 
PROGRESS CHECK 


Solve each equation and check the solution(s). 
(a) wWt+8l=9 (b) Bx-4=7 


ANSWERS 
Ul 


(a) 1, -17 (b) 3°! 


When used in inequalities, absolute value notation plays an important and 
frequently used role in higher mathematics. To solve inequalities involving abso- 
lute value, we recall that Ll is the distance between the origin and the point on the 
real number line corresponding to x. For a > 0, the solution set of the inequality 
irl < a is then seen to consist of all real numbers whose distance from the origin is 
less than a, that is, all real numbers in the open interval (—a, a), shown in Figure 
4. Similarly, if xl > a> 0, the solution set consists of all real numbers whose 


et ey Ixl <a 
a 0 a 
FIGURE 4 


distance from the origin is greater than a, that is, all points in the infinite intervals 
(—%, —a) and (a, ©), shown in Figure 5. Of course, Ixl < a and Ix! =a would 
include the endpoints a and —a, and the circles would be filled in. 


——— EE Ixl>a 


a 0 a 
FIGURE 5 


EXAMPLE 2 
Solve [2x — 51 = 7, graph the solution set, and write the solution set in interval 
notation. 
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SOLUTION 

We must solve the equivalent double inequality 
-7s2x-5s7 
—2s2x=12 Add +5 to each member. 
-Ilsxs6 Divide each member by 2. 


The graph of the solution set is then 


-3 -—2 -!l 0 1 2 3 4 5 6 7 


Thus, the solution set is the closed interval [—1, 6]. 


PROGRESS CHECK 

Solve each inequality, graph the solution set, and write the solution set in interval 
notation. 

(a) Wi<3 (b) I3x-11s8 (c) bi< -2 


ANSWERS 
(a) (—3, 3) SE 2 Sn Al 


3 0 3 


w [23] pee ++ +4 + 


-3 —2 -!1 0 1 2 3 4 


(c) No solution. Since Ll is always nonnegative, lx! cannot be less than —2. 


EXAMPLE 3 
Solve the inequality [2x — 6! > 4, write the solution set in interval notation, and 
graph the solution. 


SOLUTION 
We must solve the equivalent inequalities 
2x-6>4 2x-6<—4 
2x > 10 2x <2 


x>§ x<il 
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The solution set consists of the real numbers in the infinite intervals (—©, 1) and 
(5, ©). The graph of the solution set is then 


1 i = I 
—2 +1 0 | 23 4 5 6 7 


{> 
| 
\ 


PROGRESS CHECK 

Solve each inequality, write the solution set in interval notation, and graph the 
solution. 

(a) ISx-61>9 (b) I2x-212=8 


ANSWERS 
@ (-», -2),6, 


-4 -3 -2 -1 0 1 2 3 4 5 6 
(b) (—%, —3], [5, %) 


| | I | I | a 


-4 -3 -2 -l 0 1 2 3 «4 5 6 


WARNING Students sometimes write 
Loe 5 


This is a misuse of the inequality notation since it states that x is simultaneously 
less than ] and greater than 5, which is impossible. What is usually intended is 
the pair of infinite intervals (—°%, 1) and (5, ©), and the inequalities must be 
written 


x<1l oor x>5 


EXERCISE SET 2.4 

In Exercises 1—9 solve and check. 

i eeuSs 2 r-S1=5 a lei aeo 

5. I-3x+1l=5 6. (26+ 21=0 7. 31-—4x-31=27 
1 1 

2: ee a 


In Exercises 10—15 solve the inequality and graph the solution set. 
10. Ik+31<5 Hh. k&+1>3 12. [3x+61s12 


4. Sy+1=11 


13. 44x-1>3 


14. 


l 
rae 


3 


<2 


3x+ 212-1 15. 3 


25 THE QUADRATIC EQUATION 87 


In Exercises 16-24 solve the inequality, and write the solution set using interval notation. 


16. 


20. 


24. 


lx -21=4 17. Ix-3l24 
3x + 2I 2x + Il 

) =4 21 oe <0 
2x +1 

3 =5 


In Exercises 25 and 26, x and y are real numbers. 


25. 


27. 


2.5 


THE QUADRATIC 


Prove that ‘| = a (Hint: Treat as four cases.) 


A machine that packages 100 vitamin pills per bottle 
can make an error of 2 pills per bottle. If x is the 
number of pills in a bottle, write an inequality, using 
absolute value, that indicates a maximum error of 2 
pills per bottle. Solve the inequality. 


18. 


22. 


28. 


2x+ 11<5 19. 


4 
3x — 2 


<i 


Prove that xl? = x? 


The weekly income of a worker in a manufacturing 
plant differs from $300 by no more than $50. If x is the 
weekly income, write an inequality, using absolute 
value, that expresses this relationship. Solve the 
inequality. 


We now tum our attention to equations involving second-degree polynomials. A 


EQUATION 
ae 


THE FORMS 
ax? +c =0 AND 


ax? + bx+c=0, 


quadratic equation is an equation of the form 


a#0 


where a, b, and c are real numbers. In this section we will explore techniques for 
solving this important class of equations. We will also show that there are several 
kinds of equations that can be transformed to quadratic equations and then 


solved. 


an equation of the form 


a(x +h)?+¢=0 


Solving for x, we have 


or 


That is, 


When the quadratic equation ax? + bx + c = Ohas the coefficient b = 0, we have 


axr>+c=0 
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x= /-- and x=-,/-- 
are solutions of the original equation. Don’t try to memorize the form of the 
solution; in dealing with the form ax* + c = 0, just follow the usual steps of 


solving for x”, as in the following example. 


EXAMPLE 4 
Solve the equation 3x? — 8 = 0. 


SOLUTION 


X= + B= at a 
3 3 


The solutions are 2 6 and -2V6. 


N 
w|S 
n 


Equations of the form 
ax+ h?+c=0 
are also easy to solve, Again, just follow the usual steps as shown in the following 


example. 


EXAMPLE 2 
Solve the equation 3(x — 5)? — 18 = 0. 


SOLUTION 
Solving for x, we have 
3(x — 5)? = 18 
(x- 5)? =6 
x1-5=+V6 
x=5+V6 


The solutions are the real numbers 5 + V6 and 5 ~ V6. 


PROGRESS CHECK 
Solve the given equation. 


(a) 5x7+13=0 (b) (2k-7% -5=0 


SOLVING BY FACTORING 
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@ +N wg TY 


We have seen that the solutions of a quadratic equation may be complex 
numbers whereas the solution of a linear equation is a real number. In addition, 
quadratic equations appear to have two solutions. We will have more to say about 
these observations when we study the roots of polynomial equations in a later 
chapter. 


If we can factor the left-hand side of the quadratic equation 
ax? + bx +c=0, a#0 


into two linear factors, then we can solve the equation quickly. For example, the 
quadratic equation 


3x7 + 5x-2=0 
can be written as 
3x - 1)\(x+2)=0 


Since the product of two real numbers can be zero only if one or more of the 
factors are zero, we can set each factor equal to zero. 


3x -1=0 or x+2=0 


x=3 x=-2 


The solutions of the given quadratic equation are } and —2. 


EXAMPLE 3 
Solve the equation 2x? — 3x — 2 = 0 by factoring. 


SOLUTION 


2x? -3x-2=0 
(2x + 1) (x -—2)=0 


Since the product of the factors is 0, at least one factor must be 0. Setting each 
factor equal to 0, we have 


2x+1=0 or x-2=0 


x=-= x=2 


90 EQUATIONS AND INEQUALITIES 


COMPLETING THE 
SQUARE 


EXAMPLE 4 
Solve the equation 3x? — 4x = 0 by factoring. 
SOLUTION 
Factoring, we have 
3x? — 4x =0 
x(3x -— 4) =0 


Setting each factor equal to zero, 
4 
x=0 or x=5 
3 


EXAMPLE 5 
Solve the equation x? + x + | = 0 by factoring. 


SOLUTION 
The polynomial x* + x + 1 is irreducible over the integers and even over the 
reals; that is, it cannot be written as a product 


(x + r)\(x + 5) 


where r and s are real numbers. It can, however, be written in this form if r and s 
are complex numbers. Since it is not easy to find these factors, we will next 
develop solution techniques that are more powerful than factoring. 


PROGRESS CHECK 
Solve each of the given equations by factoring. 
(a) 4x7-x=0 (b) 3x2-1lx-4=0 (c) 2? +4x+1=0 
ANSWERS 

1 al (c) cannot be factored 
(a) 0, 4 (b) 3’ : over the reals 


We have shown that a quadratic equation of the form 

ax +h)? +c=0 (1) 
where a, h, and c are constants, is easily solved (see Example 2). A technique 
known as completing the square permits us to rewrite any quadratic equation in 


the form of Equation (1). Beginning with the expression x? + dx, we seek a 
constant h? to complete the square so that 


x? t+ dx + h? = (x + h)? 
Expanding and solving, we have 
x? t+ dx th? =x? + 2hx + h? 
dx = 2hx 


2.5 THE QUADRATIC EQUATION 94 


so h? is the square of half the coefficient of x. 


EXAMPLE 6 
Complete the square for each of the following. 
(a) *-6x (b) r+3x 


SOLUTION 

(a) The coefficient of x is —6, so h? = (—§)? = 9. Then 
(x7 — 6x + 9) = (x — 3)? 

(b) The coefficient of x is 3, and h? = (3/2)? = 9/4. Then 


2 
2+3r42= (x43) 


We are now in a position to use this method to solve a quadratic equa- 
tion. 


EXAMPLE 7 
Solve the quadratic equation 2x* — 10x + 1 = 0 by completing the square. 


SOLUTION 
We now outline and explain each step of the process. 
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THE QUADRATIC 
FORMULA 


Quadratic Formula 


PROGRESS CHECK 
Solve by completing the square. 
(a) x —-3x+2=0 (b) 3x7-4x+2=0 


ANSWERS 


(a) 1,2 (b) 2 iV2 


We can apply the method of completing the square to the general quadratic 
equation 


ar +bx+c=0, a>0 
Following the steps of the method, we have 


ae by ne es Move constant term to 
ids right-hand side. 
Factor out the coeffi- 
cient of x7 


Complete the square and 
balance the equation. 


8 
aS 
= 
tS) 
+ 
l 
tad 
ed 
I 
{ 
ip) 


2 
a(x i 2) = - ie Simplify. 


b_ i? — 4ac 
xt i = oe Solve for x. 


b , Vb? = 4ac _ —b+ Vb? — 4ac 
x= so —-— Oi sort? OO 
2a 2a 2a 


By applying the method of completing the square to the standard form of the 
quadratic equation, we have derived a formula that gives us the roots or solutions 
for any quadratic equation in one variable. 


_ —b+ Vb’ — 4ac 
— a>0 


EXAMPLE 8 
Solve 2x* — 3x — 3 = 0 by use of the quadratic formula. 


SOLUTION 
Since a = 2, b= —3, and c= —3, we have 
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—b + Vb* — 4ac 
p 4 = 
2a 
_ ~(-3)+ V(—3)? — 4(2) (-3) 
2(2) 
34 V3 
=—— 


EXAMPLE 9 
Solve —5x? + 3x = 2 by the quadratic formula. 


SOLUTION 

We first rewrite the given equation as 5x* — 3x + 2 = 0 so that a >0 and the 
right-hand side equals 0. Then a = 5, b = —3, and c = 2. Substituting in the 
quadratic formula, we have 


—b + Vb* — 4ac 
2a 
_ =(=) + V-3¥ - 450) 
2(5) 
2823) 32 iV3l 
~ 10 10 


x= 


PROGRESS CHECK 
Solve by use of the quadratic formula. 
(a) x? —8x=-10 (b) 4x7-2x+1=0 


ANSWERS 
(a) 4+ V6 (b) 


WARNING There are a number of errors that students make in using the qua- 
dratic formula. 
(a) To solve x* — 3x = —4, you must write the equation in the form 


y= 32+4=0 
to properly identify a, b, and c. Note that b = —3, not 3. 


(b) The quadratic formula is 


—b + Vb? - 4ac 
2a 


x=" 


Note that 
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THE DISCRIMINANT 


b? — 4ac 


x#—-b+ a 


since the term —b must also be divided by 2a. 


Now that you have a formula that works for any quadratic equation, you may 
be tempted to use it all the time. However, if you see an equation of the form 


x= 15 


it is certainly easier to supply the answer immediately: x = +V 15. Similarly, if 
you are faced with 


+ 3x+2=0 
it is faster to solve if you see that 
x? 4+ 3x+2=(x+ 1x + 2) 


The method of completing the square is generally not used for solving qua- 
dratic equations once you have learned the quadratic formula. The technique of 
completing the square is helpful in a variety of applications, and we will use it in a 
later chapter when we graph second-degree equations. 


By analyzing the quadratic formula 


ee —b + Vb* — 4ac 
2a 


we can lear a great deal about the roots of the quadratic equation 
ax?+ bx+c=0, a>0 


The key to the analysis is the discriminant b* — 4ac found under the radical. 
e If b? — 4ac is negative, we have the square root of a negative number, and the 
roots of the quadratic equation are complex numbers. 

e If b? — 4ac is positive, we have the square root of a positive number, and the 
roots of the quadratic equation will be real numbers. 

e If b? — 4ac = 0, then x = —b/2a, which we call a double root or repeated 
root of the quadratic equation. For example, if x? — 10x + 25 = 0, then the 
discriminant is 0 and x = 5. But 


x — 10x + 25 =(x- 5)(x—-5)=0 


We call x =5 a double root because the factor (x — 5) is a double factor of 
x? — 10x + 25 = 0. This hints at the importance of the relationship between roots 
and factors, a relationship that we will explore in a later chapter on roots of 
polynomial equations. 

If the roots of the quadratic equation are real and a, b, and c are rational 
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numbers, the discriminant enables us to determine whether the roots are rational 
or irrational. Since Vk is a rational number only if k is a perfect square, we see 
that the quadratic formula produces a rational result only if b? — 4ac is a perfect 
square. We summarize as follows. 


The quadratic equation ax? + bx +c = 0, a> 0, has exactly two roots, the 
nature of which are determined by the discriminant b? — 4ac. 


Discriminant Roots 


Negative Two complex roots 


0 A double root 
Positive Two real roots 
a,b,c ie perfect square Rational roots 
rational (Not a perfect square Irrational roots 


EXAMPLE 410 
Without solving, determine the nature of the roots of the quadratic equation 
3x? — 4x+6=0. 


SOLUTION 
We evaluate b? — 4ac using a = 3, b = —4, andc = 6: 
b? — 4ac = (—4)? — 4(3)(6) = 16 — 72 = —56 


The discriminant is negative, so the equation has two complex roots. 


EXAMPLE 44 

Without solving, determine the nature of the roots of the equation 
2x? -7x= -1 

SOLUTION 


We rewrite the equation in the standard form 
2x7 -7x+1=0 
and then substitute a = 2, b = —7, and c = 1 in the discriminant. Thus, 
b? — 4ac = (-7)? — 4(2)(1) = 49 — 8 = 41 


The discriminant is positive and is not a perfect square; thus, the roots are real, 
unequal, and irrational. 
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FORMS LEADING TO 
QUADRATICS 


PROGRESS CHECK 
Without solving, determine the nature of the roots of the quadratic equation by 
using the discriminant. 


(a) 4x7-20x+25=0 (b) 5x7 - 6x= -2 


(c) 10x7?>=x+2 (d) e+x-1=0 
ANSWERS 
(a) areal, double root (b) 2 complex roots 


(c) 2 real, rational roots (d) 2 real, irrational roots 


Certain types of equations can be transformed into quadratic equations, which 
can be solved by the methods discussed in this section. One form that leads to a 
quadratic equation is the radical equation, such as 


x-Vi-2=4 


which is solved in Example 12. To solve the equation, we isolate the radical and 
raise both sides to a suitable power. The following is the key to the solution of 
such equations. 


If P and Q are algebraic expressions, then the solution set of the equation 


P=Q 
is a subset of the solution set of the equation 
pr=Q" 


where n is a natural number. 


This suggests that we can solve radical equations if we observe a precaution. 


If both sides of an equation are raised to the same power, the solutions of the 


resulting equation must be checked to see that they satisfy the original equa- 
tion. 


EXAMPLE 412 
Solve x — Vx —-2 =4 
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SOLUTION 


Solving Radical Equations 


Step]. x-4=WVx-2 


Step 2. Squaring both sides, we have 
we-8x+ 16=x-2 
Step 3. 
r-—9x+18=0 
(x — 3)(x — 6) =0 
x=3 x=6 


Nn = 
+ lke Ile ol 
pa fh WwW 


We conclude that 6 is a solution of the original equation and 3 is not a solution of 
the original equation. We say that 3 is an extraneous solution that was intro- 
duced when we raised each side of the original equation to the second power. 


PROGRESS CHECK 
Solve x - V1 -—x= —S. 
ANSWER 

-3 


The equation in the next example contains more than one radical. Solving 
this equation will require that we square both sides twice. 


EXAMPLE 43 


Solve V2x — 4-— V3x+4= -72. 


SOLUTION 
Before squaring, rewrite the equation so that a radical is on each side of the 
equation. 
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V2x-4=V3x+4-2 
2x — 4 = (3x + 4) -4V3x+4+4 Square both sides. 


—x-— 12 = —4V3x+4 Isolate the radical. 
x2 + 24x + 144 = 16(3x + 4) Square both sides. 


x? — 24x + 80=0 
(x — 20)(x — 4) =0 
x =20 x=4 


Verify that both 20 and 4 are solutions of the original equation. 


PROGRESS CHECK 

Solve V5x-1—-Vxt+2= 1. 
ANSWER 

2 


Although the equation 
x4 —x?-2=0 
is not a quadratic in the unknown x, it is a quadratic in the unknown x?: 
(x7)? — (x7) -2 =0 
This may be seen more clearly by replacing x7 with a new unknown u such that 
u = x, Substituting, we have 
u2—u-—2=0 
which is a quadratic equation in the unknown u. Solving, we find 
(u + 1)(u — 2) =0 
u=-—1l or u=2 
Since x2 = u, we must next solve the equations 
xe=-1 and x*=2 
x=ti x=+V2 
The original equation has four solutions: i, —i, V2, and =, 
The technique we have used is called a substitution of variable. Although 


simple in concept, this is a powerful method that is commonly used in calcu- 
lus. 


PROGRESS CHECK 
Indicate an appropriate substitution of variable and solve each of the following 
equations. 


(a) 3x4*-10x7-8=0 8 (b) 4x734+ 7x3 -2=0 
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(c) 5+4-10-=0 (a) (1+2)'-8(1+2) + 15-0 
ANSWERS 
(@) =x; #2, V6 (b) w= x, = —8 
(c) wat -25 (d) w=1t34,5 
EXERCISE SET 2.5 
In Exercises 1-10 solve the given equation. 
1. 3x7-27=0 2. 4:7 -64=0 3. Sy?-25=0 4. 67° -12=0 
5. (r+ 5? =8 6. (3x-4)?=-6 7. ‘Ge= 5-8 =0 8. (4¢+ 1)?-3=0 
9. 9x7 +64=0 10. 8lx?+25=0 
In Exercises 11-24 solve by factoring. 
il, = 3e42=0 12. x7-6x+8=0 13. x7+x-2=0 14. 3° —4r+1=0 
15. 2%+6x=-8 16. x2+6x+5=0 17. y?-4y=0 18. 2x?7-x=0 
19. 2x7 - 5x = -2 20. 2s?-~5s-—3=0 21. f£-4=0 22. 4x7-9=0 
23. 6x7 -Sx+1=0 24. 6x7~x=2 
In Exercises 25-36 solve by completing the square. 
25. x7-2r=8 26. P-2r=15 27. 2P°-Tr=4 28. 9x7 +3x=2 
29. 3x7 + 8x =3 30. 2y+4y=5 31. dy? + 2y = -1 32. 3x7 -4x = -3 
33. 4°%-x=3 34. A&rtt+x=2 35. 3x7 +2x=-1 36. 3u2 -3u=—-1 
In Exercises 37-48 solve by the quadratic formula. 
37. 2x7 +3x=0 38. 2x7+3x+3=0 39. Sx*-4x+3=0 40. 2x7-3x-2=0 
41. Sy?-4y+5=0 42. x7 -S5xr=0 43. 3x7+x-2=0 44, 2x7+ 4r-3=0 
45. 3yY-4=0 46. 2x7+2x+5=0 47. 4u? + 3u=0 48. 4.°-1=0 
In Exercises 49-58 solve by any method. 
49. 2x7+2r-5=0 50. 2° +2r+3=0 Sl. 3x°+4x-4=0 52. x7+2x=0 
53. 2x7+5x+4=0 54. 2° -3r+2=0 55. 4u27-1=0 56. x7+2=0 
57.) An + 2c? $3x=0 58. 45° + 4s? — 15s =0 
In Exercises 59-64 solve for the indicated variable in terms of the remaining variables. 
59. a®+b*=c’, forb 60. s= ; gt, fort 
61. V= : arh, forr 62. A=ar, forr 
63. s=5a%+v1, fors 64. F=g 2. ford 
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Without solving, determine the nature of the roots of each quadratic equation in Exercises 65-80. 


65. x*-2x+3=0 66. 3x7 +2x-5=0 67. 4x7 -12r +9=0 68. 2x7+x+5=0 
69. —3x7+2r+5=0 70. —3y?+2y-5=0 71. 3x7 +2x=0 72. 4x7 + 20x + 25=0 
2..2rF=r-4 74, ar =5 =x 75. 3x7+6=0 76. 4x7-25=0 

77. 6r=3r +1 78. 4x=2x7 +3 79. 12x =9x7 +4 80. 4s? = —4s— 1 

In Exercises 81—84 find a value or values of k for which the quadratic has a double root. 

81. k?—-4x+1=0 82. 2x7 +3x+k=0 83. x? —kx-2k=0 84. ke? -4x+k=0 


In Exercises 85—92 find the solution set. 


85. x+Vx+5=7 86. x-V1I3-x=1 87. 2x+ Vxt+1=8 88. 3x-V14+3xr=1 


89. V3xt4-V2r+1=1 90. V4-—4x-Vx+4=3 
91. V2x-1+Vx—-4=4 92. VSxr+1+V4x-3=7 
In Exercises 93-100 indicate an appropriate substitution of variable and solve each of the equations. 
93. 3x4+ Sx?7-2=0 94. 2x®+ 15x3-8=0 95. S+t-2=0 96. 5-3-9=0 
97. 2x75 + 5x”54+2=0 98. 3x43 — 4773 —-4=0 
2 2 
99. (441) 3(4+1) 20 =0 100. (4-2) +2(4-2)-1=0 
x x x x 

In Exercises 101 and 102 provide a proof of the stated theorem. 
101. If, andr, are the roots of the equation ax? + bx + inant of the equation ax? + bx + c = 0 is positive, 

c = 0, then (a) ryr2 = c/a and (b) r} + r2 = —b/a. then the quadratic has either two rational roots or two 


102. Ifa, b, and c are rational numbers, and the discrim- irrational roots. 


In Exercises 103-109 use the theorems of Exercise 101 to find a value or values of k that will satisfy the indicated 
condition. 


103. kx* + 3x + 5 =0; sum of the roots is 6. 104. 2x? -- 3kx — 2 = 0; sum of the roots is —3. 
105. 3x7 — 10x + 2k = 0; product of the roots is —4. 106. 2kx? + 5x — 1 = 0; product of the roots is }. 
107. 2x2 — kx + 9 = 0; one root is double the other. 108. 3x* — 4x + k =0; one root is triple the other. 
109. 6x* — 13x + k =0; one root is the reciprocal of the 
other. 
26 As your knowledge of mathematical techniques and ideas grows, you will 
APPLICATIONS OF become capable of solving an ever wider variety of applied problems. In Section 


QUADRATIC EQUATIONS 2.2 we explored many types of word problems that lead to linear equations. We 
Scan now tackle a group of applied problems that lead to quadratic equations. 
One word of caution: It is possible to arrive at a solution that is meaningless. 
For example, a negative solution that represents hours worked or the age of an 
individual is meaningless and must be rejected. 


EXAMPLE 4 
The larger of two positive numbers exceeds the smaller by 2. If the sum of the 
squares of the two numbers is 74, find the two numbers. 
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SOLUTION 
If we let 


x = the larger number 
then 
x — 2 = the smaller number 
The sum of the squares of the numbers is 74. 
(larger number)? + (smaller number)? = 74 
Pt+(x- 2? =74 
P+P?-4x+4=74 
2x7 — 4x - 70 =0 
vr -—2x-35=0 
(x + 5)\(x — 7) =0 
x=7 Reject x = —S. 


The numbers are then 7 and (7 — 2) = 5. Verify that the sum of the squares is 
indeed 74. 


EXAMPLE 2 

The length of a pool is 3 times its width, and the pool is surrounded by a grass 
walk 4 feet wide. If the total area covered and enclosed by the walk is 684 square 
feet, find the dimensions of the pool. 


_—, 


FIGURE 6 


SOLUTION 
A diagram such as Figure 6 is useful in solving geometric problems. If we let x = 
width of the pool, then 3x = length of the pool, and the region enclosed by the 
walk has length 3x + 8 and width x + 8. The total area is the product of the length 
and width, so 
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length < width = 684 
(3x + 8)(x + 8) = 684 
3x? + 32x + 64 = 684 
3x? + 32x — 620 =0 
(3x + 62)(x — 10) =0 
x= 10 Reject x = 2 
The dimensions of the pool are 10 feet by 30 feet. 


EXAMPLE 3 

Working together, two cranes can unload a ship in 4 hours. The slower crane, 
working alone, requires 6 hours more than the faster crane to do the job. How 
long does it take each crane to do the job by itself? 


SOLUTION 

Let x = number of hours for the faster crane to do the job. Then x + 6 = number 
of hours for the slower crane to do the job. The rate of the faster crane is |/x, the 
portion of the whole job that it completes in 1 hour; similarly, the rate of the 
slower crane is 1/(x + 6). We display this information in a table. 


Faster crane 


Slower crane 


When the two cranes work together, we must have 


(es done ) ‘ se done = | whole job 


fast crane slow crane 
or 
x xt+6 


To solve, we multiply by the LCD, x(x + 6), obtaining 
A(x + 6) + 4x = x? + 6x 
0 =x? — 2x - 24 
0O=(x+ 4(x - 6) 


x=-4 or x=6 


The solution x = —4 is rejected, because it makes no sense to speak of negative 


hours of work. Then 


EXERCISE SET 2.6 


1. 


Working together, computers A and B can complete a 
data-processing job in 2 hours. Computer A working 
alone can do the job in 3 hours less than computer B 
working alone. How long does it take each computer 
to do the job by itself? 


A graphic designer and her assistant working together 
can complete an advertising layout in 6 days. The 
assistant working alone could complete the job in 16 
more days than the designer working alone. How long 
would it take each person to do the job alone? 


A roofer and his assistant working together can finish 
a roofing job in 4 hours. The roofer working alone 
could finish the job in 6 hours less than the assistant 
working alone. How long would it take each person to 
do the job alone? 


A 16-by-20-inch mounting board is used to mount a 
photograph. How wide a uniform border is there if the 
photograph occupies ? of the area of the mounting 
board? 


The length of a rectangle exceeds twice its width by 4 
feet. If the area of the rectangle is 48 square feet, find 
the dimensions. 


The length of a rectangle is 4 centimeters less than 
twice its width. Find the dimensions if the area of the 
rectangle is 96 square centimeters. 


The area of a rectangle is 48 square centimeters. If the 
length and width are each increased by 4 centimeters, 
the area of the newly formed rectangle is 120 square 
centimeters. Find the dimensions of the original rect- 
angle. 


The base of a triangle is 2 feet more than twice its 
altitude, If the area is 12 square feet, find the dimen- 
sions. 


Find the width of a strip that has been mowed around a 
rectangular field 60 feet by 80 feet if § the lawn has 
not yet been mowed. 
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is the number of hours in which the 
fast crane can do the job alone. 


is the number of hours in which the 
slow crane can do the job alone. 


10. 


20. 


The sum of the reciprocals of two consecutive num- 
bers is 4. Find the numbers. 


The sum of a number and its reciprocal is *. Find 
the number. 


The difference of a number and its reciprocal is #. 
Find the number. 


The smaller of two numbers is 4 less than the larger. If 
the sum of their squares is 58, find the numbers. 


The sum of the reciprocals of two consecutive odd 
numbers is %. Find the numbers. 


The sum of the reciprocals of two consecutive even 
numbers is 4. Find the numbers. 


A number of students rented a car for $160 for a one- 
week camping trip. If another student had joined the 
original group, each person’s share of expenses would 
have been reduced by $8. How many students were in 
the original group? 

An investor placed an order totaling $1200 for a cer- 
tain number of shares of a stock. If the price of each 
share of stock were $2 more, the investor would get 30 
shares less for the same amount of money. How many 
shares did the investor buy? 


A fraternity charters a bus for a ski trip at a cost of 
$360. When 6 more students join the trip, each per- 
son’s cost decreases by $2. How many students were 
in the original group of travelers? 


A salesman worked a certain number of days to eam 
$192. If he had been paid $8 more per day, he would 
have earned the same amount of money in 2 fewer 
days. How many days did he work? 


A freelance photographer worked a certain number of 
days for a newspaper to earn $480. If she had been 
paid $8 less per day, she would have earned the same 
amount in 2 more days. What was her daily rate of 


pay? 
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27 
SECOND-DEGREE 
INEQUALITIES 


To solve a second-degree inequality, such as 
x = 2x > 15 
we rewrite the inequality in the form 
Pa 15S0 
or, after factoring, 
(x + 3)(x — 5) >0 
With the right-hand side equal to 0, this inequality requires that the product of the 
two factors, which represent real numbers, be positive. That means that both 
factors must have the same sign. We must therefore analyze the signs of (x + 3) 
and (x — 5). 
In any situation like this we are interested in knowing all values of x for 


which the general expression ax + b will be positive and those values for which it 
will be negative. Since ax + b = 0 when x = —Db/a, we see that 


The linear factor ax + b equals 0 at the critical value x = —b/a and has oppo- 


site signs to the left and right of the critical value on a number line. 


x+3 O+ + ++ + + + + + 
x-5 - O + + + 

3 5 
(x+3)u-—-5) + + + + 0 - = O+ + + 


FIGURE 7 


A practical means for solving such problems as the current example is illus- 
trated in Figure 7. Since the critical values occur where x + 3 = Oandx — 5 = 0, 
the values —3 and +5 are displayed on a real number line. The rows above the 
real number line display the signs of the factors x + 3 and x — 5 for all real values 
of x. The row below the real number line displays the signs of the product 
(x + 3)(x — 5). The product is positive when the factors have the same sign, is 
negative when the factors are of opposite sign, and is zero when either factor is 
zero. The row below the real number line shows the solution set of the inequality 
(x + 3)(x — 5) > 0 to be 


{xlx < —3 or x > 5} 


which consists of the real numbers in the open intervals (—%, —3) and (5, ©). The 
solution set is shown in Figure 8. 


———j.. OO +S 
3 5 
FIGURE 8 
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EXAMPLE 4 
Solve the inequality x7 < —3x + 4 and graph the solution set on a real number 
line. 


SOLUTION 
We rewrite the inequality and factor. 
xs —3x+4 
x2+3x-4<0 
(x - 1\(x+4) 50 


eS es eS -—- =~ — O + + + 
x+4 ~- —~ ~ 0 + + + + + + + + 
4 l 
(x-1)e+4) + + + 0 ---+ - OO + + + 
FIGURE 9 


We seek values of x for which the factors (x — 1) and (x + 4) have opposite signs 
or are zero. The critical values occur where x — | = 0 and where x + 4 = 0, that 
is, at +1 and —4. Figure 9 gives an analysis of the signs of the factors x — 1 and 
x + 4 as well as the signs of their product, (x — 1)(x + 4). We see that the solu- 
tion set consists of all real numbers 


{xi-4<x= 1} 


which is the closed interval [—4, 1], shown in Figure 10. 


——++-+-+-+-+++-+ + 


3-4-3-2-1 0 1 2 3 
FIGURE 10 


PROGRESS CHECK 
Solve the inequality 2x? = 5x + 3 and graph the solution set on a real number 
line. 


ANSWER 
{rue -$ orx=3} | -— t i 
2 24 733 2 -I 0 1 2 3 4 
Although 
ax+b_4 
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is not a second-degree inequality, the solution of this inequality is the same as the 
solution of the inequality 


(ax + b\(cx + d)<0 


since both inequalities require that the two expressions composing them have 
different signs. 


EXAMPLE 2 


= 


Solve the inequality 7— 


SOLUTION 

Figure 11 gives an analysis of the signs of y + 1 and 2 — y. The critical values 
occur where y + 1 = O and where 2 — y = 0, that is, at —1] and +2. The bottom 
row shows the signs of the quotient (y + 1)/(2 — y), from which we see that the 
solution set is {yly s —1 or y > 2}or all real numbers in the intervals (—~, —1], 
(2, 2). Note that y = 2 would result in division by 0 and must be excluded. 


y+) - - —- —- O + + + *# + + + + + + + 


2Q-y + + + + + + + + t+ + + + 0-5 + - 


1 2 
—--~ -~- 0 + + + + + + + ee 


FIGURE 44 


PROGRESS CHECK 


Solve the inequality a3. = 0. 


ANSWER 
1 3 1 3 
fuf<x=3} or 5.3] 


EXAMPLE 3 
Solve the inequality (x — 2)(2x + 5)(3 — x) <0. 


SOLUTION 
Although this is a third-degree inequality, the same approach will work. Figure 
12 gives an analysis of the signs of x — 2, 2x + 5, and3 — x. The product of three 
factors is negative when there is an odd number of negative factors. The solution 
set is then 
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{x-3<x<20rx>3} or (3, 2),(, 00) 


x-2 -------- - 0 + + 
2x+5 - - - - 0 tte + 
3—-x + + + + + + + + + + +0 = = = 
! ! 1 : 
1 i] 1 ag 
— 2 3 
2 
(x — 2)(2x +53 —x) + + + O - ~ —~ —- O + + + + O - - - 
FIGURE 42 
PROGRESS CHECK 
Solve the inequality (2y — 9)(6 — y)(y + 5) = 0. 
ANSWER 
9 9 
yy =-5 or 5=y=6 or (—, —S5], —7°6 
EXAMPLE 4 
Solve the inequality x7 + 1 > 0. 
SOLUTION 
This inequality is equivalent to 
eo] 
For any real number x, we know that x’ is nonnegative. Therefore, the solution 
set consists of all real numbers. 
To solve the inequality 
r+xt+1<0 
we need to factor the polynomial x7 +x+ 1. We saw in Section 2.5, however, 
that this polynomial is irreducible over the reals. We will be better equipped to 
solve more difficult inequalities after we have studied methods for solving poly- 
nomial equations in a later chapter. 
EXERCISE SET 2.7 


Determine the solution set of each inequality. 
1. 2+5x+6>0 2 x+3x-450 3, 2¢ 7-1) <0 4. 3x°-4x-420 
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5. 4x-2r <0 6. °P+4r2=0 
2r+ i x-1 
9 ——, =0 10: 20 


13. (x + 2)(3x — 2)x-1)>0 


+5 


tal 


n e45 >" e Pre ae 
3s+2 4x+5 
i. 5—20 Phe ee 


14. (—4)(2x + 5)(2 -— x) S0 


Indicate the solution set of each inequality on a real number line. 


15. xr +x-6>0 16. x7-3x- 1020 
2r+3 3x+2 
19. Soin 20. 320 


25. (y — 3)(2—y(2y + 4) 20 
27. (x — 3)(1 + 2x)Bx + 5) >0 


In Exercises 29-32 find the values of x for which the given expression has real values. 


29. V(Qx- xt) 30. V(2x + I(x-—3 


33. A manufacturer of solar heaters finds that when x units 
are made and sold, the profit (in thousands of dollars) 
is given by x? — 50x — 5000. For what values of x will 
the firm show a loss? 


TERMS AND SYMBOLS 
equation (p. 61) 
left-hand side (p. 61) 
right-hand side (p. 61) 
solution (p. 61) 

root (p. 61) 

solution set (p. 61) 


linear equation (p. 64) 

graph of the solution set 
(p. 78) 

interval (p. 78) 

interval notation (p. 78) 

open interval (p. 78) 


equivalent equation (p. 62) 
first-degree equation in one 
unknown (p. 64) 


closed interval (p. 78) 
half-open interval (p. 78) 
%, —%(p. 79) 


KEY IDEAS FOR REVIEW 

CL To solve an equation, we generally form a succession of 
simpler, equivalent equations. 

CJ In the process of sclving an equation, we may add to or 
subtract from both sides of the equation any number or 
expression. We may also multiply both sides by any 
nonzero number, If we multiply the equation by an 
expression containing a variable, the answers must be 
substituted in the original equation to verify that they are 
solutions. 


(10 The tinear equation ax + b =0, a #0, has precisely 
one solution: —b/a. 


17. 2? -3n-5<0 18. 3x27-4x-4<0 
x= 1 2x- 1 

21. 770 22. 75 50 

24. 2x7+5x+2<0 

26. (2x + 5)(3x — 2x + 1) <0 

28. (1 — 2x)(2x + Ix - 3) S0 

31. V2x7 + 7x +6 32.V2x? + 3x41 


34. A ball thrown directly upward from level ground at an 
initial velocity of 40 feet per second attains a height d 
given by d = 407 — 167 after? seconds. During what 
time interval is the ball at a height of at least 16 feet? 


infinite interval (p. 79) 
quadratic equation (p. 87) 


extraneous solution (p. 97) 
substitution of variable 


completing the square (p. 98) 
(p. 90) second-degree inequality 
quadratic formula (p. 92) (p. 104) 


discriminant (p. 94) cntical value (p. 104) 
double root (p. 94) 
repeated root (p. 94) 


radical equation (p. 96) 


(J When solving linear inequalities, remember that multi- 
plication or division by a negative number reverses the 
sense of the inequality. 

(1 The solution set of a linear inequality can be indicated by 
a graph on the real number line, by set-builder notation, 
ar by interval notation. 

O) The quadratic equation ar +bx+c=0, a>0O, 
always has two solutions, which are given by the qua- 
dratic formula 


—b + Vb — 4ac 
2a 


x= 


If b = 0 or if the quadratic can be factored, then faster 
solution methods are available. 


The solutions or roots of a quadratic equation may be 
complex numbers. The expression b? — 4ac, called the 
discriminant, which appears under the radical of the 
quadratic formula, permits the nature of the roots to be 
analyzed without solving the equation. 


Radical equations often can be transformed into quadrat- 
ic equations. Since the process involves raising both 
sides of an equation to a power, the answers must be 
checked to see that they satisfy the original equation. 


The method called substitution of variable can be used 
to transform certain equations into quadratics. This tech- 
nique is a handy tool and will be used in other chapters 
of this book. 


REVIEW EXERCISES 
Solutions to exercises whose numbers are in color are in the Solutions section in the back of the book. 


2.1 


Ded 


2.1 


In Exercises 1—4 solve for x. 
1 3x-S=3 2 2(2e-3)-3x+ I) =-9 
4 22 k— 2x = 4ke 

3 =x 


5. The width of a rectangle is 4 centimeters less than 
twice its length. If the perimeter is 12 centime- 
ters, find the measurement of each side. 


6. A donation box contains coins consisting of 
dimes and quarters. The number of dimes is 4 
more than twice the number of quarters. If the 
total value of the coins is $2.65, how many coins 
of each type are there? 


7. It takes 4 hours for a bush pilot in Australia to 
pick up mail at a remote village and retum to 
home base. If the average speed going is 150 
miles per hour and the average speed retuming is 
100 miles per hour, how far from the home base 
is the village? 

8. Copying machines A and B, working together, 
can prepare enough copies of the annual report 
for the Board of Directors in 2 hours. Machine A, 
working alone, would require 3 hours to do the 
job. How long would it take machine B to do the 
job by itself? 


9. Indicate whether the statement is true (T) or false 
(F): The equation 3x? = 9 is an identity. 


| 
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If a second-degree inequality can be written in the fac- 
tored form 


(ax + b)(cx + d)<0 
or 
(ax + b\(cx + d)>0 


then the solution set is easily found. First, determine the 
intervals on the real number line in which each factor is 
positive and the intervals in which each is negative. If 
the product of the factors is negative (< 0), then the 
solution set consists of the intervals in which the factors 
are opposite in sign; if the product is positive (> 0), the 
solution set consists of the intervals in which the factors 
are of like sign. 


10. Indicate whether the statement is true (T) or 
false (F): x =3 is a solution of the equation 
3x - 1 = 10. 
2.3 11. Solve and graph 3 s 2x + 1. 
12. Solve and graph —4 < —2x + 1 = 10. 
In Exercises 13—15 solve the inequality and express the 
solution set in interval notation. 
3. %a+5)>3a+2 14. <0 
2° bx 
15. 3 + } = 5 ] 
2.4 16. Solve 3x + 21=7 for x. 
17. Solve and graph [4x — 11 = 5. 
18. Solve and graph |2x + Il >7. 
19. Solve !2 — Sxl < 1 and write the solution in inter- 
val notation. 
20. Solve (3x — 2| = 6 and write the solution in inter- 
val notation. 
2.5 21. Solve x? — x — 20 = 0 by factoring. 
22. Solve Gx? — Ix + 4 = 0 by factoring. 
23. Solve x7-2x+6=0 by completing the 
square. 
24. Solve 2x7 — 4x + 3 = O by the quadratic formu- 
la. 
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25. Solve 3x? + 2x — | =O by the quadratic formu- 
la. 


In Exercises 26-28 solve for x. 


26. 49x%7-9=0 27. ke?-37=0 
28. e+x=12 


In Exercises 29—31 determine the nature of the roots of 
the quadratic equation without solving. 


29. 3% =ar+5 30. 4x? + 20x + 25=0 
31. 6y-2y=-7 
In Exercises 32-35 solve the given equation. 


32. Vxt+2=x 33. Vr+3+V2x-3=6 


34. x4- 4x7 +3 =0 
2 
35. (1-2) - 91-2) 415-0 
x x 


2.6 36. A charitable organization rented an auditorium 
PROGRESS TEST 2A 
In Problems 1 and 2 solve for y. 
ES 2+ 5y 
1 5-4y=2 2. 1 6 


3. One side of a triangle is 2 meters shorter than the base, 
and the other side is 3 meters longer than half the base. 
If the perimeter is 15 meters, find the length of each 
side. 

4. A trust fund invested a certain amount of money at 
6.5% simple annual interest, a second amount $200 
more than the first amount at 7.5%, and a third amount 
$300 more than twice the first amount at 9%. If the 
total annual income from these investments is $1962, 
how much was invested at each rate? 

5. Indicate whether the statement is true (T) or false (F): 
The equation (2x — 1 2 = 4x? — 4x + 1 is an identi- 
ty. 

6. Solve —1 = 2x + 3<5 and graph the solution set. 
In Problems 7 and 8 solve the inequality and express the 
solution set in interval notation. 

7. 3(2a—- 1)-4(a+2)54 8. 


9. Solve 4x — 11= 9. 
10. Solve [2x — 1!=5 and graph the solution set. 


-2s52-x<6 


11. Solve |] — 3x1< 5 and write the solution in interval 
notation. 


for a meeting at a cost of $420 and split the cost 
among the attendees. If 10 additional persons had 
attended the meeting, the cost per person would 
have decreased by $1. How many persons actu- 
ally attended? 


2.7 37. Find the values of x for which V 2x* — x — 6 has 
real values. 
38. Write the solution set of the inequality 
x? + 4x — 5 =0 in interval notation. 
39. Write the solution set for at] = 0 in inter- 


x+5 
val notation. 


40. White the solution set for 
(3 — x)(2x + 3)(x + 2) <0 


in interval notation. 


12. Solve x? - 5x = 14 by factoring. 
13. Solve Sx? — x + 4 =0 by completing the square. 
14. Solve 12x” + Sx — 3 = 0 by the quadratic formula. 


In Problems 15 and 16 solve for x. 
15. (2x-5)?+9=0 16. 


In Problems [7 and (8 determine the nature of the roots of 

the quadratic equation without solving. 

17. 6x7+x-2=0 18. 3x? -2x= —-6 

In Problems 19 and 20 solve the given equation. 

19. x-V4-3x= -8 20. 3x++ 5x?-2=0 

21. The area of a rectangle is 96 square meters. If the 
length and the width are each increased by 2 meters, 
the area of the newly formed rectangle is 140 square 
meters. Find the dimensions of the original rectan- 


gle. 
22. Find the values of x for which V 3x? — 4x + 1 has real 
values. 


In Problems 23 and 24 write the solution set in interval nota- 
tion. 


23. —-2x7+3x-150 
24. (x — 1)(2 — 3x\(x + 2) 50 


PROGRESS TEST 28 
In Problems | and 2 solve for x. 
I. 32x+5)=5-@Gx-1l) 2 3x-RP=-kx 
3. An alloy that is 60% silver is to be combined with an 
alloy that is 80% silver to produce 120 ounces of an 


alloy that is 75% silver. How many ounces of each 
alloy must be used? 


ax+b_ 
4. Solve ae d for x. 
5. Indicate whether the statement is true (T) or false (F): 
: . : -1 
=-| lution of th tion ~— = 
x is a solution o € equation 5 0 


6. Solve —9 =1-—Sx=-—4 and graph the solution 
set. 


In Problems 7 and 8 solve the inequality and express the 
solution set in interval notation. 


11 —2 
a og 
9. Solve |l — 3xl = 7. 


x 


iD; Solve == 


al = | and graph the solution set. 

11. Solve [Sx + 2! > 3 and write the solution set in inter- 
val notation. 

12. Solve 6x? + 13x — 5 =0 by factoring. 

13. Solve 2x? — 5x + 2 = 0 by completing the square. 
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14. Solve 3x? — x = ~7 by the quadratic formula. 


In Problems 15 and 16 solve for x. 


15. (x- 3)? +2=0 16. b+ B= ks 


In Problems 17 and 18 determine the nature of the roots of 
the quadratic equation without solving. 

17. 622-42 = -2 18. 4y* — 20y + 25=0 
In Problems 19 and 20 solve the given equation. 

19. Vr—1- V3x-2=- 

20. 5 t—ps+1=0 


21. Ifthe price of a large candy bar rose by 10 cents, a 
buyer would receive 2 fewer candy bars for $6.00 than 
she does at the current price. What is the current 


price? 
22. Find the values of x for which x/V2x — 1 has real 
values. 


In Problems 23 and 24 write the solution set in interval nota- 
tion. 
2 
x" <9 
eS 


24. (3x -—2)(x+ 41 -x)>0 


23) 


FUNCTIONS 


What is the effect of increased fertilization on the growth of an azalea? If the 
minimum wage is increased, what will be the impact on the number of unem- 
ployed workers? When a submarine dives, can we calculate the water pressure 
against the hull at a given depth? 

Each of the questions posed above seeks a relationship between phenomena. 
The search for relationships, or correspondence, is a central activity in our 
attempts to understand the universe; it is used in mathematics, engineering, the 
physical and biological sciences, the social sciences, and business and econom- 
ics. 

The concept of a function has been developed as a means of organizing and 
assisting in the study of relationships. Since graphs are powerful means of exhib- 
iting relationships, we begin with a study of the Cartesian, or rectangular, coor- 
dinate system. We will then formally define a function and will offer a number of 
ways of viewing the function concept. Function notation will be introduced to 
provide a convenient means of writing functions. 

We will also explore some special types of functional relationships (increas- 
ing and decreasing functions) and will see that variation can be viewed as a 
functional relationship. 
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3.4 
THE RECTANGULAR 


COORDINATE SYSTEM 
See 


In Chapter 1 we associated the system of real numbers with points on the real 
number line. That is, we saw that there is a one-to-one correspondence between 
the system of real numbers and points on the real number line. 

We will now develop an analogous way to handle points in a plane. We 
begin by drawing a pair of perpendicular lines intersecting at a point O called the 
origin. One of the lines, called the x-axis, is usually drawn in a horizontal 
position. The other line, called the y-axis, is usually drawn vertically. 

If we think of the x-axis as a real number line, we may mark off some 
convenient unit of length, with positive numbers to the right of the origin and 
negative numbers to the left of the origin. Similarly, we may think of the y-axis 
as a real number line. Again, we may mark off a convenient unit of length 
(usually the same as the unit of length on the x-axis) with the upward direction 
representing positive numbers and the downward direction negative numbers. 
The x and y axes are called coordinate axes, and together they constitute a 
rectangular or Cartesian coordinate system. The coordinate axes divide the 
plane into four quadrants, which we label I, II, III, and IV as in Figure 1. 


Quadrant 
Il 


Quadrant Quadrant 
Il —2 IV 
3 
FIGURE 4 


By using the coordinate axes, we can outline a procedure for labeling a 
point P in the plane. From P, draw a perpendicular to the x-axis and note that it 
meets the x-axis at x = a. Now draw a perpendicular from P to the y-axis and 
note that it meets the y-axis at y = b. We say that the coordinates of P are given 
by the ordered pair (a, b). The term ‘‘ordered pair’? means that the order is 
significant; that is, the ordered pair (a, b) is different from the ordered pair (5, a). 

The first number of the ordered pair (a, b) is sometimes called the abscissa 
or x-coordinate of P. The second number is called the ordinate or y-coordinate 
of P. 


THE DISTANCE FORMULA 
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We have now developed a procedure for associating with each point P in the 
plane a unique ordered pair of real numbers (a, b). We usually write the point P 
as P(a, b). Conversely, every ordered pair of real numbers (a, b) determines a 
unique point P in the plane. The point P is located at the intersection of the lines 
perpendicular to the x-axis and to the y-axis at the points on the axes having 
coordinates a and b, respectively. We have thus established a one-to-one corre- 
spondence between the set of all points in the plane and the set of all ordered 
pairs of real numbers. 

We have indicated a number of points in Figure 2. Note that all points on the 
x-axis have a y-coordinate of 0 and all points on the y-axis have an x-coordinate 


4 
3-- e (2, 3) 


FIGURE 2 


of 0. It is important to observe that the x-coordinate of a point P is the distance of 
P from the y-axis; the y-coordinate is its distance from the x-axis. The point (2, 3) 
in Figure 2 is 2 units from the y-axis and 3 units from the x-axis. 


There is a useful formula that gives the distance PQ between two points P(x;, y;) 
and Q(x2, y2). In Figure 3a we have shown the x-coordinate of a point as the 
distance of the point from the y-axis, and the y-coordinate as its distance from the 
x-axis. Thus we labeled the horizontal segments x, and x and the vertical seg- 
ments y, and y2. In Figure 3b we use the lengths from Figure 3a to indicate that 
PR = x2 — x, and QR = y, — y;. Since triangle PRQ is a right triangle, we can 
apply the Pythagorean theorem. 


& = (x — 11)? + (2 - 1)? 
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Q(x2,¥2) 


ty Q(x5,¥2) 


(b) 
FIGURE 3 


Although the points in Figure 3 are both in quadrant I, the same result will be 
obtained for any two points. Since distance cannot be negative, we have 


The Distance Formula The distance PQ between the points P(x,, y,) and Q(x2, y2) in the plane is 


V(x2 — 41)? + (v2 — yy) 


It is also clear from the distance formula that PQ = OP. 


EXAMPLE 4 
Find the distance between the points P(—2, —3) and Q(1, 2). 


SOLUTION 
Using the distance formula, we have 


PQ = V{l — (-2)P + [2 — (—3)P = V3? +S = V3 


PROGRESS CHECK 
Find the distance between the points P(—3, 2) and Q(4, —2). 


ANSWER 
V 65 


EXAMPLE 2 
Show that the triangle with vertices A(—2, 3), B(3, —2), and C(6, 1) is a right 
triangle. 


GRAPHS OF EQUATIONS 


3.4 THE RECTANGULAR COORDINATE SYSTEM 147 


SOLUTION 
It is a good idea to draw a diagram as in Figure 4. We compute the lengths of the 
three sides. 


FIGURE 4 


AB = VG + 2)° + (-2 — 3)? = V50 
BC = V(6 — 3)? + (1 + 2% = V18 
AC = V(6+ 2% + (1 — 3° = V68 


If the Pythagorean theorem holds, then triangle ABC is a right triangle. We see 
that 


(AC)* = (AB)? + (BC)? since 68 = 50 + 18 


and we conclude that triangle ABC is a right triangle whose hypotenuse is AC. 


By the graph of an equation in two variables x and y we mean the set of all 
points P(x, y) whose coordinates satisfy the given equation. We say that the 
ordered pair (a, b) is a solution of the equation if substitution of a for x and b 
for y yields a true statement. 

To graph y = x7 — 4, an equation in the variables x and y, we note that we 
can obtain solutions by assigning arbitrary values to x and computing corre- 
sponding values of y. Thus, if x = 3, then y = 3* — 4 = 5, and the ordered pair 
(3, 5) is a solution of the equation. Table | shows a number of solutions. We next 
plot the points corresponding to these ordered pairs. Since the equation has an 
infinite number of solutions, the plotted points represent only a portion of the 
graph. We assume that the curve behaves nicely between the plotted points and 
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connect these points by a smooth curve (Figure 5). We must plot enough points 
to feel reasonably certain of the outline of the curve. 


TABLE 4 
Lz, 
x -3 2 -1 0 1 2 = 
2 
5 0 3 4 =3 0 2 
4 


FIGURE 5 


The abscissa of a point at which a graph meets the x-axis is called an 
x-intercept. Since the graph in Figure 5 meets the x-axis at the points (2, 0) and 
(—2, 0), we see that 2 and —2 are the x-intercepts. Similarly, we define the 
y-intercept as the ordinate of a point at which the graph meets the y-axis. In 
Figure 5 the y-intercept is —4. Intercepts are often easy to calculate and are 
useful in sketching a graph. 


EXAMPLE 3 


Sketch the graph of the equation y = 2x + |. Determine the x- and y-intercepts, 
if any. 


SOLUTION 

We form a short table of values and sketch the graph in Figure 6. The graph 
appears to be a straight line that intersects the x-axis at (—%, 0) and the y-axis at 
(0, 1). The x-intercept is —4 and the y-intercept is |. Alternatively, we can find 
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FIGURE 6 


the y-intercept algebraically by letting x = O so that 
y=2x+1=20)+1=1 


and the x-intercept by letting y = O so that 


y=2x+1 
O0=2x+1 
x=-% 
SYMMETRY If we folded the graph of Figure 7a along the x-axis, the top and bottom portions 


would exactly match, which is what we intuitively mean when we speak of 
symmetry about the x-axis. We would like to develop a means of testing for 
symmetry that doesn’t rely upon examining a graph. We can then use informa- 
tion about symmetry to help in sketching the graph. 


FIGURE 7 
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Returning to Figure 7a, we see that every point (x,, y,) on the portion of the 
curve above the x-axis is reflected in a point (x,, — yj) that lies on the portion of 
the curve below the x-axis. Similarly, using the graph of Figure 7b, we can argue 
that symmetry about the y-axis occurs if, for every point (x;, y,) on the curve, 
(—x1, y;) also lies on the curve. Finally, using the graph sketched in Figure 7c, 
we see that symmetry about the ongin occurs if, for every point (x;, y,) on the 
curve, (—x,, —y,) also lies on the curve. We now summarize these results. 


Tests for Symmetry The graph of an equation is symmetric with respect to the 
(i) x-axis if replacing y with —y results in an equivalent equation; 
(ii) y-axis if replacing x with —x results in an equivalent equation; 
(iii) origin if replacing x with —x and y with —y results in an equivalent 
equation. 


EXAMPLE 4 
Use intercepts and symmetry to assist in graphing the equations. 
(a) y=1-2r (b) x=y?+1 


SOLUTION 
(a) To determine the intercepts, set x = 0 to yield y = | as the y-intercept. 
Setting y = 0, we have x? = | or x = +1 as the x-intercepts. 

To test for symmetry, replace x with —x in the equation y = 1] — x* to 
obtain 


y=1-(-xP = 1-27 


Since the equation is unaltered, the curve is symmetric with respect to the y-axis. 
Now, replacing y with —y, we have 


-y=1- 7? 
which is not equivalent to the original equation. The curve is therefore not sym- 
metric with respect to the x-axis. Finally, replacing x with —x and y with —y 
repeats the last result and shows that the curve is not symmetric with respect to 
the origin. 


We can now form a table of values for x = 0 and use symmetry with respect 
to the y-axis to help sketch the graph of the equation (see Figure 8a). 


(b) The y-intercepts occur where x = 0. Since this leads to the equation 
y? = —1, which has no real roots, there are no y-intercepts. Setting y = 0, we 
have x = | as the x-intercept. 

Replacing x with —x in the equation x = y? + 1 gives us 


== 1 


FIGURE 8 
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which is not an equivalent equation. The curve is therefore not symmetric with 
respect to the y-axis. Replacing y with —y, we find that 


x=(-y*?+1l=y?+1 


which is the same as the original equation. Thus, the curve is symmetric with 
respect to the x-axis. Replacing x with —x and y with —y also results in the 
equation 


=paeye af 


and demonstrates that the curve is not symmetric with respect to the origin. We 
next form the table of values shown in Figure 8b by assigning nonnegative values 
to y and calculating the corresponding values of x from the equation; symmetry 
enables us to sketch the lower half of the graph without plotting points. 

Solving the given equation for y yields y = +Vx — 1, which confirms the 
symmetry about the x-axis. We can think of the upper half of Figure 8b as the 
graph of the equation y = Vx — | and the lower half as the graph of the equation 
YSN als 


EXAMPLE 5 
Without sketching the graph, determine symmetry with respect to the x-axis, the 
y-axis, and the origin. 
rt 
Go tay yA ay SO oe 
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SOLUTION 
(a) Replacing x with —x in the equation, we have 


Gi a4ay ye 
xv+4yr—-—y=1 
Since the equation is unaltered, the curve is symmetric with respect to the y-axis. 
Next, replacing y with —y, we have 
et a(=y) =(-y) = 1 
r+4er+y=1 


which is not an equivalent equation. Replacing x with —x and y with —y repeats 
the last result. The curve is therefore not symmetric with respect to either the 
x-axis or the origin. 


(b) Replacing x with —x, we have —xy = 5, which is not an equivalent equa- 
tion. Replacing y with —y, we again have —xy = 5. Thus the curve is not sym- 
metric with respect to either axis. However, replacing x with —x and y with —y 
gives us 

(—x)(-y) =5 


which is equivalent to xy = 5. We conclude that the curve is symmetric with 
respect to the origin. 


(c) Since x and y both appear to the second power only, all tests will lead to an 
equivalent equation. The curve is therefore symmetric with respect to both axes 
and the origin. 


PROGRESS CHECK 


Without graphing, determine symmetry with respect to the coordinate axes and 
the origin. 


(a) r-y?=] (b) xty=10 (Cc) ree 
x 


ANSWERS 

(a) Symmetric with respect to the x-axis, the y-axis, and the origin. 
(b) Not symmetric with respect to either axis or the origin. 

(c) Symmetric with respect to the origin only. 


Note that in Example Sc and in (a) of the last Progress Check, the curves are 
symmetric with respect to both the x- and y-axes, as well as the origin. In fact, 
we have the following general rule. 


A curve that is symmetric with respect to both coordinate axes is also symmet- 
ric with respect to the origin. However, a curve that is symmetric with respect 
to the origin need not be symmetric with respect to the coordinate axes. 
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The curve in Figure 7c illustrates the last point. The curve is symmetric with 
respect to the origin but not with respect to the coordinate axes. 


EXERCISE SET 3.4 


In each of Exercises 1 and 2 plot the given points on the same coordinate axes. 


lh. (2; 3); (3, =2), ( i ), (0, +}, (-4, 0), 2. (-3, 4), (5, -—2), (-1, —3), (-1, 3), (0, 1.5) 


er 
(3, —2) 
In Exercises 3—8 find the distance between each pair of points. 
3. (5, 4), (2, 1) 4. (-4, 5), (-2, 3) 
5. (-1, -5), (-5, -l) 6. (-3, 0), (2, —4) 


ip (Z, 3), (2, —4) 8. (-4, 3), (<1, -2) 


In Exercises 9—12 find the length of the shortest side of the triangle determined by the three given points. 
9. A(6, 2), B(-1, 4), C(O, —2) 10. P(2, —3), O(4, 4), R(-1, —1) 


1 3 
Il. R(-1, 5), s(-3, ), 72, —1) 12. F(-5, -1), G(0, 2), HU, —2) 


In Exercises 13-16 determine if the given points form a right triangle. (Hint: A triangle is a right triangle if and only if 
the lengths of the sides satisfy the Pythagorean theorem.) 


13. (1, —2), (5S, 2), (2, 1) 14. (2, -3), (-1, -1), (3, 4) 
15. (-4, 1), (1, 4), (4, -1) 16. (1, —1), (-6, 1), Cl, 2) 


In Exercises 17—20 show that the points lie on the same line. (Hint: Three points are collinear if and only if the sum of 
the lengths of two sides equals the length of the third side.) 


17. (-1, 2), Cl, 1), (5, -1) 18. (—1, —4), (1, 10), (0, 3) 
1 

19. (-1, 2), (1, 5), (~2, +) 20. (~1, —-5), Cl, 1), (-2, —8) 
21. Find the perimeter of the quadrilateral whose vertices 25. The points A(2, 7), B(4, 3), and C(x, y) determine a 

are (—2, —1), (—4, 5), (3, 5), (4, —2). right triangle whose hypotenuse is AB. Find x and y. 
22. Show that the points (—2, — 1), (2, 2), (5, —2) are the (Hint: There is more than one answer.) 

vertices of an isosceles triangle. 26. The points A(2, 6), B(4, 6), C(4, 8), and D(x, y) form 
23. Show that the points (9, 2), (11, 6), (3, 5), and (1, 1) a rectangle. Find x and y. 


are the vertices of a parallelogram. 


24. Show that the point (— 1, 1) is the midpoint of the line 
segment whose endpoints are (—5, —1) and (3, 3). 


In Exercises 27—32 determine the intercepts and sketch the graph of the given equation. 


27. y=2r+4 28. y=-2x+5 29. y=Vx 30. y= Vax-—1 

31. y= |x+ 3} 32. y=2-|a 

In Exercises 33-38 determine the intercepts and use symmetry to assist in sketching the graph of the given equation. 
33. y=3-x 34. y=3x-x7 35. y=xetl 36. x=y>-1 


37. x=y*- 1 38. y=3x 
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Without graphing, determine whether each curve is symmetric with respect to the x-axis, the y-axis, the origin, or none of 


these. 

39. 3x+2y=5 

43. yr=1ltx 

47. yx + 2 = 4y7y 
er 

ya 

3.2 

FUNCTIONS AND 


FUNCTION NOTATION 
PSS SRR TAS | 


40. y= 4x 41. ~p=x-4 42, r-y=2 

44. y =(x - 2)? 45. y=(x- 2)? 46. yx+2x=4 
x+4 1 

5 = - 49. = i = —— 

48. yp=xr-9 i ae cD ales roar 

52. 4x? + 9y* = 36 53. xy=4 


The equation 
yois ts 


assigns a value to y for every value of x. If we let X denote the set of values that 
we can assign to x, and let Y denote the set of values that the equation assigns to 
y, we can show the correspondence schematically as in Figure 9. The equation 
can be thought of as a rule defining the correspondence between the sets X and Y. 


Y 


FIGURE 9 


We are particularly interested in the situation where, for each element x in 
X, there corresponds one and only one element y in Y; that is, the rule assigns 


exactly one y fora given x. This type of correspondence plays a fundamental role 
in mathematics and is given a special name. 


Function, Domain, 
Image, and Range 


A function is a mule that, for each x in a set X, assigns exactly one y in a set | 
Y. The element y is called the image of x. The set X is called the domain of the 
function and the set of all images is called the range of the function. 


We can think of the rule defined by the equation y = 2x + 3 as a function 
machine (see Figure 10). Each time we drop a value of x from the domain into 
the input hopper, exactly one value of y falls out of the output chute. If we drop 
in x = 5, the function machine follows the rule and produces y = 13. Since we 
are free to choose the values of x that we drop into the machine, we call x the 
independent variable; the value of y that drops out depends upon the choice of 
x, so y Is called the dependent variable. We say that the dependent variable is 


FIGURE 44 


VERTICAL LINE TEST 
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Input 


Function machine 


Rule: 
y=2e +3 


¥ 
Output 
FIGURE 10 


a function of the independent variable; that is, the output is a function of the 
input. 

Let’s look at a few schematic presentations. The correspondence in 
Figure | la is a function; for each x in X there is exactly one corresponding value 
of y in Y. The fact that y, is the image of both x, and xz does not violate the 
definition of a function. However, the correspondence in Figure 11b is not a 
function, since x, has two images, y, and y2, assigned to it, thus violating the 
definition of a function. 


Y 


(a) (b) 


There is a simple graphic way to test whether a correspondence determines a 
function. When we draw vertical lines on the graph of Figure 12a, we see that no 
vertical line intersects the graph at more than one point. This means that the 
correspondence used in sketching the graph assigns exactly one y-value for each 
x-value and therefore determines y as a function of x. When we draw vertical 
lines on the graph of Figure 12b, however, some vertical lines intersect the graph 
at two points. Since the correspondence graphed in Figure 12b assigns the values 
y, and y2 to x;, it does not determine y as a function of x. Thus, not every 
equation or correspondence in the variables x and y determines y as a function 


of x. 
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FIGURE 42 


Vertical Line Test A graph determines y as a function of x if and only if no vertical line meets the 
graph at more than one point. 


EXAMPLE 4 
Which of the following graphs determine y as a function of x? 


y y y 


(a) (b) (c) 


SOLUTION 

(a) Nota function. Some vertical lines meet the graph in more than one point. 
(b) A function. Passes the vertical line test. 

(c) Nota function. Fails the vertical line test. 


DOMAIN AND RANGE 


FIGURE 413 


FUNCTION NOTATION 
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We have defined the domain of a function as the set of values assumed by the 
independent variable. In more advanced courses in mathematics, the domain 
may include complex numbers. In this book we will restrict the domain of a 
function to those real numbers for which the image is also a real number, and we 
say that the function is defined at such values. When a function is defined by an 
equation, we must always be alert to two potential problems. 

(a) Division by zero. For example, the domain of the function 


2 


x=] 


is the set of all real numbers other than x = 1. When x = 1, the denominator is 
0, and division by 0 is not defined. 
(b) Even roots of negative numbers. For example, the function 


ove T 


is defined only for x = 1, since we exclude the square root of negative numbers. 
Hence the domain of the function consists of all real numbers x = 1. 

The range of a function is, in general, not as easily determined as is the 
domain. The range is the set of all y-values that occur in the correspondence; that 
is, it is the set of all outputs of the function. For our purposes, it will suffice to 
determine the range by examining the graph. 


EXAMPLE 2 
Graph the equation y = Vx. If the correspondence determines a function, find 
the domain and range. 


SOLUTION 

We obtain the graph of the equation by plotting points and connecting them to 
form a smooth curve. Applying the vertical line test to the graph as shown in 
Figure 13, we see that the equation determines a function. The domain of the 
function is the set {x}x = O} and the range is the set {yly = 0}. 


PROGRESS CHECK 

Graph the equation y = x7 — 4, - 3 = x S3. If the correspondence determines 
a function, find the domain and range. 

ANSWER 

The graph is that portion of the curve shown in Figure 5 that lies between x = —3 
and x = 3. The domain is {x]—3 =< x = 3}; the range is {y|-4 sy < 5}. 


It is customary to designate a function by a letter of the alphabet, such as f, g, 
F,orC. We then denote the output corresponding to x by f(x), which is read ‘‘f 
of x.’’ Thus, 


fx) = 2x +3 
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specifies a rule f for determining an output f(x) for a given value of x. To find 
fix) when x = 5, we simply substitute 5 for x and obtain 


fS) = 265) +3 = 13 


The notation /{5) is a convenient way of specifying ‘‘the value of the function f 
that corresponds to x = 5.’’ The symbol f represents the function or rule; the 
notation f(x) represents the output produced by the rule. For convenience, how- 
ever, we will at times join in the common practice of designating the function f 


by f(x). 

EXAMPLE 3 

(a) If fix) =2 - 2x +1, find K-1). 
(b) If f(t) = 317 — 1, find f2a). 


SOLUTION 
(a) We substitute —1 for x. 
f{(-1) = A-1)? - A-1) + 1 =5 
(b) We substitute 2a for t. 
f(2a) = 3(2a)? — 1 = 3(4a*) — 1 = 12a? - 1 


PROGRESS CHECK 
(a) If flu) = + 3u — 4, find ff—2). 
(b) If ft) = 22 + 1, find f(t — 1). 


ANSWERS 
(a) —18 (b) 2 -—22+2 


EXAMPLE 4 
Let the function f be defined by fx) = x? — 1. Find 
(a) f{i—2) (bo) fla) (c) flath) (d) flath) — fla) 


SOLUTION 
(a) f(-2) =(-2?-1=4-1=3 
(b) fta)=a*-1 


(c) flat+h)=(at+h)- 1=a?+2ah+h*-1 

(d) flat+h)— fla) =(a+ h)?? -— 1 -(a- 1) 
=a*+2ah+h?-1-a+1 
= 2ah + h? 


WARNING 

(a) Note that f(a + 3) # fa) + f(3). Function notation is not to be confused 
with the distributive law. 

(b) Note that f(x?) # f-x?. The use of parentheses in function notation does not 
imply multiplication. 


EXERCISE SET 3.2 
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EXAMPLE 5 

A newspaper makes this offer to its advertisers: The first column inch will cost 
$40, and each subsequent column inch wil! cost $30. If T is the total cost of 
running an ad whose length is n column inches, and the minimum space is | 
column inch, 

(a) express T as a function of n; 

(b) find T when n= 4. 


SOLUTION 
(a) The equation 


sy 
| 


= 40 + 30(n — 1) 
= 10+ 30n 


gives the correspondence between n and 7. In function notation, 
T(n) = 10 + 30n, n2=1 

(b) When n= 4, 
7(4) = 10 + 30(4) = 139 


In Exercises 1-6 graph the equation. If the graph determines y as a function of x, find the domain and use the graph to 
determine the range of the function. 


7 f(x) = V2x - 3 


2. y=xXetu, -25x<1 


In Exercises 13-16 find the number (or numbers) whose image is 2. 


13. fix) = 2x-5 


Given the function f defined by f(x) = 2x? + 5, determine the following. 


Given the function g defined by g(x) = x? + 2x, determine the following. 


4. x=y*-1 
& y= ht 
In Exercises 7-12 determine the domain of the function defined by the given rule. 
1 = 
8 fwy=V5-x 9 fx) = —_—— 10. fx) =—>— 
A A Vx-2 ? rt+2x-3 
2. fy =a 
oan eae) 
1 
14. fi) = x? Ret) =a 16. fxy=Vx-1 
18. f(-2) 19. f(a) 20. f(3x) 
22. —f(x) 
24 ( ) 25 26. g(x) 
: — : : —x 
ay: a(x) ; 


g(a + h) ~ g(a) 


28. 
h 
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Given the function F defined by F(x) = = 


2 


1 
? determine the following. 


3x — 
=] 1 
223) 29. F(—2.73) 3} 30. F(16.11) 31. 32. F(—x) 
zi : F(x) 
33. 2F(2x) 34. F(x’) 
r= 2 : ‘ 
Given the function r one by r(t) = a a) determine the following. 
222) 35. r(—8.27) 222} 36. (2.04) 37. r(2a) 38. 2r(a) 
39. r(a + 1) 40. r(1 +A) 
41. If x dollars are borrowed at 7% simple annual interest, 43. Express the diameter d of a circle as a function of its 
express the interest / at the end of 4 years as a function circumference C. 
of x. 


44. Express the perimeter P of a square as a function of its 


42. Express the area A of an equilateral triangle as a func- area A. 
tion of the length s of its side. 


3.3 
GRAPHS OF 


FUNCTIONS 
[Ot a PE 


“SPECIAL” FUNCTIONS 
AND THEIR GRAPHS 


We have used the graph of an equation to help us find out whether or not the 
equation determines a function. It is not surprising, therefore, that the graph of 
a function f is defined as the graph of the equation y = f(x). For example, the 
graph of the function f defined by the rule f(x) = Vx is the graph of the equation 
y= Vx, which was sketched in Figure 13. 


There are a number of ‘‘special’’ functions that a mathematics instructor is likely 
to use to demonstrate a point. The instructor will sketch the graph of the function, 
since the graph shows at a glance many characteristics of the function. For exam- 
ple, information about symmetry, domain, and range is available from a graph. In 
fact, we have already used the graphs of some of these functions to illustrate these 
characteristics. 

You should become thoroughly acquainted with the following functions and 
their graphs. For each function we will form a table of values, sketch the graph of 
the function, and discuss symmetry, domain, and range. 


f(x) = x Identity function 


The domain of fis the set of all real numbers. We form a table of values and use 
it to sketch the graph of y = x in Figure 14. The graph is symmetric with respect 
to the origin (note that —y = —x is equivalent to y = x). The range of f is seen to 
be the set of all real numbers. 


f(x) = —x Negation function 


The domain of f is the set of all real numbers. A table of values is used to sketch 
the graph of y = —x in Figure 15. The graph is symmetric with respect to the 
origin (note that —y = x is equivalent to y = —x). The range of fis seen to be the 
set of all real numbers. 
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FIGURE 14 FIGURE 45 


f(x) = |x| Absolute value function 


The domain of f is the set of all real numbers. A table of values allows us to 
sketch the graph in Figure 16. The graph is symmetric with respect to the y-axis. 
Since the graph always lies above the x-axis, the range of f is the set of all 
nonnegative real numbers. 


f(x)=c¢ Constant function 


The domain of f is the set of all real numbers. In fact, the value of f is the same 
for all values of x (see Figure 17). The range of f is the set {c}. The graph is 
symmetric with respect to the y-axis (note that y = c is unaltered when x is 
replaced by —x). 


FIGURE 16 FIGURE 47 
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f(x) =x* — Squaring function 


The domain of f is the set of all real numbers. The graph in Figure 18 is called a 
parabola and illustrates the general shape of all second-degree polynomials. The 
graph of f is symmetric with respect to the y-axis (note that y = (—x)* = x’). 
Since y = 0 for all values of x, the range is the set of all nonnegative real 
numbers. 


f(x) = Vx Square root function 

Since Vx is not defined for x < 0, the domain is the set of nonnegative real 
numbers. The graph in Figure 19 always lies above the x-axis, so the range of f 
is {y|y = O}, that is, the set of all nonnegative real numbers. The graph is not 
symmetric with respect to either axis or the origin. 


f(x) =2° — Cubing function 


The domain is the set of all real numbers. Since the graph in Figure 20 extends 
indefinitely both upward and downward with no gaps, the range is also the set of 
all real numbers. The graph is symmetric with respect to the origin (note that 
—y = (—x)? = —2x° is equivalent to y = x°). 


x f-2]-1Jo]1]2] 
Ppistel ra 
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BOOOnE 


—2 -l 
FIGURE 48 FIGURE 49 FIGURE 20 
PIECEWISE-DEFINED Thus far we have defined each function by means of an equation. A function can 
FUNCTIONS also be defined by a table, by a graph, or by several equations. When a function 


is defined in different ways over different parts of its domain, it is said to be a 
piecewise-defined function. We illustrate this idea by several examples. 
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EXAMPLE 4 
Sketch the graph of the function f defined by 
x if -2sx<2 
fix) = : 
ax+l if x >2 
SOLUTION 


We form a table of points to be plotted, being careful to use the first equation 
when —2 S x S 2 and the second equation when x > 2. 


Note that the graph in Figure 21 has a gap. Also note that the point (2, 5) has 
been marked with an open circle to indicate that it is not on the graph of the 
function. 
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FIGURE 24 


EXAMPLE 2 
Sketch the graph of the function f(x) = |x + 1]. 
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FUNCTIONS 


SOLUTION 
We apply the definition of absolute value to obtain 
eel if ee 0 
y=|x+1/= ; 
-—(x+1) if x+1<0 


or 
=| xt+l1 if x2-1 
—-x-1 if x<-] 


From this example it is easy to see that a function involving absolute value will 
usually be a piecewise-defined function. As usual, we form a table of values, 


being careful to use y = x + 1 when x = —1 and y = ~—x — I whenx< —1. It 
is a good idea to include the value x = —1 in the table. 


1 2 3 
2 3 4 


The points are joined by a smooth curve (Figure 22), which consists of two rays 
or half-lines intersecting at (—1, 0). 


FIGURE 22 


EXAMPLE 3 

The commission eared by a door-to-door cosmetics salesperson is determined as 
shown in the accompanying table. 

(a) Express the commission C as a function of sales s. 

(b) Find the commission if the weekly sales are $425. 

(c) Sketch the graph of the function. 
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Weekly sales Commission 
less than $300 20% of sales 
$300 or more but $60 + 35% of sales 
less than $400 over $300 
$400 or more $95 + 60% of sales 
over $400 
SOLUTION 
(a) The function C can be described by three equations. 


0.20s if s< 300 
C(s) =} 60 + 0.35(s — 300) if 300<s5s< 400 
95 + 0.60(s — 400) if s=400 
(b) When s = 425, we must use the third equation and substitute to determine 
C(425). 
C(425) = 95 + 0.60(425 — 400) 
= 95 + 0.60(25) 
= 110 
The commission on sales of $425 is $110. 
(c) The graph of the function C consists of three line segments (Figure 23). 
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INCREASING AND When we apply the terms increasing and decreasing to the graph of a function, 

DECREASING FUNCTIONS we assume that we are viewing the graph from left to right. The straight line of 
Figure 24a is increasing, since the values of y increase as we move from left to 
right; similarly, the graph in Figure 24b is decreasing, since the values of y 
decrease as we move from left to right. 


(x4 »f(x2)) 
* (x; ,f(x,)) 


(a) (b) (c) 


FIGURE 24 


One portion of the graph pictured in Figure 24c is decreasing and another is 
increasing. Since this ig the most common situation, we define increasing and 
decreasing on an interval. 


If x; and x» are in the interval [a, b] in the domain of a function f, then 
f is increasing on [a, b] if fix;) < flx2) whenever x, < x2 
f is decreasing on (a, 5] if f(ix,) > fix2) whenever x, < x2 
f is constant on (a, b] if fix;) = flx2) for all x1, x2 


Returming to Figure 24c, note that the function is decreasing when x = —3 
and increasing when x = —3; that is, the function is decreasing on the interval 
(—%, —3] and increasing on the interval [—3, ©). The graph shows that the 
function has a minimum value at the point x = —3. Finding such points is very 
useful in sketching graphs and is an important technique taught in calculus 
courses. 

It is important to become accustomed to the notation used in Figure 24, 
where the y-coordinate at the point x = x, is denoted by f(x). 


EXAMPLE 4 
Use the graph of the function f(x) = x° — 3x + 2, shown in Figure 25, to deter- 
mine where the function is increasing and where it is decreasing. 


po = SOLUTION 
FIGURE 25 From the graph we see that there are turning points at (—1, 4) and at (1, 0). We 
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conclude that 


f is increasing on the intervals (—%, —1] and [1], ©) 
f is decreasing on the interval [—1, 1] 


EXAMPLE 5 
The function f is defined by 


Ix] if x<2 


foy= | if 420 


Use a graph to find the values of x for which the function is increasing, decreas- 
ing, and constant. 


SOLUTION 

Note that the piecewise-defined function f is composed of the absolute value 
function when x = 2 and a constant function when x > 2. We can therefore 
sketch the graph of f immediately as shown in Figure 26. From the graph in 
Figure 26 we determine that 


fis increasing on the interval (0, 2] 
fis decreasing on the interval (—~, 0] 
fis constant and has value —3 on the interval (2, ©) 


FIGURE 26 


PROGRESS CHECK 
The function f is defined by 


no-| 0 if -l=x=3 
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POLYNOMIAL FUNCTIONS 


Use a graph to find the values of x for which the function is increasing, decreas- 
ing, and constant. 


ANSWERS 
increasing on the interval (~~, —1); constant on [—1, 3]; decreasing on 
(3, ©). 


The polynomial function of first degree 
fix) =ax+b 

is called a linear function. We have already graphed a number of such functions 
in this chapter: f(x) = 2x + 1 (Figure 6, page 119), f(x) =x (Figure 14, page 
131), and f(x) = —x (Figure 15, page 131). In each case the graph appeared to be 
a straight line. We will prove in the next section that the graph of every linear 
function is indeed a straight line. 

The polynomial function of second degree 

fix) = ax? + bx + ¢, a#0 

is called a quadratic function. We have graphed a few quadratic functions: 
fix) =x? — 4 (Figure 5, page 118), fix) = 1 — x? (Figure 8a, page 121), and 
fix) = x? (Figure 18, page 132). The graph of the quadratic function is called a 
parabola and will be studied in detail in a later chapter. For now, we offer an 
example for which a, b, and ¢ are all nonzero. 


EXAMPLE 6 
Sketch the graph of fix) = 2x7 — 4x + 3. 


SOLUTION 

We need to graph y = 2x? — 4x + 3. We form a table of values, plot the corre- 
sponding points, and connect them by a smooth curve, as shown in Figure 
27. 


5 


FIGURE 27 
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An investigation of polynomials of any degree reveals that they are all func- 
tions. The graphs of polynomials of degree greater than 2 are always smooth 
curves; their shapes, however, are not easily determined. The exercises at the end 
of this section are intended to help you gain experience with the graphs of poly- 
nomials. We will take another look at this topic in a later chapter after learning 
more about the roots of polynomial equations. You should be warned, however, 
that it is very difficult to graph polynomial functions accurately without results 
obtained by methods taught in calculus courses. 


In Exercises 1—16 sketch the graph of the function and state where it is increasing, decreasing, and constant. 


1. 


5. 


I. 


13. 


15. 


EXERCISE SET 3.3 
SX) = 3x+1 2. f(x) =3 -2x 
fix) =9- x? 6. fx) =4x- x? 
_ J 2x, x>-l 
fy= {P| x=-l 
x, x<2 
fey = {3 x22 
-x?7, -3<x<1 
SX) = 0, Isxs2 
—3x, x>2 
= 2 x<-2 
foo =§-1l, -2sx5-1 
1, x>-l 


3. fey =x? +1 4. fw =x -4 
7 fx) =l2x + 1 8 f(x) =I1 -—xl 
x+1, > 
10. f= 1, -Ilsx<2 

=x +1, x<-l 
—x, x= -2 
12. fo) =4 x7, -2<x52 
=; 35x54 
_ J 2 if x is an integer 
he Ie) {j if x is not an integer 
| 
16. f)=4y-) xF1 
3, x=1 


In Exercises 17-24 sketch the graphs of the given functions on the same coordinate axes. 


17. 


19. 


21. 


23. 


25. 


26. 


fy =x, g(x)= 2x7, A(x) = 5 
fix) = 2x7, g(x) = -2° 
fli) =, g(x) = 20° 


{Tse , go SF 


The telephone company charges a fee of $6.50 per 
month for the first 100 message units and an additional 
fee of $0.06 for each of the next 100 message units. A 
reduced rate of $0.05 is charged for each message unit 
after the first 200 units. Express the monthly charge C 
as a function of the number of message units u. 


The annual dues of a union are as shown in the 
table. 


1 1 1 
18. fix) = g(x) aah h(x) aae 


20. fix) =x? -2, g(x) =2-% 
22. fix)= a0, g(x) = a 
24. f(x) = -2x3, g(x) = —4x3 


Employee’s annual salary 


less than $8000 


Annual dues 


$60 


$60 + 1% of the salary 
in excess of $8000 


$130 + 2% of the salary 
in excess of $15,000 


$8000 or more but less 
than $15,000 


$15,000 or more 
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Express the annual dues d as a function of the sal- 29. The daily rates of acar rental firm are $14 plus $0.08 
ary §. per mile. 

27. A tour operator who runs charter flights to Rome has (a) Express the cost C of renting acaras a function 
established the following pricing schedule. For a of the number of miles m traveled. 
group of no more than 100 people, the round trip fare (b) What is the domain of the function? 
per person is $300, with a minimum rental of $30,000 (c) How much would it cost to rent a car for a 100- 


for the plane. For a group of more than 100, the fare mile trip? 


per person for all passengers is reduced by $1 foreach 30. In a wildlife preserve, the population P of eagles 


passenger in excess of 100. Write the tour operator’s depends on the population x of its basic food supply, 
total revenue R as afunction of the number of people x rodents. Suppose that P is given by 
in the group. 


P(x) = 0.002x + 0.004x? 
28. A firm packages and ships 1-pound jars of instant cof- 


fee. The cost C of shipping is 40 cents for the first Find the eagle population when the rodent population 
pound and 25 cents for each additional pound. is 
(a) Write C as a function of the weight w (in pounds) (a) 500; = (b) 2000. 


for 0<w = 30. 
(b) What is the cost of shipping a package contain- 
ing 24 jars of instant coffee? 


3.4 In the last section we said that the polynomial function of first degree 

LINEAR FUNCTIONS fix) = ax +b 

is called a linear function, and we observed that the graph of such a function 
appears to be a straight line. In this section we will look at the property of a 
straight line that differentiates it from all other curves. We will then develop 
equations for the straight line, and we will show that the graph of a linear function 
is indeed a straight line. 


SLOPE OF THE STRAIGHT In Figure 28 we have drawn a straight line L that is not vertical. We have indi- 
LINE cated the distinct points P\ (x1, y,) and P2(x2, y2) on L. The increments or changes 
X2 — x, and y2 — y, in the x- and y-coordinates, respectively, from P; to P2 are 
also indicated. Note that the increment x2 — x, cannot be zero, because L is not 
vertical. 
If P3(x3, y3) and P4(x4, y4) are another pair of points on L, the increments 
X4 — x3 and y4 — y3 will, in general, be different from the increments obtained by 
using P, and P2. However, since triangles P;AP2 and P3BP, are similar, the 
corresponding sides are in proportion; that is, the ratios 
ya — y 


are the same. This ratio is called the slope of the line L and is denoted by m. 


Slope of a Line The slope of a line that is not vertical is given by 


y2—Y1 


X%2— X) 


m= 


where P)(x;, yi) and P2(x2, y2) are any two points on the line. 


3.4 LINEAR FUNCTIONS 144 


FIGURE 28 


For a vertical line, x; = x2, So x2 — x, = 0. Since we cannot divide by 0, we say 
that a vertical line has no slope. 

The property of constant slope characterizes the straight line; that is, no 
other curve has this property. In fact, to define slope for a curve other than a 
Straight line is not a trivial task; it requires use of the concept of limit, which is 
fundamental to calculus. 


EXAMPLE 4 
Find the slope of the line that passes through the points (4, 2), (1, —2). 


SOLUTION 

We may choose either point as (x), y,) and the other as (x2, y2). Our choice is 
(x1, yi) = (4, 2) and (x2, y2) = (1, —2) 

Then 


X22 — XX 1-4 am 3 


The student should verify that reversing the choice of P, and P2 produces the 
same result for the slope m. We may choose either point as P; and the other as P2, 
but we must use this choice consistently once it has been made. 

Slope is a means of measuring the steepness of a line. That is, slope specifies 
the number of units we must move up or down to reach the line after moving one 
unit to the left or right of the line. In Figure 29 we have displayed several lines 
with positive and negative slopes. We can summarize this way. 
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EQUATIONS OF THE 
STRAIGHT LINE 


Point-Slope Form 


FIGURE 29 


Let m be the slope of a line L. 
(a) When m > 0, the line is the graph of an increasing function. 
(b) When m <0, the line is the graph of a decreasing function. 


(c) When m = 0, the line is the graph of a constant function. 
(d) Slope does not exist for a vertical line, and a vertical line is not the graph 
of a function. 


We can apply the concept of slope to develop two important forms of the equation 
of a straight line. In Figure 30 the point Pi(11, y,) lies on a line L whose slope is 
m. If P(x, y) is any other point on L, then we may use P and P, tocompute m; that 
is, 


which can be written in the form 
yay = mx — x) 


Since (x;, y;) satisfies this equation, every point on L satisfies this equation. 
Conversely, any point satisfying this equation must lie on the line L, since there is 
only one line through Pi(x;, y,) with slope m. This equation is called the point- 
slope form of a line. 


y— Y= mx — x1) 


is an equation of the line with slope m that passes through the point (x), yi). 
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THE PIRATE TREASURE Five pirates traveling with a slave found a chest of gold coins. The pirates agreed 
(PART 1) to divide the coins among themselves the following morning. 

During the night Pirate 1 awoke and, not trusting his fellow pirates, decided 
to remove his share of the coins. After dividing the coins into five equal lots, he 
found that one coin remained. The pirate took his lotand gave the remaining coin 
to the slave to ensure his silence. 

Later that night Pirate 2 awoke and decided to remove his share of the 
coins. After dividing the remaining coins into five equal lots, he found one coin 
left over. The pirate took his lot and gave the extra coin to the slave. 

That same night the process was repeated by Pirates 3, 4, and 5. Each time 
there remained one coin, which was given to the slave. 

in the morning these five compatible pirates divided the remaining coins 
into five equal lots. Once again a single coin remained. 

Question: What is the minimum number of coins there could have been in 
the chest? (For help, see Part Il on page 147.) 


FIGURE 30 
EXAMPLE 2 
Find an equation of the line that passes through the points (6, —2) and 
(-4, 3). 
SOLUTION 


We first find the slope. We let (x;, y1) = (6, —2) and (x2, y2) = (—4, 3); then 
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FIGURE 34 


Slope-Intercept Form 


Next, the point-slope form is used with m = —4 and (x, y;) = (6, —2). 


yr yw = mx — x1) 


y—(-2) = “Hx - 6) 


| 
y= ati 


The student should verify that using the point (—4, 3) and m= —4 in the 
point-slope form will yield the same equation. 


PROGRESS CHECK 
Find an equation of the line that passes through the points (—5, 0) and 
Qi3); 


ANSWER 
os oe 
a 


There is another form of the equation of the straight line that is very useful. 
In Figure 31 the line £ meets the y-axis at the point (0, 6) and is assumed to have 
slope m. Then we can let (x1, y1) = (0, b) and use the point-slope form: 


y- yy =m(x— x) 
y— b=m(x- 0) 
y=mt+b 


Recalling that 5 is the y-intercept, we call this equation the slope-intercept form 
of the line. 


The graph of the equation 
y=mt+b 


is a straight line with slope m and y-intercept b. 


The last result leads to the important conclusion mentioned in the introduction to 
this section. Since the graph of y = mx + b is the graph of the function f{x) = 
mx + b, we have shown that the graph of a linear function is a straight line. 


EXAMPLE 3 
Find the slope and y-intercept of the line y — 3x + 1 =0. 


HORIZONTAL AND 
VERTICAL LINES 


Horizontal Lines 
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SOLUTION 
The equation must be placed in the form y = mx + b. Solving for y gives 


y=3x-1 
and we find that m = 3 is the slope and b = —1 is the y-intercept. 


PROGRESS CHECK 
Find the slope and y-intercept of the line 2y + x —3 = 0. 


ANSWER 


Nlw 


lL . 
slope = m = —9 Y-intercept = b= 


In Figure 32a we have drawn a horizontal line through the point (a, 6). Every 
point on this line has the form (x, b), since the y-coordinate remains constant. If 
P(x,, b) and Q(x2, b) are any two distinct points on the line, then the slope is 


east 
m = —= 


x27 X1 


0 


(a, b) 
(a, b) 


(a) (b) 
FIGURE 32 


We have established the following. 


The equation of the horizontal line through the point (a, 5) is 


y=o 


The slope of a horizontal line is 0. 


In Figure 32b every point on the vertical line through the point (a, b) has the 
form (a, y), since the x-coordinate remains constant. The slope computation 
using any two points P(a, y,) and Q(a, y2) on the line produces 
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Vertical Lines 


a-a 0 
Since we cannot divide by 0, slope is not defined for a vertical line. 


The equation of the vertical line through the point (a, 5) is 


x=a 


A vertical line has no slope. 


x 


PARALLEL AND 
PERPENDICULAR LINES 


EXAMPLE 4 
Find the equations of the horizontal and vertical lines through (—4, 7). 


SOLUTION 
The horizontal line has the equation y = 7. The vertical line has the equation 
x= =4, 


WARNING Don't confuse ‘‘no slope’’ and ‘‘zero slope.’’ A horizontal line has 
zero slope. A vertical line has no slope; in other words, its slope is unde- 
fined. 


The concept of slope of a line can be used to determine when two lines are parallel 
or perpendicular. Since parallel lines have the same ‘‘steepness,’’ we intuitively 
recognize that they must have the same slope. 


Two lines with slopes m, and mz are parallel if and only if 


m, =m? 


The criterion for perpendicular lines can be stated in this way. 


Two lines with slopes m, and m2 are perpendicular if and only if 


ee 
2 m 


These two theorems do not apply to vertical lines, since the slope of a vertical line 
is undefined. The proofs of these theorems are geometric in nature and are out- 
lined in Exercises 54 and 56. 


EXAMPLE 5 

Given the line y = 3x — 2, find an equation of the line passing through the point 
(—S, 4) that is (a) parallel to the given line; (b) perpendicular to the given 
line. 
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THE PIRATE TREASURE 


First, note that any number that is a multiple of 5 can be written in the form 5n, 
(PART Il) 


FORK=17O 
3200 

X= (9125 "K+ 
2101)/1024 
I = INT(X) 
IF X=I1 THEN 
GO TO 60 
NEXT K 
PRINT "MINI- 
MUM NUMBER 
OF COINS="5 
S#I+1 

END 


where n is an integer. Since the number of coins found in the chest by Pirate 1 
was one more than a multiple of 5, we can write the original number of coins C in 
the form C =5n + 1, where nis a positive integer. Now, Pirate 1 removed his lot 
of n coins and gave one to the slave. The remaining coins can be calculated 
as 


5n+1—-—(n+1)=4n 


and since this is also one more than a multiple of five, we can write 4n = 5p + 1, 


where p is a positive integer. Repeating the process, we have the following 
sequence of equations. 


C=5n+1 
4n=5p +1 
4p =5q+1 
4q=5r+1 
4r=5s + 1 
4s =5t+1 


found by Pirate 1 
found by Pirate 2 
found by Pirate 3 
found by Pirate 4 
found by Pirate 5 
found next morning 


Solving for s in the last equation and substituting successively in the preceding 
equations leads to the requirement that 


1024n — 3125t = 2101 (1) 


where n and t are positive integers. Equations such as this, which require integer 
solutions, are called Diophantine equations, and there is an established proce- 
dure for solving them that is studied in courses in number theory. 


You might want to try to solve Equation (1) using a computer program. 
Since 


_ 3125t + 2101 
1024 


you can substitute successive integer values for ft until you produce an integer 
result for n. The accompanying BASIC program does just that. 


SOLUTION 
We first note that the line y = 3x — 2 has slope m, = 3. 


(a) Every line parallel to the line y = 3x — 2 must have slope m2 = m, = 3. We 
therefore seek a line with slope 3 that passes through the point (—5, 4). Using the 
point-slope formula, we have 


yr y = mx — x) 
y—4=3(x+ 5) 
y=3x+ 19 
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(b) Every line perpendicular to the line y = 3x — 2 has slope m2 = —1/m, = 
—1/3. The line we seek has slope —} and passes through the point (—5, 4). We 
can again apply the point-slope formula to obtain 


y- yr = mx — x1) 


y-4=-3(r4+ 5) 


Original line 


Perpendicular 
“= line 


"2.4 19 


m4 


FIGURE 33 


GENERAL FIRST-DEGREE The general first-degree equation in x and y can always be written in the form 
EQUATION 
Ax + By +C=0 
where A, B, and C are constants and A and B are not both zero. We can rewrite 
this equation as 
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If B # 0, the equation becomes 


which we recognize as having a straight-line graph with slope —A/B and y- 
intercept —C/B. If B = 0, the original equation becomes Ax + C = 0, whose 
graph is a vertical line. 


The General e The graph of the general first-degree equation 


First- ree Equation 
peers Ax + By + C=0 


is a Straight line. 
e If B = 0, the graph is a vertical line. 
e If A = 0, the graph is a horizontal line. 


EXERCISE SET 3.4 
In Exercises 1—6 determine the slope of the line through the given points. State whether the line is the graph of an increasing 
function, a decreasing function, or a constant function. 


1. (2, 3), (-1, —3) 2. (1, 2), (~2, 5) 3. (—2, 3), (0, 0) 4. (2,4), (-3, 4) 
1 3 
5. (4.2). (2. 1) 6. (—4, 1), (-1, -2) 
7. Use slopes to show that the points A(—1, —S), 8. Use slopes to show that the points A(—3, 2), B(3, 4), 
Bi, —1), and C(3, 3) are collinear (lie on the same C(5, —2), and D(—1, —4) are the vertices of a paral- 
line). lelogram. 


In Exercises 9-12 determine an equation of the line with the given slope m that passes through the given point. 
1 
9. m=2, (-1, 3) 10. m=—>, (1, -2) ll. m=3, (0, 0) 12. m=0, (-1, 3) 


In Exercises 13—18 determine an equation of the line through the given points. 
13. (2, 4), (-3, —6) 14. (—3, 5), (1, 7) 15. (0, 0), (3, 2) 16. (-2, 4), 3,4 


1 1 
i (-4. -1), (5. 1) 18. (—8, —4), (3, -1) 


In Exercises 19-24 determine an equation of the line with the given slope m and the given y-intercept b. 


19. m=3,b=2 20. m=-3,b=-3 21. m=0,b=2 22. m=—3,b=3 
23. m=+,b=~-5 24, m=-2,b=-4 
- m=3,b= . ’ 7 
In Exercises 25-30 determine the slope m and y-intercept b of the given line. 
25. 3x+4y=5 26. 2x-S5y+3=0 27. y-4=0 28. x=-—5 


29. 3x+4y+2=0 30. x= -y+3 
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In Exercises 31—36 write an equation of (a) the horizontal line passing through the given point and (b) the vertical line 
passing through the given point. 


31. (-6, 3) 326 (55.2) 33. (-7, 0) 34. (0, 5) 
35. (9, —9) 36. (-2. 1) 


In Exercises 37-40 determine the slope of (a) every line that is parallel to the given line and (b) every line that is 
perpendicular to the given line. 


37. =-3x+2 38. 2y—5x+4=0 39. 3y=4x-1 40. Sy+4x=-1 
y y 'y y 


In Exercises 41—44 determine an equation of the line through the given point that (a) is parallel to the given line; (b) is 
perpendicular to the given line. 


41. (1, 3); y= —3x +2 42. (1, 2);3y+ 2x =6 

43. (-3, 2);3x+S5y=2 44. (-1, —3); 3y+4x-5=0 

45. The Celsius (C) and Fahrenheit (F) temperature scales 54. Inthe accompanying figure, lines L; and L3 are par- 
are related by a linear equation. Water boils at 212°F allel. Points A and D are selected on lines L, and Lp, 
or 100°C, and freezes at 32°F or 0°C. respectively. Lines parallel to the x-axis are con- 
(a) Write a linear equation expressing F in terms of structed through A and D that intersect the y-axis at 

C. points B and E. Supply a reason for each of the steps in 

(b) What is the Fahrenheit temperature when the the following proof. 


Celsius temperature is 20°? 


46. The college bookstore sells a textbook that costs $10 
for $13.50, and a textbook that costs $12 for $15.90. 
If the markup policy of the bookstore is linear, write a 
linear function that relates sales price S and cost C. 
What is the cost of a book that sells for $22? 


47. An appliance manufacturer finds that it had sales of 
$200,000 five years ago and sales of $600,000 this 
year. If the growth in sales is assumed to be linear, 
what will the sales amount be five years from now? 


48. A product that cost $2.50 three years ago sells for $3 
this year. If price increases are assumed to be linear, 
how much will the product cost six years from 


now? 
49. Find areal number c such that P(—2, 2) is on the line 
3x +cy=4. 


50. Findareal number c such that the line cx — Sy + 8 = 
0 has x-intercept 4. 

51. Ifthe points (—2, —3) and (—1, 5) are on the graph of 
a linear function f, find f(x). 

52. If f(1) = 4 and f(—1) = 3 and the function f is linear, 


(a) Angles ABC and DEF are equal. 
(b) Angles ACB and DFE are equal. 
(c) Triangles ABC and DEF are similar. 


find f(x). a 2 = 
53. Prove that the linear function f(x) = ax +b is an BA ae aan 
increasing function if a > 0 and is a decreasing func- @ n= CB oe FE 
i 2= >= 


tion if a< 0. BA’ ED 
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(f) =m, = m2 56. In the accompanying figure, lines perpendicular to 
(g) Parallel lines have the same slope. each other, with slopes m, and mg, intersect at a point 
Q. A perpendicular from Q to the x-axis intersects the 
x-axis at the point C. Supply a reason for each of the 
steps in the following proof. 


(a) Angles CAQ and BQC are equal. 
(b) Triangles ACQ and BCQ are similar. 


«) 2-8 
AC COQ 
CO co 
(d) m, =, m2 = GB 
1 
(ce) mz = ——_ 
my 


57. Prove that if two lines have slopes m, and mz such that 
mz = —I1/m,, the lines are perpendicular. 
58. Ifx, and x2 are the abscissas of two points on the graph 


of the function y = f(x), show that the slope m of the 
line connecting the two points can be written as 


55. Prove that if two lines have the same slope, they are m oe 

parallel. 2% 
3.5 Two functional relationships occur so frequently that they are given distinct 
DIRECT AND INVERSE names. They are direct and inverse variation. We say that two quantities vary 
VARIATION directly if an increase in one causes a proportional increase in the other. In the 
(Optional) table 
a | 


DIRECT VARIATION 


we see that an increase in x causes a proportional increase in y. If we look at the 
ratios y/x, we see that 


or y = 3x. The ratio y/x remains constant for all values of y and x # 0. This is an 
example of the principle of direct variation. 


Principle of Direct If y varies directly as x, then y = kx for some constant k. 


Variation 
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As another example, when we say that y varies directly as the square of x, we 
mean that y = kx? for some constant k. The constant k is called the constant of 
variation. 


EXAMPLE 4 

Suppose that y varies directly as the cube of x and that y = 24 when x = —2. 
Write the appropriate equation, solve for the constant of variationk, and use this k 
to relate the variables. 


SOLUTION 
From the principle of direct variation, we know that the functional relationship 
is 


y=ke __ for some constant k 
Substituting the values y = 24 and x = —2, we have 
24 = k-(—2)° = —8k 
k=-3 
Thus, 
y=-3x 


PROGRESS CHECK 

(a) If P varies directly as the square of V, and P = 64 when V = 16, find the 
constant of variation. 

(b) The circumference C of acircle varies directly as the radius r. lf C = 25.13 
when r = 4, express C as a function of r; that is, use the constant of variation to 
relate the variables C and r. 


ANSWERS 


(a) ; (b) C= 6.2825r 


Two quantities are said to vary inversely if an increase in one causes a propor- 
tional decrease in the other. In the table 


we see that an increase in x causes a proportional decrease in y. If we look at the 
product xy, we see that 


xy = 1:°24= 2-12 =3-8=4-6=24 


Principle of Inverse 
Variation 
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or 


In general, the principle of inverse variation is as follows. 


ere k 
If y varies inversely as x, then y = . for some constant k. 


JOINT VARIATION 


Once again, k is called the constant of variation. 


EXAMPLE 2 

Suppose that y varies inversely as x? and that y = 10 when x = 10. Write the 
appropriate equation, solve for the constant of variation k, and use this k to relate 
the variables. 


SOLUTION 
The functional relationship is 


k 
ar for some constant k 


Substituting y = 10 and x = 10, we have 


eee. ee 
10 = TO? ~ 100 
k = 1000 
Thus, 
1000 
ya 
PROGRESS CHECK 
If v varies inversely as the cube of w, and v = 2 when w = —2, find the constant 
of variation. 
ANSWER 
-16 


An equation of variation can involve more than two variables. We say that a 
quantity varies jointly as two or more other quantities if it varies directly as their 
product. 
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EXERCISE SET 3.5 


In the following table, y varies directly with x. 


1. 


2 


EXAMPLE 3 
Express the following statement as an equation: P vanes jointly as R, S, and the 
square of T. 


SOLUTION 
Since P must vary directly as RST”, we have P = KRST? for some constant k. 


EXAMPLE 4 

A snow removal firm finds that the annual profit P varies jointly as the number of 
available plows p and the square of the total inches of snowfall s and inversely as 
the price per gallon of gasoline g. If the profit is $15,000 when the snowfall is 6 
inches, 5 plows are used, and the price of gasoline is $1.50 per gallon, express the 
profit P as a function of s, p, and g. 


SOLUTION 
We are given that 


2 
& 


for some constant k. To determine k, we substitute P = 15,000, p = 5, s = 6, and 
g = 1.5. Thus, 


15,000 = k HO = 294 
1.5 

15,000 _ 

= = 125 

Thus, 

2 
p=125P 
8 


wWwlN 
—e | 
Ale 


(a) Find the constant of variation. 


(a) Find the constant of variation. (b) Write an equation showing that y varies inversely 
(b) Write an equation showing that y varies directly with x. 
with x. (c) Fill the blanks in the table. 
(c) Fill the blanks in the table. 3. If y varies directly as x, and y = —} when x = 8, 
In the accompanying table, y varies inversely with (a) find the constant of variation; 
x. (b) find y when x = 12. 


Il. 


12. 


13. 


If C varies directly as the square of s, and C = 12 
when s = 6, 

(a) find the constant of variation; 

(b) find C whens = 9. 


If s varies directly as the square of ¢, and s = 10 when 
t= 10, 

(a) find the constant of variation; 

(b) find s whent = S. 


If V varies as the cube of 7, and V = 16 when T = 4, 
(a) find the constant of variation; 
(b) find V when T = 6. 


If y varies inversely as x, and y = —4 when x = 6, 
(a) find the constant of variation; 
(b) find y when x = 12. 


If V varies inversely as the square of p, and V = 3 
when p = 6, 

(a) find the constant of variation; 

(b) find V when p = 8. 


If K varies inversely as the cube ofr, and K = 8 when 
r=4, 

(a) find the constant of variation; 

(b) find K when r= S. 


If T varies inversely as the cube of u, and T = 2 when 
u=2, 

(a) find the constant of variation; 

(b) find T when u = S. 


If M varies directly as the square of r and inversely as 

the square of s, and M = 4 whenr = 4 ands = 2, 

(a) write the appropriate equation relating M, r, 
and s; 

(b) find M whenr=6ands=S. 


If f varies jointly as u and v, and f= 36 when u = 3 

and v = 4, 

(a) write the appropriate equation connecting f, u, 
and v; 

(b) find f when u = Sand v=2. 


If T varies jointly as p and the cube of v, and inversely 

as the square of u, and T = 24 when p = 3, v = 2, and 

u=4, 

(a) write the appropriate equation connecting T, p, 
v, and u; 

(b) find 7 when p = 2, v = 3, and u = 36. 

If A varies jointly as the square of b and the square of 


c, and inversely as the cube of d, and A = 18 when 
b=4,c =3, d=2, 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 
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(a) write the appropriate equation relating A, b, c, 
and d; 
(b) find A when b = 9, c = 4, andd = 3. 


The distance s an object falls from rest in ¢ seconds 
varies directly as the square of ¢. If an object falls 144 
feet in 3 seconds, 

(a) how far does it fall in 5 seconds? 

(b) how long does it take to fall 400 feet? 


In a certain state the income tax paid by a person var- 
ies directly as the income. If the tax is $20 per month 
when the monthly income is $1600, find the tax due 
when the monthly income is $900. 


The resistance R of a conductor varies inversely as the 
area A of its cross section. If R = 20 ohms when A = 8 
square centimeters, find R when A = 12 square centi- 
meters. 


The pressure P of a certain enclosed gas varies directly 
as the temperature 7 and inversely as the volume V. 
Suppose that 300 cubic feet of gas exert a pressure of 
20 pounds per square foot when the temperature is 
500° K (absolute temperature measured on the Kelvin 
scale). What is the pressure of this gas when the tem- 
perature is lowered to 400°K and the volume is 
increased to 500 cubic feet? 


The intensity of illumination / from a source of light 

varies inversely as the square of the distance d from 

the source. If the intensity is 200 candlepower when 

the source is 4 feet away, 

(a) what is the intensity when the source is 6 feet 
away? 

(b) how close should the source be to provide an 
intensity of 50 candlepower? 


The weight of a body in space varies inversely as the 
square of its distance from the center of the earth. If a 
body weighs 400 pounds on the surface of the earth, 
how much does it weigh 1000 miles from the surface 
of the earth? (Assume that the radius of the earth is 
4000 miles.) 


The equipment cost of a printing job varies jointly as 
the number of presses and the number of hours that the 
presses are run. When 4 presses are run for 6 hours, 
the equipment cost is $1200. If the equipment cost for 
12 hours of running is $3600, how many presses are 
being used? 

The current / in a wire varies directly as the electro- 
motive force E and inversely as the resistance R. In a 
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23. 


3.6 


wire whose resistance is 10 ohms, a current of 36 
amperes is obtained when the electromotive force is 
120 volts. Find the current produced when E = 220 
volts and R = 30 ohms. 


The illumination from a light source varies directly as 
the intensity of the source and inversely as the square 
of the distance from the source. If the illumination is 


Functions such as 


COMBINING 
FUNCTIONS; INVERSE 


FUNCTIONS 


24. 


fix) =x? 


can be combined by the usual operations of addition, subtraction, multiplication, 


50 candlepower per square foot on a screen 2 feet 
away from a light source whose intensity is 400 can- 
dlepower, what is the illumination 4 feet away froma 
source whose intensity is 3840 candlepower? 


If fvaries directly as wand inversely as the square of v, 
what happens to f if both u and v are doubled? 


g(x) =x-1 


and division. Using these functions f and g, we can form 
Ft Bia) = fa) + ga) =x — 1 
= =f sae Go lar esr] 
(f: g)(x) = fl) + (x) = x(x — 1) = 23 - x? 


x- 1 


In each case, we have combined two functions f and g to form a new function. 
Note, however, that the domain of the new function need not be the same as the 
domain of either of the original functions. The function formed by division in the 
above example has as its domain the set of all real numbers x except x = 1, since 
we cannot divide by 0. On the other hand, the original functions f(x) = x? and 
g(x) = x — | are both defined at x = 1. 


EXAMPLE 4 


Given f(x) = x — 4, g(x) = x? — 4, find the following. 


(a) (f+ g)(x) 


(d) (4) 


SOLUTION 
(a) 


(b) U-— g(x) 
(e) the domain of (Lo 


(c) Gg) 


& 


(f+ g)(x) =flx) + 9(x) = x-44+2?-4= 22 +x-8 


(b) (f— 8)(x) = fi) — g(x) =x - 4-0? - 4) = 2 +x 


(c) 


& 


-4 
4 


(f° g(x) = fx) -g(x) = (x — 4)? — 4) = 23 — 4x2 — 4 + 16 


(d) (4) = = 5— 


(e) The domain of (f/g)(x) must exclude values of x for which x? — 4 = 0. 
Thus, the domain consists of the set of all real numbers except 2 and —2. 
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PROGRESS CHECK 
Given f(x) = 2x7, g(x) =.2 — 5x + 6, find the following. 
(a) (f+ g(x) (b) Uf— g\(x) (c) Ux) 
(d) (E\o (e) the domain of (£ Joo 

& & 
ANSWERS 
(a) 3x7 - 5x +6 (b) x24+5x-6 

2x? 

4_ 2 ets 

(e) 2x? = 10 412% (is mares 


(e) The set of all real numbers except 2 and 3. 


COMPOSITE FUNCTION There is another important way in which two functions fand g can be combined to 
form a new function. In Figure 34 the function f assigns the value y in set Y to x in 
set X; then function g assigns the value z in set Z to y in Y. The net effect of this 
combination of f and g is a new function h, called the composite function of g 
and f, g°f, which assigns z in Z to x*in X. We write the new function as 


h(x) = (8 of\(x) = al Kx)] 


which is read ‘‘g of f of x.”’ 


FIGURE 34 


EXAMPLE 2 
Given f(x) = .°, g(x) = x — 1, find the following. 
(a) f[g(3)) (b) gf f3)] (c) f[g(x)] (dq) glfx)] 


SOLUTION 

(a) We begin by evaluating g(3): 
a(x) =x-1 
g(3)=3-1=2 


Therefore, 


fg(3)] = 2) 
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ONE-TO-ONE FUNCTIONS 


Since 
f\x) = x? 

then 

fl2) = 22 =4 
Thus, 

f{g3)] = 4 

(b) Beginning with f(3), we have 

f3) = 37 =9 


Then we find by substituting (3) = 9 that 
8(f3)] = 89) =9-1=8 
(c) Since g(x) = x — 1, we make the substitution 
F(8@)] = fle — I =(x- 1? =P? - 2+ 1 
(d) Since fo = x, we make the substitution 
8 (Ax) = g(x?) =x? - 1 
Note that f[g(x)] # gl f(x)]. 


PROGRESS CHECK 

Given fix) = x? — 2x, g(x) = 3x, find the following. 

(a) flg(—1)) (b) g(A-1)] (c) flg(x)] 
(d) glfx)] (e) (fe 8)(2) (f) (g°f)(2) 
ANSWERS 

(a) 15 (b) 9 (c) 9x? — 6x 
(d) 3x? — 6x (e) 24 (f) O 


An element in the range of a function may correspond to more than one element in 
the domain of the function. In Figure 35 we see that y in Y corresponds to both x, 
and x2 in X. If we demand that every element in the domain be assigned to a 
different element of the range, then the function is called one-to-one. More 
formally: 
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FIGURE 35 


There is a simple means of determining if a function f is one-to-one by 
examining the graph of the function. In Figure 36a we see that a horizontal line 
meets the graph in more than one point. Thus, f(a) = f(b) although a # 5; hence 
the function is not one-to-one. On the other hand, no horizontal line meets the 
graph in Figure 36b in more than one point; the graph thus determines a one- 
to-one function. In summary, we have the following test. 


Horizontal Line Test If no horizontal line meets the graph of a function in more than one point, then 
the function is one-to-one. 


Not one-to-one One-to-one 
(a) (b) 
FIGURE 36 


EXAMPLE 3 
Which of the graphs in Figure 37 are graphs of one-to-one functions? 
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FIGURE 37 


SOLUTION 

(a) No vertical line meets the graph in more than one point; hence, it is the 
graph of a function. No horizontal line meets the graph in more than one point; 
hence, it is the graph of a one-to-one function. 

(b) No horizontal line meets the graph in more than one point. But vertical lines 
do meet the graph in more than one point. It is therefore not the graph of a 
function and consequently cannot be the graph of a one-to-one function. 

(c) No vertical line meets the graph in more than one point; hence, it is the 
graph of a function. But a horizontal line does meet the graph in more than one 
point. This is the graph of a function but not of a one-to-one function. 


PROGRESS CHECK 
Which of the graphs in Figure 38 are graphs of one-to-one functions? 


ANSWER 
(b) 


FIGURE 38 


INVERSE FUNCTIONS 


FIGURE 39 
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Suppose the function f in Figure 39a is a one-to-one function and that y = f(x). 
Since f is one-to-one, we know that the correspondence is unique; that is, x in X is 
the only element of the domain for which y = f(x). It is then possible to define a 
function g (Figure 39b) with domain Y and range X that reverses the correspon- 
dence, that is, 


gly) =x for every x in X 
If we substitute y = f(x), we have 
glf(x)] =x for every x in X (1) 
Substituting g(y) = x in the equation f(x) = y yields 
flg(y)]=y for every y in Y (2) 


Xx 


The functions fand g of Figure 39 are therefore seen to satisfy the properties 
of Equations (1) and (2). Such functions are called inverse functions. 


If fis a one-to-one function with domain X and range Y, then the function g with 
domain Y and range X satisfying 


glAx)] =x for every x in X 
figy)] =y for every y in Y 


is called an inverse function of f. 


It is not difficult to show that the inverse of a one-to-one function is unique (see 
Exercise 61). 

Since the inverse (reciprocal) 1/x of a real number x # 0 can be written as 
x7', it is natural to write the inverse of a function f as f~'. Thus we have 


f-'YfGd)] = x for every x in X 


fIf~")] =y for every y in ¥ 
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FIGURE 40 


See Figure 40 for a graphical representation. 

In the following chapter we will study a very important class of inverse 
functions, the exponential and logarithmic functions. Always remember that we 
can define the inverse function of f only if f is one-to-one. 


EXAMPLE 4 
Let f be the function defined by 


fy =r -4, x20 


Verify that the inverse of f is given by 


f 'l@=V1r+4 


SOLUTION 
We must verify that f[f~ '(x)] = x and f~'{f(x)] = x. Thus, 
FLIF-'@)) = f(Vx + 4) 
2 aay 4 
Sx+4=4=% 
and 
fF) = £7 "G2? - 4) 
=V(ie—4) +4 
= Vx? = Il 


Since x = 0, 


fo ULf@))] = i =x 


We have verified that the equations defining inverse functions hold, and we 
conclude that the inverse of f is as given. The student should verify (a) that the 
domain of fis the set of nonnegative real numbers and the range of f is the set of 
all real numbers in the interval [—4, ©); (b) that the domain of f~' is the range of f 
and the range of f_! is the domain of f. 
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We may also think of the function f defined by y = f{x) as the set of all 
ordered pairs (x, f(x)), where x assumes all values in the domain of f. Since the 
inverse function reverses the correspondence, the function sity is the set of all 
ordered pairs (f(x), x), where f(x) assumes all values in the range of f. With this 
approach, we see that the graphs of inverse functions are related in a distinct 
manner. First, note that the points (a, b) and (b, a) in Figure 4la are located 
symmetrically with respect to the graph of the line y = x. That is, if we fold the 
paper along the line y = x, the two points will coincide. And if (a, b) lies on the 
graph of a function, then (b, a) must lie on the graph of f~'. Thus, the graphs of 
a pair of inverse functions are reflections of each other about the line y = x. In 
Figure 41b we have sketched the graphs of the functions from Example 4 on the 
same coordinate axes to demonstrate this interesting relationship. 

It is sometimes possible to find an inverse by algebraic methods, as is shown 
by the following example. 


EXAMPLE 5 
Find the inverse function of f(x) = 2x — 3. 


SOLUTION 
By definition, f|f~ '(x)] = x. Then we must have 
SUF) = 24") - 3 = x 
x+3 
2 


Jo) = 


(a) 
FIGURE 44 
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We then verify that f~'[ftx)] = x: 


fLAG)) = a3 +3 =e 
PROGRESS CHECK 
Given f(x) = 3x + 5, find f~'. 
ANSWER 
f-'@) — i 
WARNING 
x (a) In general, f~'(x) + a5 If g(x) =x — 1, then 
8 (x) # 
x= 1 


Use the methods of this section to show that 
g'w=xt+1 


(b) The inverse function notation is not to be thought of as a power. 


EXERCISE SET 3.6 
In Exercises 1-10 f(x) = x? + 1 and g(x) = x — 2. Determine the following. 
1. (f+ g)@) 2. (f + g)(2) 3. (f- gy) 4. (f- g)(3) 
f if 
5. (fr ay(x) 6. (fal) iy (Aw 8 (Aa 
9. the domains of f and of g 10. the domains of J and of 
In Exercises 11-18 f(x) = 2x + 1 and g(x) = 2x? + x. Determine the following. 
Hl. (feg)@) 12. (g°f)@) 13. (fe g)(2) 14. (ge f)(3) 
IS. (fegx+ 1) 16. (fef\—2) 17. (gef)(x - 1) 18. (g°gy(x) 
In Exercises 19-24 f(x) = x? + 4 and g(x) = Vx + 2. Determine the following. 
19. (f° g(x) 20. (g°f)) 
21. (fe f)(-1) 22. the domain of (fe g)(x) 
23. the domain of (g°f)(x) 24. the domain of (g° g)(x) 
In Exercises 25-28 determine (f° g)(x) and (g°f)(x). 
25. f) =x-1, g(x) =x+2 26. fix) = Vax4+1, G(x) =x+2 


+1 
27. fx= =. Q(x) = =a 28. fly = aaa g(x) =x 


TERMS AND SYMBOLS 4165 


In Exercises 29—38 write the given function h(x) as a composite of two functions f and g so that h(x) = (f° g)(x). (There may 
be more than one answer.) 


1 
te): ed 
29. Wx) =22 +3 0: AS 
31. A(x) = (x + 2)8 32. AQ) = (08 + 2? + 1/5 
2 3/2 
33. h(x) = (3 — 2x2)! 34. A(x) = (: pa) 


35. A(x) = x? — 4 36. A(x) =k? + xi -— 4 
37. W(x) = V4~-x 38. A(x) = V2x*7-x +2 
In Exercises 39-44 verify that g =f! for the given functions f and g by showing that f[g(x)] = x and g[ flx)] =x. 


1 
39. fix) =2x+4 g(x) = oa =k) 40. fix) =3x-2 a(x) = z + : 
1 2 3 
A f= 2s gaat 42. f= g(x) = We 
1 1 1 1 
43. fy=- g(x) =- 44. fix) = ——~ g(x) =-+2 
x x x2 x 


In Exercises 45-52 find f~ !(x). Sketch the graphs of y = f(x) and y = f7~ '(x) on the same coordinate axes. 


45. flix) = 2x +3 


49. fW= = -5 


46. fi) =3x-4 


50. fix) =2- et 


47. fix) =3 - 2x 


Sl. fW=xr4+1 


48. fix) = ex ai 


52. fd = — 


In Exercises 53-60 use the horizontal line test to determine whether the given function is a one-to-one function. 


53. fix)=2e-1 
57. fig =—xe +1 


54. fix) =3 - Sx 
58. fixyy=x-2 


2x, x=-l 
59. fx) =42, -l<x<0 
3x —- 1, x>0 


61. Prove that a one-to-one function can have at most one 
inverse function. (Hint: Assume that the functions g 
and h are both inverses of the function f. Show that 
g(x) = A(x) for all real values x in the range of f.) 

62. Prove that the linear function f(x) =ax+b is a 


TERMS AND SYMBOLS 
origin (p. 114) 

x-axis (p. 114) 

y-axis (p. 114) 

coordinate axes (p. 114) 
rectangular coordinate sys- 


quadrant (p. 114) 

coordinates of a point (p. 
114) 

ordered pair (p. 114) 

abscissa (p. 114) 


tem (p. 114) x-coordinate (p. 114) 
Cartesian coordinate sys- ordinate (p. 114) 
tem (p. 114) y-coordinate (p. 114) 


55. fix) =x? -2x4+1 


60. fix) = - 


ic —4x+ 4, 


56. fi) =x?7 + 4x44 


x=2 
x>2 


one-to-one function if a # 0, and is not a one-to-one 


function if a = 0. 


63. Find the inverse of the linear function f(x) = ax + b, 


a+#0. 


distance formula (p. 116) 
graph of an equation in 
two variables (p. 117) 
solution of an equation in 
two variables (p. 117) 
x-intercept (p. 118) 
y-intercept (p. 118) 
symmetry (p. 119) 


symmetry with respect to 
the x-axis (p. 120) 

symmetry with respect to 
the y-axis (p. 120) 

symmetry with respect to 
the origin (p. 120) 

function (p. 124) 

image (p. 124) 
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domain (p. 124) 
range (p. 124) 
independent variable 

(p. 124) 
dependent variable (p. 124) 
vertical line test (p. 126) 
Six) (p. 127) 
graph of a function (p. 130) 
increasing function (p. 136) 


decreasing function (p. 136) 
constant function (p. 136) 
linear function (p. 138) 
quadratic function (p. 138) 
parabola (p. 138) 
polynomial function 

(p. 139) 
slope (p. 141) 
point-slope form (p. 143) 


KEY IDEAS FOR REVIEW 

CJ Ina rectangular coordinate system, every ordered pair of 
real numbers (a, b) corresponds to a point in the plane, 
and every point in the plane corresponds to an ordered 
pair of real numbers. 


OC) The distance PO between points P(x;, y;) and Q(x2, y2) 
is given by the distance formula 


PO = Vig — x1)? + 02 — yi 
CJ An equation in two variables can be graphed by plotting 


points that satisfy the equation and joining the points to 
form a smooth curve. 


L) A function is a rule that assigns exactly one element y of 
a set Y to each element x of a set X. The domain is the set 
of inputs, and the range is the set of outputs. 


© A graph represents a function if no vertical line meets 
the graph in more than one point. 


L) The domain of a function is the set of all real numbers 
for which the function is defined. Beware of division by 
zero and of even roots of negative numbers. 


CJ Function notation gives the definition of the function 
and also the value or expression at which to evaluate the 
function. If the function f is defined by fix) = x + 2x, 
then the notation f(3) denotes the result of replacing the 
independent variable x by 3 wherever it appears: 

fy) = 2x7 + 2x 
fG) = 3? + 23) = 15 

O) To graph fix), simply graph y = fix). 

(J An equation is not the only way to define a function. 
Sometimes a function is defined by a table or chart, or 
by several equations. Moreover, not every equation 
determines a function. 

CL As we move from left to right, the graph of an increasing 
function rises and the graph of a decreasing function 
falls. The graph of a constant function neither rises nor 
falls; it is horizontal. 


slope-intercept form 
(p. 144) 
general first-degree equa- 
tion (p. 149) 
direct variation (p. 151) 
constant of variation 
(p. 152) 
inverse variation (p. 152) 
joint variation (p. 153) 


composite function (p. 157) 
fle(x)l (p. 157) 

fog (p. 157) 

one-to-one function (p. 158) 
horizontal line test (p. 159) 
inverse function (p. 161) 
f-' (p. 161) 


C) The graph of a function can have holes or gaps, and can 
be defined in ‘‘pieces.’* 


C) Polynomials in one variable are all functions and have 
“*smooth’’ curves as their graphs. 

O) The graph of the linear function fix) = ax +b is a 
straight line. 

©) Any two points on a line can be used to find its slope 
m 


m = 2—2 
42%} 

L) Positive slope indicates that a line is rising; negative 
slope indicates that a line is falling. 

L) The slope of a horizontal line is 0; the slope of a vertical 
line is undefined. 

L) The point-slope form of a line is y — y, = m(x — x}). 

L) The slope-intercept form of a line is y = mx + b. 

(J The equation of the horizontal line through the point 
(a, b) is y = b; the equation of the vertical line through 
the point (a, b) is x = a. 

CJ Parallel lines have the same slope. 

L) The slopes of perpendicular lines are negative recipro- 
cals of each other. 

L) The graphs of the linear function Ax) = ax + b and of 
the general first-degree equation Ax + By=C are 
always straight lines. 

C) Direct and inverse variation are functional relation- 
ships. 

C) We say that y varies directly as x if y = kx for some 


constant k; we say that y varies inversely as x if y = k/x 
for some constant k. 


CL Joint variation is a term for direct variation involving 
more than two quantities. 


C) Functions can be combined by the usual operations of 
addition, subtraction, multiplication, and division. 
However, the domain of the resulting function need not 
correspond with the domain of either of the original 
functions. 


(1 A composite function is a function of a function. 


CL] We say a function is one-to-one if every element of the 
range corresponds to precisely one element of the 
domain. 
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CJ Nohorizontal line meets the graph of a onc-to-one func- 
tion in more than one point. 

C) The inverse of a function, f~!, reverses the correspon- 
dence defined by the function f. The domain of f 
becomes the range of f~', and the range of f becomes 
the domain of f~!. 


C) The inverse of a function f is defined only if fis a one- 
to-one function. 


Solutions to exercises whose numbers are in color are in the Solutions section in the back of the book. 


3.1 1. Find the distance between the points (—4, —6) 


and (2, —1). 

2. Find the length of the longest side of the triangle 
whose vertices are A(3, —4), B(—2, —6), and 
C(-1, 2). 

In Exercises 3 and 4 sketch the graph of the given equa- 
tion by forming a table of values. 


3. y=l1-l 4. y=Vx-2 
In Exercises 5 and 6 analyze the given equation for 
symmetry with respect to the x-axis, y-axis, and ori- 
gin. 


5. y=1-x x 


2 

x= 5 

3.2 In Exercises 7 and 8 state if the graph determines y to 
be a function of x. 


6. y= 


ds 


In Exercises 9 and 10 determine the domain of the giv- 
en function. 


V3; _< nea. Sane 
9. f(x) = V3x-5 10. 0 eae rere 
ll. If f(x) = Vx—1, find a real number whose 
image is 15. 
12. If ft) =? + 1, find a real number whose image 
is 10. 
In Exercises 13-15 f(x) = x7 — x. Evaluate the follow- 
ing. 
13. f(-3) 14. fy-1) 


15. Meena) h £0 


3.3 Exercises 16-19 refer to the function f defined by 


x=, x=-l 
fly = 52, -l<x=s2 
=2, x>2 


16. Sketch the graph of the function /. 


17. Determine where the function f is increasing, 
decreasing, and constant. 


18. Evaluate f(—4). 
19. Evaluate f(4). 
3.4 In Exercises 20-25 the points A and B have coordinates 
(—4, —6) and (—1, 3), respectively. 
20. Find the slope of the line through A and B. 


21. Find an equation of the line through the points A 
and B. 


22. Find an equation of the line through A that is 
parallel to the y-axis. 
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23. Find an equation of the horizontal line through 
B. 


24. Find an equation of the line through A that is 
parallel to the line 2x — y -— 3 = 0. 


25. Find an equation of the line through B that is 
perpendicular to the line 2y + x — 5 = 0. 


3.5 26. If R varies directly as q, and if R = 20 when q = 


5, find R when q = 40. 

27. If S varies inversely as the cube of 1, and if S = 8 
when t= —I, find S when 1 = —2. 

28. P varies jointly as q and r and inversely as the 
square of t, and P = —3 when q = 2, r= -3, 
and t= 4. Find P when q=~—l, r=}, and 
1=4. 

3.6 In Exercises 29-34 fix) =x +1 and g(x) = x?- 1, 

Determine the following. 


29. (f+ g(x) 30. (f*8)(-1) 


PROGRESS TEST 3A 
1. Find the perimeter of the triangle whose vertices are 
(2, 5), (—3, 1), and (—3, 4). 
2. Use symmetry to assist in sketching the graph of the 
equation y = 2x? — 1. 
3. Analyze the equation y = 1/x? for symmetry with 
respect to the axes and origin. 


4. Determine the domain of the function 


1 
Me as waa 
5. If f= Vx —1, find a real number whose~image 
is 4. 
6. If f(x) = 2x? + 3, find f(2z). 
Problems 7-9 refer to the function f defined by 


0, x< -2 
Six) = 4 lxl, —2<x<3 
2 x, x>3 


7. Determine where the function fis increasing, decreas- 
ing, and constant. 
8. Evaluate f(—5S). 9. Evaluate f(—2). 


10. Find anequation of the line through the points (—3, 5) 
and (—5, 2). 


the domain of 


(4) 


33. (g°f)(x) 34. (f°g)(2) 
In Exercises 35-38 fix) = Vx —2 and g(x) =x, 
Determine the following. 


31. (4) 32. 


35. fea)x) 36. (g °f)(x) 

37. (f° 8-2) 38. (g°f)(—2) 

In Exercises 39 and 40 fix) = 2x + 4 and g(x) = 

2-2 

77 2: 

39. Prove that f and g are inverse functions of each 
other. 


40. Sketch the graphs of y = f(x) and y = g(x) on the 
same coordinate axes. 


11. Find an equation of the vertical line through the point 
(—3, 4). 

12. Find the slope m and y-intercept b of the line whose 
equation is 2y — x = 4. 

13. Find an equation of the line through the point (4, — 1) 
that is parallel to the x-axis. 

14. Find an equation of the line that passes through the 
point (—2, 3) and is perpendicular to the line 

y—3x-2=0 

15. Ifh varies directly as the cube of r, and h = 2 when 

r= —4, find h when r= 4. 


16. T varies jointly as a and the square of b and inversely 
as the cube of c, and T = 64 when a = —1, b=}, 
and c = 2. Find 7 when a = 2, b= 4, andc= —1. 


In Problems 17-19 f(x) = I/(x — 1) and g(x) = x*. Find the 
following. 

17. (f- g)(2) 18, (4) 

19. (gef)(3) 


20. Prove that f(x) = —3x + | and g(x) = —4(x — 1) 
are inverse functions of each other. 


PROGRESS TEST 3B 
1. Find the length of the shorter diagonal of the parallel- 
ogram whose vertices are (—3, 2), (—5, —4), (3, —4), 


and (5, 2). 
2. Use symmetry to assist in sketching the graph of the 
equation y* = —4x + 4. 


3. Analyze the equation x? — xy + 2 = 0 for symmetry 
with respect to the axes and the origin. 
4. Determine the domain of the function 
2 


f(x) = 


16 — x? 
5S. If f(x) = x? — 2x, find a real number whose image is 
—1. 
6. If fi) = Vx — 1, find f(4). 
Problems 7-9 refer to the function f defined by 


x- 1, x=-3 
f(x) = 4 10, —-3<xs3 
Vx, x>3 


7. Determine where the function f is increasing, decreas- 
ing, and constant. 


8. Evaluate f(2). 9. Evaluate f(—S). 


10. Find the slope of the line through the points (—2, —3) 
and (-—4, 6). 


PROGRESS TEST 3B 4169 


11. Find an equation of the horizontal line through the 
point (—6, —S). 

12. Find the y-intercept of the line through the points 
(4, —3) and (—1, 2). 

13. Determine the slope of every line that is perpendicular 
to the line 6y — 2x = 5. 


14. Determine an equation of the line that passes through 
the point (3, —2) and is parallel to the line 


3y+x-4=0 
15. IfA varies inversely as the square of b, andifA = —2 
when b = 4, find A when b = 3. 


16. R varies jointly as x and the square root of y and 
inversely as the square of z, and R = 3 when x = 2, 
y = 9, and z = 4. Find the constant of variation. 


In Problems 17-19 fix) = 1/Vx + 1 and g(x) =x — 1. Find 
the following. 


17. (fe g)(3) 18. 
19. (f° g)(x) 


(f + g)Q) 


20. Prove that f(x) = * and g(x) = : are inverse func- 


tions. 
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EXPONENTIAL AND 
LOGARITHMIC 
FUNCTIONS 


Thus far in our study of algebra we have dealt primarily with functions that are 
polynomials, or sums, differences, products, quotients, or powers of polynomi- 
als. In this chapter we introduce a new type of function, the exponential function, 
and its inverse, the logarithmic function. 

Exponential functions arise in nature and are useful in chemistry, biology, 
and economics, as well as in mathematics and engineering. We will study appli- 
cations of exponential functions in calculating such quantities as compound inter- 
est and the growth rate of bacteria in a culture medium. 

Logarithms can be viewed as another way of writing exponents. Histori- 
cally, logarithms have been used to simplify calculations; in fact, the slide rule, a 
device long used by engineers, is based on logarithmic scales. In today’s world of 
inexpensive hand calculators, the need for manipulating logarithms is reduced. 
The section on computing with logarithms will provide enough background to 
allow you to use this powerful tool but omits some of the detail found in older 
textbooks. 


The function f(x) = 2* is very different from any of the functions we have worked 
with thus far. Previously we defined functions by using the basic algebraic oper- 
ations (addition, subtraction, multiplication, division, powers, and roots). How- 
ever, f(x) = 2* has a variable in the exponent and doesn’t fall into the class of 
algebraic functions. Rather, it is our first example of an exponential function. 


An exponential function has the form 


fix) = &* 


where a >0, a # 1. The constant a is called the base, and the independent 
variable x may assume any real value. 
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GRAPHS OF EXPONENTIAL 
FUNCTIONS 


The best way to become familiar with exponential functions is to sketch their 
graphs. 


EXAMPLE 4 
Sketch the graph of f(x) = 2*. 


SOLUTION 

We let y = 2*, and we form a table of values of x and y. Then we plot these points 
and sketch the smooth curve as in Figure |. Note that the x-axis is a horizontal 
asymptote. 


In a sense, we have cheated in our definition of f(x) = 2* and in sketching the 
graph in Figure 1. Since we have not explained the meaning of 2* when x is 
irrational, we have no right to plot values such as 2¥?. For our purposes, how- 
ever, it will be adequate to think of 2Y? as the value we approach by taking 
successively closer approximations to V2, such as 2!-4, 21-4! 2!-414 
precise definition is given in more advanced mathematics courses, where it is also 
shown that the laws of exponents hold for irrational exponents. 

We now look at f(x) = a* when 0<a< 1. 


EXAMPLE 2 
Sketch the graph of fix) = Gy. = 27*: 


PROPERTIES OF THE 
EXPONENTIAL FUNCTIONS 


Properties of the 
Exponential Functions 
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SOLUTION 
We form a table, plot points, and sketch the graph shown in Figure 2. Note that 
the graph of y = 2°” is a reflection about the y-axis of the graph of y = 2*. 


In Figure 3 we have sketched the graphs of 
1\* L\* 
fort ener AX)= (5) K(x) = (3) 
on the same coordinate axes to provide additional examples of the graphs of 


exponential functions. 


The graphs in Figure 3 illustrate the following important properties of the expo- 
nential functions. (Recall that the definition of the exponential function f(x) = a* 
requires that a > 0 and a # 1.) 


e The graph of f(x) = a* always passes through the point (0, 1), since a° = 


e The domain of f(x) = a‘ consists of the set of all real numbers; the range is the 
set of all positive real numbers. 


© If a>1, a* is an increasing function; if a<1, a is a decreasing func- 
tion. 


e Ifa<b, thena* < & forall x > 0, and a* > b* for all x < 0. Note in Figure 3 
that y = 3* lies above y = 2* when x > 0 and below it when x <0. 
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FIGURE 3 


Since a” is either increasing or decreasing, it never assumes the same value 
twice. (Recall that a + |.) This leads to a useful conclusion. 


If a“ = a’, then u=v. 


The graphs of a* and b* intersect only atx = 0. This observation provides us 
with the following result. 


If a“ = b” for u # 0, then a= b. 


EXAMPLE 3 
Solve for x. 
@ 3°" ob) 2ee=1)" (3*=9>' 


SOLUTION 
(a) Since a“ = a’ implies u = v, we have 


10 = 5x 


2=x 


THE NUMBER e 
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(b) Since a“ = &* implies a = b, we have 


2=x-1 
3=x 
(c) 37 =H S327 7 1 = 3-2 
Since a“ = a’ implies u = v, we have 
3x =2x-2 
x=-2 
PROGRESS CHECK 
Solve for x. 
(a) 28 =2*+! (b) 427 = gil (c) gtli=9 
ANSWERS 


There is an irrational number that was first designated by the letter e by the Swiss 
mathematician Leonhard Euler (1707-1783). The number e is the value 
approached by the expression 
(+5) 
m 


as m gets larger. The procedure for studying the behavior of this expression as m 
gets larger and larger is developed in calculus courses. We will simply evaluate 
this expression for different values of m, as shown in Table 1. 


The function f(x) = e* is called the natural exponential function; we 
assume that this is the function referred to when someone speaks of ‘‘the expo- 
nential function.’’ The graphs of f{x) = e* and f(x) = e * are shown in Figure 4. 
Since e ~ 2.71828, the graph of y = e* falls between the graphs of y = 2* and 

= 3*. Table I in the Tables Appendix lists values for e* and e~*. 
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APPLICATIONS 


Exponential Growth 


FIGURE 4 


Exponential functions occur in a wide variety of applied problems. We will look 
at problems dealing with population growth, such as predicting the growth of 
bacteria in a culture medium; radioactive decay, such as determining the half-life 
of strontium 90; and the interest earned when an interest rate is compounded. 


The function Q defined by 
Q(t) = qe", k>0 


in which the variable ¢ represents time, is called an exponential growth model; k 
is a constant and ¢ is the independent variable. We may think of Q as the quantity 
of a substance available at any given time ¢. Note that when ¢ = 0 we have 


Q(0) = qoe® = go 


which says that qo is the initial quantity. (It is customary to use the subscript 0 to 
denote an initial value.) The constant k is called the growth constant. 


EXAMPLE 4 
The number of bacteria in a culture after ¢ hours is described by the exponential 
growth model 


Q(t) = 50¢°-7 


(a) Find the initial number of bacteria, go, in the culture. 
(b) How many bacteria are in the culture after 10 hours? 
SOLUTION 

(a) To find go we need to evaluate Q(t) at t = 0: 


Q(0) = 50€°7 = 506° = 50 = go 


Exponential Decay 
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Thus, there are initially SO bacteria in the culture. 
(b) The number of bacteria in the culture after 10 hours is given by 


Q(10) = 50e9-7" = 50e7 = 50(1096.6) = 54,830 


Thus, there are 54,830 bacteria after 10 hours. (The value e” = 1096.6 can be 
found by using Table I in the Tables Appendix; it can also be found by using a 
calculator with a ‘‘y*’’ key, with y = e = 2.71828 and x = 7.) 


PROGRESS CHECK 

The number of bacteria in a culture after ¢ minutes is described by the exponential 
growth model Q(t) = qoe°*. If there were 100 bacteria present initially, how 
many bacteria will be present after | hour has elapsed? 


ANSWER 
135 


The model defined by the function 
Q(1) = qe, =k >0 


is called an exponential decay model; k is aconstant, called the decay constant, 
and ¢ is the independent variable denoting time. Here is an application of this 
model. 


EXAMPLE 5 
A substance has a decay rate of 5% per hour. If 500 grams are present initially, 
how much of the substance remains after 4 hours? 


SOLUTION 
The general equation of an exponential decay model is 


Q(t) = qoe~“ 


In our model, go = 500 grams (since the quantity available initially is 500 
grams), and k = 0.05 (since the decay rate is 5% per hour). After 4 hours 


Q(4) = 500e~ °°) = 500e~°? = 500(0.8187) = 409.4 


(The value e~°:? = 0.8187 is obtained from Table I in the Tables Appendix). 
Thus, there remain 409.4 grams of the substance. 


PROGRESS CHECK 

The number of grams Q of a certain radioactive substance present after ¢ seconds 
is given by the exponential decay model Q(r) = goe~°’. If 200 grams of the 
substance are present initially, find how much remains after 6 seconds. 


ANSWER 
18.1 grams 
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Compound Interest We begin by recalling the definition of simple interest. If the principal P is 
invested at a simple annual interest rate ,, then the amount or sum S that we will 
have after ¢ years is given by 


S=P+ Prt 


In many business transactions the interest that is added to the principal at regular 
time intervals also earns interest. This is called the compound interest pro- 
cess. 

The time period between successive additions of interest is known as the 
conversion period. If interest is compounded quarterly, the conversion period is 
three months; if interest is compounded semiannually, the conversion period is 
six months. 

Suppose now that a principal P is invested at an annual interest rate r, 
compounded k times a year. Then each conversion period lasts t = 1/k years. 
Thus, the amount S, at the end of the first conversion period is 


S\ =P + Prt 


1 r 
=P+P: ceo od +- 
"k (1 i) 


The amount S> at the end of the second conversion period is 


Sz = S, + Sirt 
= r ee 
=P(1 +f) +P(1 +!) aan 
r r 
[P+ +a) 
2 
r 
S2 = P(1 + r) 
In this way, we see that the amount S,, after n conversion periods is given by 
7 a 
5, = P(1+2) 
which is usually written 


where i = r/k. Table IV in the Tables Appendix gives values of (1 + i)” for a 
number of values of i and n. Accurate results can also be obtained by using a 
calculator with a ‘‘y"’’ key. 
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EXAMPLE 6 

Suppose that $6000 is invested at an annual interest rate of 8%. What will the 
value of the investment be after 3 years if 

(a) interest is compounded quarterly? 

(b) interest is compounded semiannually? 


SOLUTION 
(a) We are given P = 6000, r= 0.08, k= 4, and n= 12 (since there are 4 
conversion periods per year for 3 years). Thus, 


and 

S = P(1 + i)" = 6000(1 + 0.02)!? 
Table IV in the Tables Appendix, with i= r/k = 0.02 = 2% and n= 12, 
yields 

S = 6000(1.26824179) = 7609.45 


Thus, the sum at the end of the three-year period will be $7609.45. 

(b) We have P = 6000, r = 0.08, k = 2, and n = 6 (since there are 2 conver- 
sion periods per year for 3 years). Then 
r_ 0.08 
a 
S = P(1 + i)" = 6000(1 + 0.04)® 


Table IV in the Tables Appendix, with i = 0.04 = 4% and n = 6, yields 
S = 6000(1.26531902) = 7591.91 


The sum at the end of the three-year period will be $7591.91, which is $17.54 
less than the interest earned when compounding is quarterly rather than semian- 
nual. 


= 0.04 


C= 


PROGRESS CHECK 
Suppose that $5000 is invested at an annual interest rate of 6% compounded 
semiannually. What is the value of the investment after 12 years? 


ANSWER 
$10,163.97 


WARNING) When using Table IV, be certain that 7 is the total number of con- 
version periods and i is the interest rate per conversion period. For example, an 
interest rate of 18% compounded monthly for 2 years leads to n = 24 and 
i= 4%. 
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Continuous 
Compounding 


When P, r, and ¢ are held fixed and the frequency of compounding is increased, 
the return on the investment is increased. We wish to determine the effect of 
making the number of conversions per year larger and larger. 

Suppose a principal P is invested at an annual rate r, compounded k times 
per year. After ¢ years, the number of conversions is n = tk. Then the value of the 


investment after ¢ years is 
r tk 
S= P(1 + r) 
k 


Letting m = k/r, we can rewrite this equation as 


i tmr 
s=p(i+4) 
m 


sfle-d] 


If the number of conversions k per year gets larger and larger, then m gets larger 
and larger. Since we saw in Table | of this chapter that the expression 


(ay 


gets closer and closer to e as m gets larger and larger, we conclude that 


or 


S = Pe" (1) 


As the number of conversions increases, so does the value of the investment. 
But there is a limit, or bound, to this value, and it is given by Equation (1). We 
say that Equation (1) represents the result of continuous compounding. 


EXAMPLE 7 
Suppose that $20,000 is invested at an annual interest rate of 7% compounded 
continuously. What is the value of the investment after 4 years? 


SOLUTION 
We have P = 20,000, r = 0.07, and t = 4, and we substitute in Equation (1): 


S = Pe" 
= 20,000e°°7 = 20,000e° 28 
= 20,000(1 .3231) from Table I, Tables Appendix, or a calculator 
= 26,462 


The sum available after 4 years is $26,462. 
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PROGRESS CHECK 


Suppose that $10,000 is invested at an annual interest rate of 10% compounded 
continuously. What is the value of the investment after 6 years? 


ANSWER 
$18,221 


By solving Equation (1) for P, we can determine the principal P that must be 
invested at continuous compounding to have a certain amount S at some future 
time. The values of e~* from Table I in the Tables Appendix will be used in this 
connection. 


EXAMPLE 8 
Suppose that a principal P is to be invested at continuous compound interest of 
8% per year to yield $10,000 in 5 years. Approximately how much should be 


invested? 
SOLUTION 
Using Equation (1) with S = 10,000, r = 0.08, and ¢ = 5, we have 
S = Pe" 
10,000 = Pe®-08(5) = Pe9.40 

_ 10,000 

a 00-40 

= 10,000e°°*° 


10,000(0.6703) from Table I, Tables 
Appendix, or a calculator 


= 6703 
Thus, approximately $6703 should be invested initially. 


PROGRESS CHECK 

Approximately how much money should a 35-year-old woman invest now at 
continuous compound interest of 10% per year to obtain the sum of $20,000 upon 
her retirement at age 65? 


ANSWER 
$996 
EXERCISE SET 4.4 
In Exercises 1-12 sketch the graph of the given function f. 
lL. fin= 2. fin =4™ 3. fix) = 10 4. flix) = 107 
5. fix) =2"*! 6 fy =2e! 7. fy = 24H 8. fix) = 27! 


9 fy= 10. fix) =3>* ll. fixy = et! 12. fix) =e" 
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In Exercises 13—20 solve for x. 


13). 2° =2? 14728 [Ss 38 = 977 16. 2% = grt? 

Te 2 =a 18. 34 =9r! 1. gol =e 20. e '=1 

In Exercises 21—24 solve for a. 

21. (a+ 1)* =(2Qa- 1) 22. (2a+ 1° =(a + 4)* 

23. (a+ 1)° = (2a 24. (2a + 3)" = Ga + 1)* 

In Exercises 25-29 use Table I in the Tables Appendix to evaluate e“ and e*. 

25. The number of bacteria in a culture after ¢ hours is qoe° °"'. If there were 400 bacteria present ini- 
described by the exponential growth model Q(t) = tially, how many bacteria are present after 2 
200e°:25! days? 

(a) What is the initial number of bacteria in the cul- 27. At the beginning of 1975 the world population 
ture? was approximately 4 billion. Suppose that the 

(b) Find the number of bacteria in the culture after population is described by an exponential 
20 hours. growth model, and that the rate of growth is 2% 

(c) Use Table I in the Tables Appendix to complete per year. Give the approximate world popula- 
the following table. tion in the year 2000. 

28. The number of grams of potassium 42 present 
after ¢ hours is given by the exponential decay 
model Q(t) = qoe °°". If 400 grams of the 
substance were present initially, how much 
remains after 10 hours? 

29. A radioactive substance has a decay rate of 4% 
per hour. If 1000 grams were present initially, 

26. The number of bacteria in a culture after ¢ hours is how much of the substance remains after 10 


described by the exponential growth model Q(t) = 


hours? 


In Exercises 30-33 use Table IV in the Tables Appendix, or a calculator, to assist in the computations. 


30. An investor purchases a $12,000 savings certificate Investment A pays 8% annual interest compounded 
paying 10% annual interest compounded semiannual- quarterly, and investment B pays 9% compounded 
ly. Find the amount received when the savings certif- annually. Which investment will yield a greater 
icate is redeemed at the end of 8 years. return? 

31. The parents of a newborn infant place $10,000 in an 33. A firm intends to replace its present computer in 5 
investment that pays 8% annual interest compounded years. The treasurer suggests that $25,000 be set aside 
quarterly. What sum is available at the end of 18 years in an investment paying 12% compounded monthly. 
to finance the child’s college education? What sum will be available for the purchase of the new 

32. A widow is offered a choice of two investments. computer? 

22:/ In Exercises 34—38 use Tables I and IV in the Tables Appendix, or a calculator, to assist in the computations. 

34. If $5000 is invested at an annual interest rate of 9% pound interest of 9% to yield $50,000 in 20 years. 
compounded continuously, how much is available What is the approximate value of P to be invested? 
after 5 years? 37. A 40-year-old executive plans to retire at age 65. How 

35. If $100 is invested at an annual interest rate of 5.5% much should be invested at 12% annual interest com- 
compounded continuously, how much is available pounded continuously to provide the sum of $50,000 
after 10 years? upon retirement? 

36. A principal P is to be invested at continuous com- 38. Investment A offers 8% annual interest compounded 
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semiannually, and investment B offers 8% annual invested in each, what would be the approximate dif- 
interest compounded continuously. If $1000 were ference in value after 10 years? 
In Exercises 39 and 40 use a calculator to deterrnine which number is greater. 
39. 2". a 40. 3%, wr 
4.2 We have previously noted that f(x) = a” is an increasing function if a > 1 anda 
LOGARITHMIC decreasing function if 0 <a < 1. It is thus clear that no horizontal line can meet 
FUNCTIONS the graph of f(x) = a‘ in more than one point. We conclude that the exponential 


SE function is a one-to-one function. 

LOGARITHMS AS In Figure Sa, we see the function f(x) = 2* assigning values in the set Y for 

EXPONENTS various values of x in the domain X. Since f(x) = 2” is a one-to-one function, it 
makes sense to seek a function f~ ' that will return the values of the range of fback 
to their origin as in Figure 5b. That is, 


f maps 3 into 8, f—! maps 8 into 3 
f maps 4 into 16, f~! maps 16 into 4 


(b) 
FIGURE 5S 


and so on. Since 2” is always positive, we see that the domain of f~ ' is the set of 
all positive real numbers. Its range is the set of all real numbers. 

The function f~' of Figure Sb has a special name, the logarithmic function 
base 2, which we write as log. It is also possible to generalize and define the 
logarithmic function as the inverse of the exponential function with any base a 
such that a > 0 and a # 1. 


Logarithmic Function y=log, x if and only if x =a" 


Base a 


When no base is indicated, the notation log x is interpreted to mean log)o x. 

The notation In x is used to indicate logarithms to the basc e. Since In x is the 
inverse of the natural exponential function e’, it is called the natural logarithm 
of x. 
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Natural Logarithm In x = log, x 


The exponential form x = a” and the logarithmic form y = log, x are two 
ways of expressing the same relationship among x, y, and a. Further, it is always 
possible to convert from one form to the other. The natural question, then, is why 
bother to create a logarithmic form when we already have an equivalent expo- 
nential form. One reason is to allow us to switch an equation from the form x = a” 
to a form in which y is a function of x. We will also demonstrate that the loga- 
rithmic function has some very useful properties. 


EXAMPLE 4 
Write in exponential form. 


(a) log39=2 (b) log? ; =-3 


(c) logis 4 = 5 (@) n739=2 


SOLUTION 
We change from the logarithmic form log, x = y to the equivalent exponential 
form a” = x. 
(a) 37=9 (b) 2-3= : (c) 16'7=4 (d) e? = 7.39 
PROGRESS CHECK 
Write in exponential form. 
1 
(a) logs 64 = 3 (©) losio( zo4oa) = 74 
(c) loges 5 = > (d) In 0.3679 = -1 
ANSWERS 
1 
12 -4 
(a) 4° = 64 (b) 10 10,000 
(c) 25'7=5 (d) e~'=0.3679 
EXAMPLE 2 


Write in logarithmic form. 


(a) 36=62 (b) 7=V49~— (c) 


Axe (d) 0.1353 = e~? 


al- 


LOGARITHMIC 
EQUATIONS 
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SOLUTION 

Since y = log, x if and only if x = a’, the logarithmic forms are 
(a) loge 36 =2 (b) logag 7 = ; 

() loge =-2 — (d) In 0.1353 = -2 
PROGRESS CHECK 

Write in logarithmic form. 

(a) 64 = 8? (b) 6 = 36! 

(c) i= ie (d) 20.09 = e? 
ANSWERS 

(a) logs 64=2 (b) logs6 6= ; 
(c) logy ts =4 (@) In 20,09 =3 


Logarithmic equations can often be solved by changing them to equivalent expo- 
nential forms. Here are some straightforward examples; more challenging prob- 
lems will be handled in Section 4.5. 


EXAMPLE 3 

Solve for x. 

(a) log3 x = —2 (b) log, 81=4 
(c) logs 125 =x (d) Inx= 4 
SOLUTION 


(a) Using the equivalent exponential form, we have 


x=377= 


oOl=— 


(b) Changing to the equivalent exponential form, we have 
x‘ = 81 = 34 
Since a“ = b* implies a = b, we have 


x=3 
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LOGARITHMIC IDENTITIES 


(c) In exponential form we have 

S* = 125 
Writing 125 to the base 5, we have 

x= 53 
and since a“ = a” implies u = v, we conclude that 

x=3 
(d) The equivalent exponential form is 
x=e!? = 1.65 


which we obtain from Table I in the Tables Appendix or by using a calculator 
with a ‘‘y*’’ key. 


PROGRESS CHECK 
Solve for x. 


(a) log, 1000=3 (b) logx=5 (©) x= logy 45 


ANSWERS 
(a) 10 (b) 32 (Cc): =2 


If f(x) = a", then f(x) = log, x. Recall that inverse functions have the property 
that 


fif-'@O) =x and fo '[fx)] =x 
Substituting f(x) = a‘ and f~ '(x) = log, x, we have 
ff t@l=x  fUD)] =x 
Rlog, x) =x f @)=x 


bx = x log, a” =x 


These two identities are useful in simplifying expressions and should be remem- 
bered. 


MEASURING AN 
EARTHQUAKE 


anticipate 


Richter Scale 
Readings 


Here's what you can 
from —earth- 


quakes of various Richter 
scale readings. 


2.0 
45 


6.0 


7.0 


8.0 
8.7 


not noticed 

some damage in a 
very limited area 
hazardous; serious 
damage with de- 
struction of build- 
ings in a_ limit- 
ed area 

felt over a wide area 
with significant dam- 
age 

great damage 
maximum recorded 


The great San 


Francisco earthquake of 
1906 is estimated to have 


had a_ Richter 


scale 


reading of 8.3. 
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Radio and television newscasts often describe earthquakes in this way: "A minor 
earthquake in China registered 3.0 on the Richter scale,” or, “A major earth- 
quake in Chile registered 8.0 on the Richter scale.” From statements like this we 
know that 3.0 is a “low” value and 8.0 is a “high” value. But just what is the 
Richter scale? 

On the Richter scale, the magnitude A of an earthquake is defined as 


A =log7 


where /p is a constant that represents a standard intensity and / is the intensity of 
the earthquake being measured. The Richter scale is a means of measuring a 
given earthquake against a “standard earthquake" of intensity /o. 

What does 3.0 on the Richter scale mean? Substituting R = 3 in the above 
equation, we have 


or, in the equivalent exponential form, 
1000 = 4 
lo 


Solving for /, we arrive at the equation 

!= 1000 Ip 
which states that an earthquake with a Richter scale reading of 3.0 is 1000 times 
as intense as the standard! No wonder, then, that an earthquake registering 8.0 


on the Richter scale is serious: it has an intensity 100,000,000 times that of the 
standard! 


The following pair of identities can be established by converting to the 
equivalent exponential form. 


EXAMPLE 4 

Evaluate. 

(a) g'e8s5 (b) logio 1073 (c) log; 7 (d) log, I 
SOLUTION 

(a) 5 (b) -—3 (c) 1 (d) 0 
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GRAPHS OF THE 
LOGARITHMIC FUNCTIONS 


PROGRESS CHECK 

Evaluate. 

(a) log; 34 (b) 6'9869 (c) logs | (d) logg 8 
ANSWERS 


(a) 4 (b&) 9 (c) O fd) 1 


To sketch the graph of a logarithmic function, we convert to the equivalent 
exponential form. For example, to sketch the graph of y = log, x, we form a table 
of values for the equivalent exponential equation x = 2%. 


We can now plot these points and sketch a smooth curve, as in Figure 6. 
Note that the y-axis is a vertical asymptote. We have included the graph of y = 2* 
to illustrate that the graphs of a pair of inverse functions are reflections of each 
other about the line y = x. 


FIGURE 6 


EXAMPLE 5 
Sketch the graphs of y = logs x and y = logy,3 x on the same coordinate axes. 


SOLUTION 
The graphs are shown in Figure 7. Practical applications of logarithms generally 


involve a basea> lI. 


PROPERTIES OF 
LOGARITHMIC FUNCTIONS 


Properties of 
Logarithmic Functions 
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y = log ,,3 * 


FIGURE 7 


The graphs in Figures 6 and 7 illustrate the following important properties of 
logarithmic functions. 


© The point (1, 0) lies on the graph of the function f(x) = log, x for all real 
numbers a > 0. This is another way of saying log, | = 0. 


© The domain of f(x) = log, x is the set of all positive real numbers; the range is 
the set of all real numbers. 


@ When a > 1, f(x) = log, x is an increasing function; when 0<a< 1, fix) = 
log, x is a decreasing function. 


These results are in accord with what we anticipate for a pair of inverse functions. 
As expected, the domain of the logarithmic function is the range of the corre- 
sponding exponential function, and vice versa. 

Since log, x is either increasing or decreasing, the same value cannot be 
assumed more than once. Thus: 


If log, u = log, v, then u = v. 


Since the graphs of log, u and log, u intersect only at u = 1, we have the fol- 
lowing rule: 


If log, u = log, u and u # |, then a= b. 


EXAMPLE 6 
Solve for x. 
(a) logs(x + 1) = logs 25 (b) log,—; 31 = logs 31 


SOLUTION 
(a) Since log, u = log, v implies u = v, then 
x+1= 25 
x =24 
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EXERCISE SET 4.2 
In Exercises 1—12 write each equation in exponential form. 


1. 


5. 


9. 


log2 4=2 


In 20.09 = 3 


In 1 =0 


(b) Since log, u = log, u, u # 1, implies a = b, 


x-1=5 
x=6 
PROGRESS CHECK 
Solve for x. 
(a) log2 x*=log29 (b) log, 14 = logs, 14 
ANSWERS 
@) 3-3 @) 3 


In Exercises 13-26 write each equation in logarithmic form. 


13. 


17. 


233 


us 
8 
6 = V36 
I 


25=37 


= 97-13 
3 27 


In Equations 27-44 solve for x. 


27. 


31. 


35. 


39. 
43. 


logs x = 2 
Inx=2 


] al =x 

O8s 75 

logs(x + 1) =3 
log,+1 17 = logs 17 


] 
2. logs 125 =3 3. logy 81 =-2 4. loges 4= ‘ 
bes a ae 
6. In 7397 2 7. logio 1000 = 3 8. logio T000 3 
10. 1 0.01 = -2 ll. lo a3 12. 1 fea 
. lOgig U.UL = : £3 7 » 108125 5 3 
C3 ae whee y=? 
14. 27=3 15. 10,000 = 10 16 100 10 
pie -3 — 70 — 30 
18 7 3 19. |=2 20. l=e 
2 =a 23. 64 = 16°” 24. 81=2748 
de Agave 
26. 5 16 
28. logig x= ; 29. logos x = -5 30. logi,2 x = 3 
32. Inx=- 33. Inx= -} 34. logy 64=x 
36. | as! 37. lo ae 38. log3(x— 1) =2 
. Og. = 2 | Sr 8 3 . 23 
40. logoxx- 1)=log. 10 41. log,4; 24 = logs 24 42. logs x* = log; 64 


44. logs, 18 = log, 18 
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In Exercises 45-64 evaluate the given expression. 


45, 3/0836 46. 21082(2/3) 47. ein 2 48. ein 2 

49. logs 5° 50. logy 4~? 51. logs 8!” 52. loge, 647 "3 

53. log7 49 54. logz VI 55. logs 5 56. Ine 

57. In] 58. log, | 59. loge 4 60. logis 4 

61. log 10,000 62. log 0.001 63. Ine? 64. Ine? 

In Exercises 65—72 sketch the graph of the given function. 

65. f(x) = logs x 66. f(x) = logs, x 67. f(x) = log 2x 68. f(x) =; log x 

69. fii) = In5 70. f(x) = In 3x 71. fx) = logs — 1) 72. f(x) = log3(x + 1) 
43 There are three fundamental properties of logarithms that have made them a 
FUNDAMENTAL powerful computational aid. 

PROPERTIES OF P. i ee Sl dae 

LOGARITHMS roperty t. l08a\X" y) = l0Ba x Ba Y 
SSS Sas] 


Property 2. log.(*) = log, x — log, y 


Property 3. log? x, =n log, x, mn areal number 


These properties can be proved by using equivalent exponential forms. To prove 
the first property, log,(x: y) = log, x + log, y, we let 


loggx=u and log,y=v 
Then the equivalent exponential forms are 
a“=x and a’=y 

Multiplying the left-hand and right-hand sides of these equations, we have 

a“-av’=x-y 
or 

atv=xry 
Substituting a“ *” for x- y in log,(x+ y), we have 


log,(x . y) — log,(a" + ’) 
=utv since log, a’ = x 
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SIMPLIFYING LOGARITHMS 


Substituting for u and v, we find that 


loga(x * y) = log, x + log, y 
Properties 2 and 3 can be established in much the same way. 

It is these properties that originally made the study of logarithms worth- 
while. Note that the more complex operations of multiplication and division are 
converted to addition and subtraction and that exponentiation is converted to 
multiplication. We will first demonstrate these properties, and in the next section 
we will apply them to realistic computational problems. 


EXAMPLE 4 
(a) logio(225 X 478) = logio 225 + logio 478 


422 
(b) lose( $22) = logs 422 — logs 735 
(c) log.(2)® = 5 log22=5-1=5 


(d) loze( =) = log, x + loga y — log, z 


PROGRESS CHECK 
Write in terms of simpler logarithmic forms. 
Xl 


(a) log4(1.47 x 22.3) — (b) log, Wp 
ANSWERS 


(a) log, 1.47 + log, 22.3 (b) loga(x — 1) - ; loga x 


The next example illustrates rules that speed the handling of logarithmic 
forms. 


EXAMPLE 2 
Gd) 2). rae 
Write log, vz in terms of simpler logarithmic forms. 
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SOLUTION 


Simplifying Logarithms 


Step 1. 


(x — 1)72(y + 2) 
Vx 
eee ul 
(x — 1)2Vx 
Step 2. 
= loga(y + 2)? — loga(x — 1)? — log, Vx 


loga 


Step 3. 


= 3 loga(y + 2) — 2 log. (x — 1) — 5 loge x 


PROGRESS CHECK 


_— 3/12, 43 
Simplify log, Qx-3 A a) : 


ANSWER 
t loge(2x — 3) + : loga(y + 2) — 4 logs z 

EXAMPLE 3 

If log, 1.5 =r, log, 2 = s, and log, 5 = 2, find the following. 
(a) loga 7.5 (b) log, V10 


SOLUTION 
(a) Since 


7.5=1.5x5 
then 
logs 7.5 = loga(1.5 X 5) 
= log, 1.5+log,5 Property } 
=r+t Substitution 
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(b) Write this as 
log,(10)!’ = ; log, 10 Property 3 
= ; 
=> log,(2 * 5) 
= slog. 2+ log, 5] Property | 


= (s +2) Substitution 


PROGRESS CHECK 
If log, 2 = 0.43 and log, 3 = 0.68, find the following. 


(a) log, 18 (b) loz. 92 


ANSWERS 
(a) 1.79 (b) 0.31 


WARNING 
(a) Note that 


Property | tells us that 


log.(x + y) # log, x + log, y 


loga(x* y) = log, x + log, y 


Don’t try to apply this property to log,(x + y), which cannot be simplified. 
(b) Note that 


log, x" # (log, x)” 
By Property 3, 
logg x7 =n log, x 


We can also apply the properties of logarithms to combine terms involving 
logarithms. 


EXAMPLE 4 
Write as a single logarithm: 


3 logs x ~ 5 loga(x ~ 1) 


CHANGE OF BASE 
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SOLUTION 


3 log, x — i loga(x — 1) = log, x° — log,(x — 1)? Property 3 


= loga Property 2 


ap? 


xr 
= ee Vani 


PROGRESS CHECK 
Write as a single logarithm: 


slloga(2x — 1) — loga(2x — 5)] + 4 log, x 


ANSWER 

43 = 
loga x° 4 x = 
WARNING 


(a) Note that 


log, x 


pgs # log, x — log, y 


Property 2 tells us that 


x 
loz.(2) = log, x — log, y 

Don’t try to apply this property to (log, x)/(log, y), which cannot be simpli- 
fied. 
(b) The expressions 

log, x + log, x 
and 

log, x — log, x 


cannot be simplified. Logarithms with different bases do not readily combine 
except in special cases. 


Sometimes it is convenient to be able to write a logarithm that is given in terms of 
a base a in terms of another base b, that is, toconvert log, x to log, x. (As always, 
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we must require a and b to be positive real numbers other than |.) For example, 
some calculators can compute log x but not In x, or vice versa. 

To compute log, x given log, x, let y = log, x. The equivalent exponential 
form is then 


b=x 
Taking logarithms to the base a of both sides of this equation, we have 
log, b* = log, x 


We now apply the fundamental properties of logarithms developed earlier in this 
section. By Property 3, 


y log, b = log, x 


Solving for y gives us 


— logo x 
y — 
log, b 
Since y = log, x, we have 
Change of Base is — log, x 
Formula bb ~*~ top, b 


EXAMPLE 5 
A calculator hag a key labeled *‘log’’ (for logig) but doesn’t have a key labeled 
**In."* The calculator is used to find that 
log 27 = 1.4314 
log e ~ log 2.7183 = 0.4343 


Find In 27. 
SOLUTION 
We use the change of base formula 
_ logy x 
log, x log, b 


with b = e, a = 10, and x = 27. Then 


lop. 27 = n 7 = ME! 
log e 

_ 1.4314 

0.4343 


= 3.2959 


Note that for any positive number k, the conversion from log k to In k 


involves division by the constant log e = 0.4343. A calculator that has a ‘‘log”’ 
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key can thereby be used efficiently to find natural logarithms. 


PROGRESS CHECK 


Given log 16 = 1.2041 and log 5 = 0.6990, find logs 16. 


ANSWER 
1.7226 


log3(3*) 4. log3(4?) 
x 2x 
lo (2) 8. in(2®) 
8. yz y 
log. (xy?) 12. log,(xy)? 
In(x2y3z4) 16. loga(xy?z*) 
2,3 4,2 
lose“) 20. In <r 
Zz z 
Find the following. 
log 9 24. log V5 
15 
log > 28. log 0.3 


EXERCISE SET 4.3 

In Exercises 1-20 write each expression in terms of simpler logarithmic forms. 
1. logyo(120 x 36) 2: loss 442) 3. 
5. loga(2xy) 6. In(4xyz) 7. 
9. Inx° 10. log; y*? 11. 

13. loggVxy 14. log, Wn* 15. 
17. in( VW) 18. InVay2W2z 19. 

In Exercises 21-30 log 2 = 0.30, log 3 = 0.47, and log 5 = 0.70. 

21. log 6 22. log : 23. 

6 
25. log 12 26. log 5 27. 
29. log V7.5 30. log V30 


In Exercises 31-44 write each expression as a single logarithm. 
l 


31. 2 log x + 5 log y 32. 
33 : In x + ui In 34 
- 3inx+3Iny : 
| 3 
35. 3 log, x + 2 log y — 3 loga z 36. 
1 
37. 70g. x + log, y) 38. 
39. QInx+4Iny)—3inz 40. 
41. ; log,(x — 1) — 2 log,(x + 1) 42. 
43. 3 log, x —2 log,(x —1) + ; logaWx + 1 44. 


3 log, x — 2 log, z 


ae = in ) 
3 ceaees 


2 
3108. x + log, y — 2 logg z 


(4 In x — 5 In y) 
Inx-30 In x + 5 In y) 
2 log,(x + 2) — (log. y + log, z) 


4 n(x = 1) +5 nx + 1) = 3 Iny 
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The key labeled **In’’ on a calculator is used to compute In 10 = 2.3026, In 6 = 1.7918, and In 3 = 1.0986. In Exercises 
45-S0 usc the first value to find the required value. 


45. In 17 = 2.8332; find log 17 46. In 22 = 3.0910; find log, 22 

47. In 141 = 4.9488; find log; 141 48. In 78 = 4.3567; find log, 78 

49. In 245 = 5.5013; find log 245 50. In 7 = 1.9459; find log, 7 

44 We indicated earlier that logarithms can be used to simplify complex calcula- 

COMPUTING WITH tions. In this section we will demonstrate the power of logarithms in computa- 

LOGARITHMS tional work. 

(Optional) We will use 10 as the base for our computations with logarithms because 10 

EE is the base of our number system. We call logarithms to the base 10 common 
logarithms. 


We begin with the observation that any positive real number can be written 
as a product of anumber c, | Sc < 10, and an integer power of 10, say 10*. This 
format is often referred to as scientific notation. Here are some examples. 

643 = 6.43 x 10? 4629 = 4.629 x 10° 
754,000 = 7.54 x 10° 1.76 = 1.76 x 10° 
0.0423 = 4.23 x 10-7 0.0000926 = 9.26 x 1075 


Let's begin with the number 643 expressed in scientific notation, that is, 
643 = 6.43 x 10? 


We next take the logarithm of each side of this equation (to the base 10) and then 
apply the properties of logarithms. 
log 643 = log(6.43 x 107) 
= log 6.43 + log 10?_—_- Property 1 
= log 6.43 + 2 log 10 Property 3 
= log 6.43 + 2 log 10= 1 


We can generalize this result dealing with the logarithm of a number that is 
written in scientific notation. 


If x is a positive real number and x = c- 10*, then 
log x= logc +k 
The number log c is called the mantissa and the integer k the characteristic of 
the number x. Since 


x=c: lO where | Sc < 10 
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and since the function f(x) = log x is an increasing function, we see that 
log 1 = log c< log 10 
or 
Oslogc<1 


We conclude that the mantissa is always a number between 0 and |. 

Table II in the Tables Appendix can be used to approximate the common 
logarithm of any three-digit number between | .00 and 9.99 at intervals of 0.01. 
The next example shows how to proceed. 


EXAMPLE 4 


Find the following. 
(a) log 73.5 (b) log 0.00451. 


SOLUTION 
(a) Since 73.5 = 7.35 x 10', the characteristic of 73.5 is 1. Using Table II in 
the Tables Appendix, we find that log 7.35 is 0.8663 (approximately). Then 


log 73.5 = log(7.35 x 10!) = log 7.35 + log 10! 
= 0.8663 + 1 = 1.8663 


(b) Since 0.00451 = 4.51 x 1073, the characteristic of 0.00451 is —3. From 
Table II we have 


log 0.00451 = 0.6542 — 3 
Here we have a positive mantissa and a negative characteristic. For reasons that 


will be clear later, we always leave the answer in this form. 


PROGRESS CHECK 


Find the following. 
(a) log 69,700 (b) log 0.000697 (c) log 0.697 


ANSWERS 
(a) 4.8432 (b) 0.8432 —4 (c) 0.8432 - 1 


WARNING Note that 
log 0.00547 = 0.7380 — 3 
but 
log 0.00547 + —3.7380 
since this is algebraically incorrect. In fact, 0.7380 — 3 = —2.2620. 
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Table II in the Tables Appendix can also be used in the reverse process, that 
is, to find x if log x is known. Since the entries in the body of Table II are numbers 
between 0 and 1, we must first write the number log x in the form 


log x = loge +k 
where log c is the mantissa, 0 S log c < 1, and k, the characteristic, is an integer. 


(This is why we insisted in Example |b that the number be left in the form 
0.6542 — 3.) 


EXAMPLE 2 
Find x if 
(a) log x = 2.8351 (b) log x = —6.6478 
SOLUTION 
(a) We must write log x in the form 
log x=logc +k, O<logc<1 
so 
log x = 2.8351 = 0.8351 + 2 
—_—_——— — 


logc k 


We seek the mantissa 0.8351 in the body of Table II in the Tables Appendix and 
find that it corresponds to log 6.84. Since the characteristic k = 2, 


x = 6.84 x 10? = 684 


(b) We have to proceed carefully to ensure that the mantissa is between 0 and 1. 
If we add and subtract 7, we have 


log x = (7 — 6.6478) — 7 


= 0.3522 -—7 
Cl — 
loge k 

We seek the mantissa 0.3522 in the body of Table II in the Tables Appendix and 
find 

0.3522 = log 2.25 
Since the characteristic k = —7, we have 

x = 2.25 x 107’ = 0.000000225 

PROGRESS CHECK 


Find x for the following. 
(a) log x = 3.8457 (b) log x = 0.6201 — 2 (c) log x = —2.0487 


ANSWERS 
(a) 7010 (b) 0.0417 (c) 0.00894 


DATING THE LATEST ICE 
AGE 


Q(t) = qoe™™ 
0.254qo = qoe 2.12" 
0.254 = e- 9.00012 
In 0.254 = In e— 9.00012" 
—1.3704 = -—0.00012t 

t= 11,420 
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All organic forms of life contain radioactive carbon 14. In 1947 the chemist Wil- 
lard Libby (who won the Nobel prize in 1960) found that the percentage of car- 
bon 14 in the atmosphere equals the percentage found in the living tissues of all 
organic forms of life. When an organism dies, it stops replacing carbon 14 in its 
living tissues. Yet the carbon 14 continues decaying at the rate of 0.012% per 
year. By measuring the amount of carbon 14 in the remains of an organism, it is 
possible to estimate fairly accurately when the organism died. 


In the late 1940s radiocarbon dating was used to date the last ice sheet to 
cover the North American and European continents. Remains of trees in the Two 
Creeks Forest in northern Wisconsin were found to have lost 74.6% of their car- 
bon 14 content. The remaining carbon 14, therefore, was 25.4% of the original 
quantity go that was present when the descending ice sheet felled the trees. The 
accompanying computations use the general equation of an exponential decay 
model to find the age t of the wood. Conclusion: The latest ice age occurred 
approximately 11,420 years before the measurements were taken. 


The following example shows how to use logarithms to simplify computa- 
tions. 


EXAMPLE 3 
Approximate 478 x 0.0345 by using logarithms. 


SOLUTION 
If 


N = 478 xX 0.0345 
then 


log N = log(478 Xx 0.0345) 
= log 478 + log 0.0345 Property | 


Using Table II in the Tables Appendix, we find 


log 478 = 2.6794 
log 0.0345 = 0.5378 — 2 
log N = 3.2172 — 2 Adding the logarithms 
= 1.2172 = 0.2172 + 1 


—) 


SS 
log c k 


Looking in the body of Table II, we find that the mantissa 0.2172 does not 
appear. However, 0.2175 does appear and corresponds to log 1.65. Thus, 


N = 1.65 X 10! = 16.5 


202 EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


Inexpensive calculators have reduced the importance of logarithms as a 
computational device. Still, many calculators cannot, for example, handle 
V/14.2 directl y. If you know how to compute with logarithms and if you combine 
this knowledge with a calculator that can handle logarithms, you can enhance the 
power of your calculator. Many additional applications of logarithms occur in 
more advanced mathematics, especially in calculus. 


EXAMPLE 4 
V47.4 . 

Approximate 23) by using logarithms. 
SOLUTION 
If 

N= M474 

(2.3) 

then 


1 


log N= 5 


log 47.4 — 3 log 2.3 
1 
2 
3 log 2.3 = 3(0.3617) = 1.0851 

log N = 0.8379 — 1.0851 = —0.2472 Subtracting the loganthms 


log 47.4 = x( 6758) = 0.8379 


or 
log N = 0.7528 — 1 ; : 
—— Adding and subtracting | 
logc k 
From the body of Table II in the Tables Appendix, we find 0.7528 = log 5.66, 
so 
N = 5.66 x 107' = 0.566 
PROGRESS CHECK oa 
Approximate by logarithms: 742 x 165 
ANSWER 
0.286 


Problems in compound interest provide us with an opportunity to demon- 
strate the power of logarithms in computational work. In Section 4.1 we showed 
that the amount S available when a principal P is invested at an annual interest 
rate r compounded k times a year is given by 


EXERCISE SET 4.4 


4.4 COMPUTING WITH LOGARITHMS (OPTIONAL) 203 


S= P(1 +i)" 


where i = r/k, and n is the number of conversion periods. 


EXAMPLE 5 


If $1000 is left on deposit at an interest rate of 8% per year compounded quar- 
terly, how much money is in the account at the end of 6 years? 


SOLUTION 
We have P = 1000, r = 0.08, k = 4, and n = 24 (since there are 24 quarters in 6 
years). Thus, 


24 
S=P(+i"= 10001 + 2.08) 


= 1000(1 + 0.02)?4 = 1000(1.02)74 
Then 
log S = log 1000 + 24 log 1.02 
= 3 + 24(0.0086) = 3.2064 


From the body of Table Il in the Tables Appendix, we find 0.2064 = log 1.61, 
so 


S =~ 1.61 x 10° = 1610 
The account contains $1610 (approximately) at the end of 6 years. 


PROGRESS CHECK 

If $1000 is left on deposit at an interest rate of 6% per year compounded semi- 
annually, approximately how much is in the account at the end of 4 years? 
ANSWER 

$1267 


In Exercises 1-8 write each number in scientific notation. 


2. 493 3. 0.0084 4. 0.000914 
6. 527,600,000 7. 296.2 8; 325767 
In Exercises 9-20 compute the logarithm by using Table II or Table III in the Tables Appendix. 
10. In3.2 11. log 37.5 12. log 85.3 
14. In 60 15. log 74 16. log 4230 
18. log 7,890,000 19. log 0.342 20. log 0.00532 


In Exercises 21-32 use Table I] or Table III in the Tables Appendix to find x. 


22. Inx = —0.5108 23. Inx = 1.0647 24. log x = 2.7332 
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25. 
29. 


In x = 2.0669 26. 
log x = 0.7832 — 4 30. 


log x = 0.1903 — 2 
log x = 0.9320 — 2 


In Exercises 33—43 find an approximate answer by using logarithms. 


27. log x = 0.4099 — 1 28. log x = 0.7024 — 2 

31. log x = — 1.6599 32. log x = —3.9004 
679 88.3 

35. 321 36 97.2 
(87.3)7(0. 125)? WEED 781 

39. (17.3) 40. (66.9)°(0.781) 

B3 (32.870)(0.00125) 

* (12.8)(124,000) 

48. Which of the following offers will yield a greater 
retum: 8% annual interest compounded annually, or 
7.75% annual interest compounded quarterly? 

49. Which of the following offers will yield a greater 
return: 9% annual interest compounded annually, or 
8.75% annual interest compounded quarterly? 

50. The area of a triangle whose sides are a, b, and c in 


length is given by the formula 
A= Vs(s — a)(s — b\(s — ©) 


where s = (a + b +c). Use logarithms to find the 
approximate area of a triangle whose sides are 12.86 
feet, 13.72 feet, and 20.3 feet. 


Some exponential equations, such as 2% = 8, are easily solved. Here is a useful 


33. (320)(0.00321) 34. (8780)(2.13) 

a7. 43,19)" 38. (42.37°(71.2)? 

a V7870 re (7.28) 

(46.39% "  W(87.3)(16.2)4 
44. The period T (in seconds) of a simple pendulum of 
length L (in feet) is given by the formula 
T= 2m fe 
8 
Using common logarithms, find the approximate val- 
ue of T if L = 4,72 feet, g = 32.2, and 7 = 3.14. 

45, Use logarithms to find the approximate amount that 
accumulates if $6000 is invested for 8 years in a bank 
paying 7% interest per year compounded quarterly? 

46. Use logarithms to find the approximate sum if $8000 
is invested for 6 years in a bank paying 8% interest per 
year compounded monthly. 

47. If $10,000 is invested at 7.8% interest per year com- 
pounded semiannually, what sum is available after 5 
years? 

45 

EXPONENTIAL AND 

LOGARITHMIC 

EQUATIONS 


tion. 


approach that will often work on tougher problems. 


© To solve an exponential equation, take logarithms of both sides of the equa- 


® To solve a logarithmic equation, form a single logarithm on one side of the 
equation, and then convert the equation to the equivalent exponential form. 


EXAMPLE 4 
Solve 3% ~-! = 17. 


SOLUTION 


Taking logarithms to the base 10 of both sides of the equation, we have 
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log 3% ~! = log 17 
(2x — 1)log 3 = log 17 Property 3 


_, = lel7 
at. log 3 


dx = 1 + B17 
log 3 


4 log 17 


1 
~~ 27 Zilog 3 


If a numerical value is required, Table II in the Tables Appendix, or a calculator, 
can be used to approximate log 17 and log 3. Also, note that we could have taken 
logarithms to any base in solving this equation. 


PROGRESS CHECK 
Solve 2% + | = 32*- 3 


ANSWER 


log 2 + 3 log 3 
2 log 3 — log 2 


EXAMPLE 2 
Solve log x = 2 + log 2. 


SOLUTION 
If we rewrite the equation in the form 
log x — log 2=2 


then we can apply Property 2 to form a single logarithm: 


PROGRESS CHECK 
Solve log x — t = — log 3 


ANSWER 
V10/3 
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EXAMPLE 3 
Solve log, x = 3 — log2(x + 2). 


SOLUTION 
Rewriting the equation with a single logarithm, we have 


log. x + logo(x + 2) = 3 


loga[x(x + 2)] = 3 Why? 
x(x + 2) = 23=8 Equivalent exponential form 
x27+2x-8=0 
(x — 2(x + 4) =0 Factoring 


x=2 or x=-4 


The ‘‘solution’’ x = —4 must be rejected, since the original equation contains 
log x and the domain of f{x) = log, x is the set of positive real numbers. 


PROGRESS CHECK 

Solve log3(x — 8) = 2 — logs x. 
ANSWER 

x=9 

EXAMPLE 4 


World population is increasing at an annual rate of 2.5%. If we assume an expo- 
nential growth model, in how many years will the population double? 


SOLUTION 
The exponential growth model 


Q(t) = gore 
describes the population Q as a function of time ¢. Since the initial population is 
Q(0) = qo, we seek the time ¢ required for the population to double or become 


2qo. We wish to solve the equation 


Q(t) = 2go = qe? 


for t. We then have 


240 = goe? 025" 


2 = 00m Dividing by go 
In 2 = In e°°25' Taking natural logs of both sides 
= 0.025: Since In eX = x 
In2 _ 0.6931 


‘=9025 0.0252"? 


of approximately 28 years. 
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EXAMPLE 5 


A trust fund invests $8000 at an annual interest rate of 8% compounded contin- 
uously. How long does it take for the initial investment to grow to $12,000? 


SOLUTION 
By Equation (1) of Section 4.1, 
S = Pe" 


We have § = 12,000, P = 8000, and r=0.08, and we must solve for f¢. 
Thus, 


12,000 = 8000¢9.°8 


12,000 = g0.08r 
8000 
0-08: = 1.5 


Taking natural logarithms of both sides, we have 


0.087 = In 1.5 
_ In 15 ~ 9.4055 
t= 0.08 “0.08 from Table II] 
= 5.07 


It takes approximately 5.07 years for the initial $8000 to grow to $12,000. 


EXERCISE SET 4.5 

In Exercises 1-31 solve for x. 
5* = 18 2 2°=24 Ream 4. 3b S12 
37* = 46 oo 21556 7. 57*-5 = 564 8. 3854231 
ae Ea 10, 4% =378s3 Il, 2°*=15 12. 37**? = 103 
Aneel = 12 14.0 3502S 2-" 15. e =18 16. e '=2.3 
et3 = 20 18. e **t? = 40 19. logx + log 2=3 20. log x —log3 =2 
log,(3 — 5x) = 1 22. log.(8 — 2x) = 2 
log x + log(x — 3) = 1 24. log x + log(x + 21) =2 
log(3x + 1) — log(x — 2) = 1 26. log(7x — 2) — log(x — 2) = 1 
log. x = 4 — loga(x — 6) 28. logo(x — 4) = 2 — log2 x 
loga(x + 4) = 3 — logs(x — 2) 0 = oe 

ecOTeens 


a 
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32. 


33. 


34. 


35. 


36. 


37. 


38. 


EXPONENTIAL AND LOGARITHMIC FUNCTIONS 


Suppose that world population is increasing at an 
annual rate of 2%. If we assume an exponential 
growth model, in how many years will the population 
double? 
Suppose that the population of a certain city is increas- 
ing at an annual rate of 3%. If we assume an expo- 
nential growth model, in how many years will the 
population triple? 
The population P of a certain city ¢ years from now is 
given by 

P = 20,000e°° 
How many years from now will the population be 
50,000? 
Potassium 42 has a decay rate of approximately 5.5% 
per hour. Assuming an exponential decay model, find 
the number of hours it will take for the original quan- 
tity of potassium 42 to be halved. 
Consider an exponential decay model given by 

Q = qoe °*" 

where ¢ is in weeks. How many weeks does it take for 
Q to decay to } of its original amount? 
How long does it take an amount of money to double if 
it is invested at a rate of 8% per year compounded 
semiannually? 


At what rate of annual interest, compounded semian- 


TERMS AND SYMBOLS 


exponential function 


(p. 176) 


(p. 171) growth constant (p. 176) 
base (p. 171) exponential decay model 
a’ (p. 171) (p. 177) 

e(p. 175) decay constant (p. 177) 


exponential growth model 


compound interest (p. 178) 


KEY IDEAS FOR REVIEW 


0 


a) 


An exponential function has a variable in the exponent 
and has a base that is a positive constant. 


The graph of the exponential function f(x) = a‘, where 
a>Oanda#l, 


© passes through the points (0, 1) and (1, a) for any 
value of x; 


@ is increasing if a > | and decreasing if0<a< 1. 


The domain of the exponential function is the set of all 
real numbers; the range is the set of all positive num- 
bers. 


39. 


40. 


41. 


42. 


Conversion period (p. 178) 
continuous compounding 


nually, should a certain amount of money be invested 
so that it will double in 8 years? 


The number AN of radios that an assembly line worker 
can assemble daily after ¢ days of training is given 
by 

N = 60 — 60e7° 
After how many days of training does the worker 
assemble 40 radios daily? 
The quantity Q (in grams) of a radioactive substance 
that is present after ¢ days of decay is given by 

Q = 400e * 


If Q = 300 when ¢ = 3, find k, the decay rate. 
A person on an assembly line produces P items per 
day after ¢ days of training, where 

P =400(1 — e‘) 
How many days of training will it take this person to 
be able to produce 300 items per day? 
Suppose that the number \V of mopeds sold when x 
thousands of dollars are spent on advertising is given 
by 

N = 4000 + 1000 In(x + 2) 


How much advertising money must be spent to sell 
6000 mopeds? 


In x (p. 183) 
natural logarithm (p. 183) 


(p. 180) common logarithm (p. 198) 
logarithmic function scientific notation (p. 198) 
(p. 183) mantissa (p. 198) 
log, x (p. 183) characteristic (p. 198) 
DO) If a‘ =a’, then x = y (assuming a > 0, a # 1). 


a) 


O 


If a‘ = b° for all x #0, then a = b (assuming a > 0, 
b>0). 

Exponential functions play a key role in the following 
important applications: 

© Exponential growth model: Q(t) = qoe”, k>0 
Ott) = qoe™™', k>0 
S=P(1 +" 


© Continuous compounding: S = Pe” 


© Exponential decay model: 
© Compound interest: 


() The logarithmic function log, x is the inverse of the 
function a”. 

(J The logarithmic form y = log, x and the exponential 
form x = a” are two ways of expressing the same rela- 
tionship. In short, logarithms are exponents. Conse- 
quently, it is always possible to convert from one form 
to the other. 

(J The following identities are useful in simplifying 
expressions and in solving equations. 

qb = x log, a=1 
log, a =x log, 1 =0 

CJ] The graph of the logarithmic function f(x) = log, x, 
where x > 0, 
© passes through the points (1, 0) and (a, 1) for any 

a>0; 
© is increasing if a> 1 and decreasing ifO0<a< 1. 
C) The domain of the logarithmic function is the set of all 
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positive real numbers; the range is the set of all real 
numbers. 


CI If log, x = log, y, then x = y. 
CJ If log, x = log, x and x ¥ I, then a = 5. 


() The fundamental properties of logarithms are as fol- 


lows. 


Property I.  loga{xy) = log, x + logg y 


Property 2. loz.(2) = log, x — log, y 


Property 3. loga x" =n log, x 


C) The fundamental properties of logarithms, used in con- 


junction with tables of logarithms, are a powerful tool in 
performing calculations. It is these properties that make 
the study of logarithms worthwhile. 


©) The change of base formula is 


— loge x 
logs x mere 


Solutions to exercises whose numbers are in color are in the Solutions section in the back of the book. 


4.1 


1. Sketch the graph of f(x) = (4)‘. Label the point 
(-1, A-1). 

2. Solve 2% = 8*~! for x. 
Solve (2a + 1) = (3a — 1)‘ for a. 
The sum of $8000 is invested in a certificate pay- 
ing 12% annual interest compounded semiannu- 
ally. What sum is available at the end of 4 
years? 


4.2 In Exercises 5-8 write each logarithmic form in expo- 


nential form and vice versa. 


5. 27=932 6 topes 3 =5 


1. logs 5 = 3 8 6°=1 
In Exercises 9-12 solve for x. 
9. log, 16=4 
1 
10. logs Ty5 = * -1 


Il. Inx=—-4 
12. logs(x + 1) = log; 27 
In Exercises 13-16 evaluate the given expression. 


13, logs 35 14. Ine 3 
15. logs(+) 16. 3 


17. Sketch the graph of f(x) = logs x + 1. 


In Exercises 18—21 write the given expression in terms 
of simpler logarithmic forms. 


Vx-—1 
2x 


x(2 — x)? 
19. loge a2 
20. In(x + 1)*(y — 1)? 


21. log A rer 


In Exercises 22-25 use the values log 2 = 0.30, 
log 3 = 0.50, and log 7 = 0.85 to evaluate the given 
expression. 

22. log 14 23. log 3.5 

24. log V6 25. log 0.7 


In Exercises 26-29 write the given expression as a sin- 
gle logarithm. 


18. log, 
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u 
3 


26. Flog, x — } log, y 


27: hlogx + log(x — 1)) 
28. In3x+ 2(in y- In 2) 


29. 2 log,(x + 2) - > logalx +1) 


In Exercises 30 and 31 use the values log 32 = 1.5, log 
8 = 0.9, and log 5 = 0.7 to find the requested value. 


30. logg 32 31. logs 32 
4.4 In Exercises 32-35 write the givennumber in scientific 
notation. 
32. 476.5 33. 0.098 
34. 26,475 35. 77.67 
PROGRESS TEST 4A 


1. Sketch the graph of Ax) = 2**!. Label the point 
(1, KI). 
2. Solve Gy" = ()**! 


In Problems 3 and 4 convert from logarithmic form to expo- 
nential form or vice versa. 


3; logs a = -2 4. 64= 16°? 


In Problems 5 and 6 solve for x. 
] 
6. lose( x) =3x+1 


In Problems 7 and 8 evaluate the given expression. 
7 Ines? 8. logs V5 


In Problems 9 and 10 write the given expression in terms of 
simpler logarithmic forms. 


5. log, 27=3 


3 V/ry — 
9. loge 5, 10. og = 3 ! 


In Problems 11 and 12 use the values log 2.5 = 0.4 and 
log 2 = 0.3 to evaluate the given expression. 


Il. log 5 12. log 2V2 


In Problems 13 and 14 write the given expression as a single 
loganthm, 


PROGRESS TEST 4B 
1. Sketch the graph of f(x) = (4° ~ '. Label the 
point (0, ft0)). 


In Exercises 36—38 use togarithms to calculate the val- 
ue of the given expression. 


36. (0.765)(32.4)? 37. V62.3 
2.1 
a (32.5)>” 


39. A substance is known to have a decay rate of 6% 
per hour. Approximately how many hours are 
required for the remaining quantity to be half of 
the original quantity? 

4.5 In Exercises 40—42 solve for x. 

40. 2%") =14 

41. 2 log x—log5=3 

42. log(2x — 1) = 2 + log(x — 2) 


13. 2 log x — 3 log(y + 1) 
14, Aloga(x + 3) — logatx ~ 3)] 


In Problems 15 and 16 write the given number in scientific 
notation. 


15. 0.000273 16. 5.972 
In Problems 17 and 18 use logarithms to evaluate the given 
expression. 
72.9 3 
(39.4)2 18. V0.0176 
19. The number of bacteria in a culture is described by the 
exponential growth model 
Q(t) = qoe°™ 
Approximately how many hours are required for the 
number of bacteria to double? 


17. 


In Problems 20 and 21 solve for x. 
20. log x —log2=2 
21. loga(x — 3) = | — logs x 


2. Solve (a + 3Y = (2a — SY fora. 


In Problems 3 and 4 convert from logarithmic form to expo- 
nential form and vice versa. 


I 


—_ = —-3 = 
3. 1000 10 4. log; 1=0 
In Problems 5 and 6 solve for x. 
5. logox-1)=-1 6. logo, 27 = log; 27 


In Problems 7 and 8 evaluate the given expression. 

7. log; 3'° 8. en4 
In Problems 9 and 10 write the given expression in terms of 
simpler logarithmic forms. 

9. logax — I(y + 3)%4 10. In Vixy W222 
In Problems 11 and 12 use the values log 2.5 = 0.4, log 2 = 
0.3, and log 6 = 0.75 to evaluate the given expression. 
11. log 7.5 12. log 36 


In Problems 13 and 14 write the given expression as a single 
logarithm. 


PROGRESS Test an #44 


3 2 1 
13. 5 Mx ~ 1) +g lny g nz 


y 


x 
14. log log z 


In Problems 15 and 16 write the given number in scientific 
notation. 


15. 22,684,321 16. 0.297 
In Problems 17 and 18 use logarithms to evaluate the given 


expression. 
V42.9 
(3.75)?(747) 


19. Suppose that $500 is invested in a certificate at an 
annual interest rate of 12% compounded monthly. 
What is the value of the investment after 6 months? 


17. (0.295)(31.7)° 18. 


In Problems 20 and 21 solve for x. 
20. log,(x + 6) = 2 
21. log(x — 9) = 1 — log x 


5.0 
REVIEW OF 
GEOMETRY 


THE TRIGONOMETRIC 
FUNCTIONS 


The word trigonometry derives from the Greek, meaning ‘‘measurement of tri- 
angles.’’ The conventional approach to the subject matter of trigonometry deals 
with relationships among the sides and angles of a triangle, reflecting the impor- 
tant applications of trigonometry in such fields as navigation and surveying. 

The modern approach to trigonometry emphasizes the function concept that 
was introduced in Chapter 3. This has become the accepted approach since it 
demonstrates the unifying influence of the function concept. 

In this chapter we will define this important class of functions and will 
discuss their fundamental properties and graphs. We will devote the next chapter 
to the study of triangles and their applications. 


We need to recall various facts about the circle from plane geometry. A line 
segment joining the center of acircle to any point on the circle is called a radius. 
Since every point on the circle is the same distance from the center, the radii of a 
circle are all equal. Thus, in Figure 1, OP = OO. A chord of a circle is a line 


FIGURE 41 
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FIGURE 2 


5.1 
ANGLES AND THEIR 
MEASUREMENT 


DEFINITION OF AN ANGLE 


segment joining any two points on the circle; a diameter of a circle is a chord that 
passes through the center of the circle. Note that the length of a diameter is twice 
that of a radius. 

The circumference C of a circle is the distance around the circle and is 
given by 


where r is the radius of the circle. The constant 7 is then seen to be the ratio of the 
circumference of a circle to the length of its diameter and has an approximate 
value of 3.14159. The area A of a circle of radius r is given by 


A= or 


An arc of acircle is simply a part of a circle. The arc AB of Figure 2 consists of 
the two endpoints A and B and the set of all points on the circle that are between A 
and B and are shown in color. 

A central angle has its vertex at the center of the circle, and its sides are 
radii of the circle. We define the measure of a central angle to be the same as that 
of the arc it intercepts. Thus, in Figure 2, the measurement of 2 AOB and AB are 
the same. We can then show that equal arcs determine or subtend equal chords. If 
arc AB = | = arc CDi in Figure 2, then, by definition, XAOB = XLCOD. Since AO = 
BO = CO = DO are are all | radii, it follows that triangles AOB and COD are con- 
gruent. Hence, CD = AB. The converse can be proven in a similar manner. 
Thus, 


Equal arcs determine equal chords. 
Equal chords determine equal arcs. 


In geometry you frequently dealt with angles formed by the sides of a triangle. In 
trigonometry we need to introduce a more general concept of angle. The angles 
we use will be much less restricted; not only are they unlimited in magnitude, but 
they can be either positive or negative as well. 

An angle is the geometric shape formed by two rays or half-lines with a 
common endpoint. For our purposes, it is convenient to think of an angle as the 
result of a rotation of a ray about its endpoint. In Figure 3 the initial side is 
rotated about its endpoint at O until it coincides with the terminal side to form the 
angle a. 
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Terminal side 


FIGURE 3 


We will frequently place an angle on a rectangular coordinate system in 
standard position so that the initial side coincides with the positive x-axis and 
the rotation occurs about the endpoint at the origin. In Figure 4a the angle a 
results from a rotation in the counterclockwise direction, and we say that a@ is a 
positive angle. In Figure 4b the ray has been rotated in a clockwise direction to 
form the angle B, and we say that B is a negative angle. 


y 


Terminal 
side 


Initial side 


Initial side 


Terminal 
side 


(a) (b) 

FIGURE 4 

If an angle is in standard position and its terminal side coincides with a 
coordinate axis, the angle is called a quadrantal angle; otherwise, the angle is 
said to lie in the same quadrant as its terminal side. Figure 5 displays an angle in 
each of the four quadrants. Note that the quadrant designation depends only upon 
the quadrant in which the terminal side lies and not upon the direction of rota- 
tion. 
y 4 


FIGURE 5 
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THE UNIT CIRCLE Before we talk about angle measurement, it is helpful to define the unit circle as a 
circle of radius one whose center is at the. origin of a rectangular coordinate 
system (Figure 6a). A point P(x,y) is on the unit circle if and only if the distance 
OP =1. Using the distance formula, 


OP = V(x — 0)? + (y — 0)? = 1 


Squaring both sides, we conclude 


The equation of the unit circle is 


(b) 


FIGURE 6 


Using the methods of Section 3.1, we find that the unit circle is symmetric 
with respect to the x-axis, the y-axis, and the origin. These symmetries will prove 
to be very useful. For example, you can easily verify that the point (1/2, V3/2) 
lies on the unit circle. Figure 6b shows the coordinates of various other points that 
can be obtained from the symmetries of the circle. (See Exercises 61 and 62.) 


ANGULAR MEASUREMENT: In geometry, you used degree measure of an angle. This measure is the result of 
DEGREES AND RADIANS an arbitrary (but convenient) selection made thousands of years ago. 


Degree Measure ofan  =Anangle formed by one complete revolution of an initial side back to its starting 
Angle position has a measure of 360 degrees (written 360°). 


Radian Measure of an 
Angle 
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Since 
360° = | revolution 


it follows that the right angle obtained by one-fourth of a complete revolution has 
a measure of 90°. An angle between 0° and 90° is called an acute angle; an angle 
between 90° and 180° is called an obtuse angle. 

There is a second unit of angular measure, called radian measure, that is 
often used in mathematics and has certain advantages over degree measure. To 
introduce this unit, we place an angle 6 in standard position and include a unit 
circle as in Figure 7. The terminal side of the angle 6 intersects the unit circle at 
the point P and the arc AP is of length ¢. We then say that 6 is an angle of ¢ 
radians. We are, in effect, measuring the angle 6 by the length of the arc that 6 
intercepts on the unit circle. (We will later show that it is possible to find the 
radian measure of an angle by using any circle.) 


The radian measure of an angle 6 is the length ¢ of the arc that 6 intercepts on the 
unit circle. We write 


6=tradians or O0=1 


If the arc is measured in the counterclockwise direction, then ¢ is positive. If the 
arc is measured in the clockwise direction, then f is negative. 


FIGURE 7 


Since we will be dealing with arcs on a unit circle, it 1s convenient to 
establish a standard notation and terminology. The letter A will always denote the 
point A(1, 0) as in Figure 7. If the arc AP on the unit circle is of length r, we will 
say that P is the unit circle point corresponding to ¢ or determined by . 
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ANGLE CONVERSION 


We can obtain a better grasp of radian measure by developing a simple relation- 
ship between the degree measure and the radian measure of an angle. An angle in 
standard position that traces a complete revolution in the counterclockwise direc- 
tion has, by definition, a measure of 360°. This angle intercepts an arc on the unit 
circle that corresponds to its circumference andthe arc must therefore be of length 
C = 2ar = 27 since r = 1. Thus, 27 radians = 360° or 


a radians = 180° 


This relationship enables us to transform angular measure from radians to degrees 
and vice versa. From the equation just given we obtain 


an = ( 180)° 0 = 7 hadi 
| radian = ( a) and "= 780 radians 


EXAMPLE 4 
Convert 120° to radian measure. 


SOLUTION 
Since 1° = 7/180 radians, we must have 


© = 170(-7_) = 22 radi 
120 120(=) 3 radians 
PROGRESS CHECK 
Convert the following from degree to radian measure. 
(a) —210° (b) 390° 


ANSWERS 
TT ee 137 ; 
(a) —— radians (b) — radians 
6 6 
EXAMPLE 2 


Convert 27/3 radians to degree measure. 


SOLUTION 
Since | radian = 180/7r degrees, we have 


22 dune = 2a (180) = 120° 
3 3 \ a7 


PROGRESS CHECK 
Convert the following from radian measure to degrees. 


(a) 72 radians (b) -2 radians 
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ANSWERS 
(a) 810° (b) —240° 


There are certain angles that we will use frequently in the examples and 
exercises throughout this chapter. It will prove helpful if you take the time now to 
verify the conversions shown in Table |; you will then see how easy it is to switch 
between degree and radian measure for these values. Figure 8 displays some 
angles in standard position and shows both the degree measure and the radian 
measure. 


TABLE 41 


7/6 m4 wI3 wi T 32/2 27 
30° 45° 60° 90° 180° 270° 360° 


(a) 6 = 60° = F radians (b) @= 135° = 3 radians (¢) 6 = 270° = 3 radians 
FIGURE 8 
EXAMPLE 3 
If the angle @ is in standard position, determine the quadrant in which the angle 
lies. , 


(a) @= 200° (b) 0@= 77/4 radians 


SOLUTION 

Figure 9 shows the quadrantal angles in standard position. 

(a) Since 6 = 200° is between 180° and 270°, @ lies in quadrant III. 

(b) Since 6 = 777/4 radians is between 37/2 and 27, @ lies in quadrant IV. 
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COTERMINAL ANGLES 


180° (77) 


360° (277) 
x 


FIGURE 9 


Figure 10a displays an angle of 30° in standard position. Since a revolution of 
360° returns to the same position, different angles in standard position may have 
the same terminal side. For instance, the angles of 30° and 390° shown in Figure 
10a have the same terminal side and are said to be coterminal angles. Similarly, 
the angles of 45° and —315° shown in Figure 10b are coterminal angles. 


—315° 


(a) (b) 
FIGURE 410 


It is intuitively clear that any number of revolutions in either direction will 
return to the same terminal side. Since a revolution requires 360°, or 277 radians, 
we can write this result in a mathematical shorthand as follows: 


Coterminal Angles 


THE CENTRAL 
ANGLE FORMULA 
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An angle 6 in standard position is coterminal with every angle of the form 


6+ 360°n (degree measure) 


6+ 27n (radian measure) 


where n is an integer. 


EXAMPLE 4 
Find a first quadrant angle that is coterminal with an angle of 
(a) 410° (b)—57/3 radians 


SOLUTION 
(a) With 6 = 410° and n= —1, we have 
6 + 360°n = 410° — 360° = 50° 
(b) With 6 = —57/3 radians and n = 1, we have 
Sa 7 : 
6+ 27n = - > + 2r= 3 radians 


PROGRESS CHECK 
Show that each pair of angles is coterminal. 
(a) —265° and 95° (b) 2272/3 and 47/3 radians 


The radian measure of an angle can be found by using a circle other than a unit 
circle. In Figure 11 the central angle @ subtends an arc of length r on the unit circle 
and an arc of length s on a circle of radius r. By definition, @ = 1. Since the ratio 


FIGURE 14 
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of the arcs is the same as the ratio of the radii, we have 


or 


Central Angle Formula —_—sIf acentral angle 6 subtends an arc of length s on a circle of radius r, then the 
radian measure of 6 is given by 


and the length of the arc s is given by 


s=r6 


Note that when s =r, @= 1 radian. This leads to an alternative definition of 
radian measure. 


Radian Measure An angle of one radian subtends an arc on a circle whose length equals the 
length of the radius of the circle. 


k WARNING The formula 


g= 


bn 


can only be applied if the angle 6 is in radian measure. 


EXAMPLE 5 
A central angle 6 subtends an arc of length 12 inches on a circle whose radius is 6 
inches. Find the radian measure of the central angle. 


SOLUTION 
We have s = 12 and r= 6, so that 
d= ae 2 radians 
r 6 


In Example 5 we used the formula @ = s/r to find that the radian measure of 
@ is given by 


= 12 inches = 
6 inches 
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This shows that the radian measure of an angle is dimensionless. We may there- 
fore treat the radian measure of an angle as a real number. We will make use of 
this result throughout the next section. 


EXAMPLE 6 

A designer has to place the word ALMONDS on a can using equally spaced 
letters (see Figure 12a). For good visibility, the letters must cover a sector of the 
circle having a 90° central angle. If the base of the can is a circle of radius 2 inches 
(see Figure 12b), what is the maximum width of each letter? 


aa: 
AtwonD® oo 


(a) (b) 
FIGURE 42 


SOLUTION 
Since @ = 90° = 77/2 radians, the arc has length 


s=r0=FQ)=7 


Each of the seven letters can occupy 1/7 of this arc, or 77/7 inches, which is about 
0.45 inches. 


If the angle 6 is in standard position, determine the quadrant in which the angle lies. 


EXERCISE SET 5.1 
1. 6=313° 
5. 6=141° 
9. 6=618° 
_In 
3. 0=4 
137 
7. 6==2 


3 


2. @= 182° 3. 6=14° 4. @=227° 
6. 60=-—167° 7. 0= —345° 8. @=555° 
10. @= —428° 11. 0=—195° 12. 6= 730° 
_ 30 _—87 _ 3a 
14. = 15. 6 =a 16. 6 3 
on 
18. ones 
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Convert from degree measure to radian measure. 


19. 
23. 
27. 


fe 3. 


30° 20. 200° 
75° 24. 570° 
135° 28. 405° 
45.22° =3!| 32. 196.54° 


33. 


4 34, 3 
—7 -—T0 
5 38. 12 

Sa 
,) 42. —-Sa 
1.72 24.98 


21. 
25. 
29. 


35. 


39. 


43. 


For each pair of angles, write T if they are coterminal and F if they are not coterminal. 


47. 


51. 


53. 


54. 


55. 


56. 


57. 


58. 


30°, 390° 48. 50°, —310° 
a 17 3 5 
7° 2 52. -—60°, 760 


If a central angle 6 subtends an arc of length 4 centi- 
meters on a circle of radius 7 centimeters, find the 
approximate measure of 6 in radians and in degrees. 


Find the length of an arc subtended by a central angle 
of 77/5 radians on a circle of radius 6 inches. 


Find the radius of a circle if a central angle of 27/3 
radians subtends an arc of 4 meters. 


In acircle of radius 150 centimeters, what is the length 
of an arc subtended by a central angle of 45°? 


A subcompact car uses a tire whose radius is 13 
inches. How far has the car moved when the tire com- 
pletes one rotation? How many rotations are complet- 
ed when the tire has traveled one mile? (Assume 77 ~ 
3.14.) 


A builder intends placing 7 equally spaced homes on a 
semicircular plot as shown in the accompanying fig- 


400 


49. 


59. 


60. 


61. 


62. 


—150° 22. —330° 
—450° 26. —570° 
120° 30. 90° 
3a 5m 

5) 36. 6 
4a 

3 40. 37 

—5a On 

3 44. 27 
45°, —45° 50. 120°, a 


ure. If the circle has a diameter of 400 feet, what is the 
distance between any two adjacent homes? (Use 7 ~ 
3.14.) 

How many ribs are there inan umbrella if the length of 
each rib is 1.5 feet and the arc between two adjacent 
ribs measures 377/10 feet? 


A microcomputer accepts both 5i-inch and 8-inch 
floppy disks. If both disks are divided into 8 sectors, 
find the ratio of the arc length of a sector of the 8-inch 
disk to the arc length of a sector of the 54-inch disk. 
If the point (a, b) is on the unit circle, show that 
(a, —b), (—a, b), and (—a, —b) also lie on the unit 
circle. 

If the point (a, b) is on the unit circle, show that (5, a), 
(b,—a), (—b, a), and (—b, —a) also lie on the unit 
circle. 


5.2 
THE SINE, 
COSINE, AND 


TANGENT FUNCTIONS 
De Raia oh ae 


DEFINITION 


Trigonometric Functions 
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Figure 13a displays an angle @ whose radian measure is ¢. Focusing on the unit 
circle point P determined by r, we assume the coordinates of P to be (x, y). There 
are six trigonometric functions that are defined by the coordinates of the point 
P. In this section we will discuss the sine, cosine, and tangent functions, which 
are written as sin, cos, and tan, respectively. The remaining three functions are 
reciprocals of these and will be described in Section 5.5. We now define the first 
three trigonometric functions. 


If P(x, y) is the unit circle point determined by the real number 2, then 
sin f= y 
cost=x 


tant =2, x #0 
x 


FIGURE 413 


The trigonometric functions are seen to be functions of a real number ¢ whose 
values are determined by the coordinates of the unit circle point P corresponding 
to ¢ as in Figure 1 3b. 

It is convenient to speak of the trigonometric functions of an angle. To do 
so, we simply associate the angle with its radian measure. 


If an angle 6 has a radian measure of ¢, then 


sin 0 = sint 


cos @= cost 


tan @= tant 


226 THE TRIGONOMETRIC FUNCTIONS 


a7) 


FIGURE 44 


DOMAIN AND RANGE 


From here on we will use Greek letters (such as a, B, y, and 9) to represent 
angles and Roman letters (such as s, ¢, u, and v) to represent arc lengths or real 
numbers. In higher mathematics as well as in engineering and computer science, 
it is generally more convenient to deal with sine, cosine, and tangent as functions 
of real numbers, and we will stress this approach throughout the remainder of this 
chapter. We will work with angular measure whenever it is convenient and to 
make sure that you are comfortable with both approaches. 

We stated earlier that an angle in standard position is said to lie in the same 
quadrant as its terminal side. Similarly, if a real number ¢ determines the unit 
circle point P as shown in Figure 13, we say that ¢ lies in the same quadrant as the 
point P. 


EXAMPLE 4 

The coordinates of the unit circle point P determined by the real number ¢ are 
(-— 3/4, -V714). Determine 

(a) the quadrant in which ¢ lies 

(b) sin ¢, cos ¢, and tan ¢ 


SOLUTION 

(The student is urged to first verify that the coordinates (— 3/4, ~Vi7l4) satisfy 
the equation of the unit circle.) 

(a) The point P is sketched in Figure 14 and lies in the third quadrant. Then, by 
definition, ¢ lies in the third quadrant. 

(b) From the definitions of the trigonometric functions we have 


1 t= ow 
sin y 4 
cos 7 = ae 
x4 
ee all 
x 3 


From the definitions, we see immediately that the domain of the sine and cosine 
functions is the set of all real numbers. The tangent function, however, is not 
defined when x = 0. The unit circle points where x = 0 correspond to arcs of 
length ¢ = 7/2 and t = 37/2. From our earlier work with coterminal angles we see 
that x = 0 whenever 


or, more compactly, when ¢ = 7/2 + an for all integers n. We conclude that the 
tangent function is not defined for these values. 
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Domain of the sin ¢: all real values of ¢ 
Trigonometric Functions cos 1: all real values of 1 


7 
tan ¢: all real values of ¢ such that ¢ # 2 + aN 


Turning again to the definitions, we note that the values of sin ¢ and cos ¢ 
correspond to coordinates of points on the unit circle. Since the coordinates of a 
point on the unit circle cannot exceed 1 in absolute value, we must have 


lsinfis1 and lIcosd=1 


Range of Sine and The range of the sine and cosine functions is given by 
Cosine 


—-|l<ssint=1 —-Ilscosr<1 


We will show in Section 5.4 that the range of the tangent function consists of the 
set of all real numbers. The student is invited to use the definition of tan ¢ to show 
that this is a reasonable conclusion. 


PROPERTIES OF THE In mathematics, whenever we define a new quantity or function, we then proceed 
TRIGONOMETRIC to investigate its properties. We will spend the rest of this section determining 
FUNCTIONS some simple properties of the trigonometric functions. 

Signs The signs of the trigonometric functions in each of the four quadrants are 


shown in Figure 15a. These follow immediately from the definitions. For exam- 
ple, since both the x- and y-coordinates of any point in the third quadrant are 
negative, the sine and cosine functions both have negative values if ¢ is in the third 
quadrant. The tangent will be positive in the third quadrant since it is the ratio y/x 
of two negative values. 


ad y 
ll I ll ] 
sinr>0 sin r>0 sint>0 
cosr<0 cos1>0 sint>0 cost >0 
tanr<0O tanr>0 tanr>0 


Ml IV Hl IV 


sin t<0O sint<0O 
cos r<0 cos t>0 tanr>0 cos1>0 
tan? >0 tanr<0 

(a) (b) 


FIGURE 415 


228 THE TRIGONOMETRIC FUNCTIONS 


Negative Arguments 


FIGURE 16 


Figure |5b shows where each of the trigonometric functions is positive. If 
you remember this, you can then determine by inference the quadrants in which 
the trigonometric functions are negative. 


EXAMPLE 2 
Determine the quadrant in which ¢ lies in each of the following. 
(a) sint>Oandtanr<0 (b) sint<Oandcost>0 


SOLUTION 

(a) sin t>0 in quadrants I and II; tan <0 in quadrants Il and IV. Both 
conditions therefore apply only in quadrant II. 

(b) sin ¢<0O in quadrants III and IV; cos ¢>0 in quadrants I and IV. Both 
conditions therefore apply only in quadrant IV. 


PROGRESS CHECK 
Determine the quadrant in which ¢ lies in each of the following. 
(a) cos¢<OQOand tan r>0 (b) cos¢<OQand sint>0 


ANSWERS 
(a) quadrant II] (b) quadrant Il 


We can use the symmetries of the unit circle to find sin(—?) and cos(—2). In 
Figure 16 we see that arcs of lengths and —¢ correspond to points P and P’, for 
which the x-coordinates are the same and the y-coordinates are opposite in sign. 
Thus 


sint=y and sin(—!) = —y 


or sin(—t) = —sin ft. Similarly, 
cos f=x=cos(—f) and tan(—s) = = =-tan?¢ 
In summary, 


sin(—f) = —sint 


cos(—f) = cost 


tan(—r) = —tant 


where ¢ is any real number in the domain of the function. 


EXAMPLE 3 
(a) Given sin(7/6) = 1/2, find sin(— 77/6). 
(b) Given cos 45° = V2/2, find cos(—45°). 


Symmetries of the Circle 
(Optional) 


FIGURE 47 
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SOLUTION 

: 7 Pea es ] 
(a) sin (-2) = -sin(2) = =) 
(b) cos(~45°) = cos(45°) = v2 
PROGRESS CHECK 
Given tan(7/4) = 1, find tan(—45°). 
ANSWER 


=! 


The following theorem can be combined with earlier results to extend our ability 
to find values of the trigonometric functions. 


If P(a, b) and P’(a', b’) are the unit circle points corresponding to the real 
numbers ¢ and ¢ + 7/2, respectively, then either 


(i) (a’, b') =(—b, a), or 
(ii) (a’, b’) = (b, —a). 


The proof is outlined in Exercises 38-40. We will use this result in the next 
example. 


EXAMPLE 4 
In Figure 17 the unit circle point P(1/4, V 15/4) corresponds to the real number f. 
Find 


(a) sin(? + z) (b) cos (: = ) 


SOLUTION 
In Figure 17, unit circle points P, and Pz correspond to ¢ + 7/2 and tot — 7/2, 
respectively. From the symmetries of the circle, their coordinates are 


1 (-45, 1) 1 pee 1) 


Pro Ng ag), eg 
Then 
=I _ a) _ VIS 
sin( + 4) =a and cos( ) ~ a 
PROGRESS CHECK 


If the unit circle point P(3/5, —4/5) corresponds to the real number #, find 
; if Le pees 
(a) sin (: = 5) (b) cos( i + 4) (c) cos( t+ 2) 
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IDENTITIES 


Trigonometry often involves the use of identities, that is, equations that are true 
for all values in the domain of the variable. Identities are useful in simplifying 
equations and in providing alternative forms for computations. We can now 
establish two fundamental identities of trigonometry. 

Since the coordinates (x, y) of every point on the unit circle satisfy the 
equation x7 + y? = 1, we may substitute x = cos ¢ and y = sin ¢ to obtain 


(cos 1)? + (sin 1)? = I 


Expressions of the form (sin ¢)” occur so frequently that a special notation is 
used: 


sin" ¢ = (sin ft)” whenn# —1 


Using this notation and reordering the terms, the identity becomes 


sin? t+ cos? t= | 


Of course, we may also use this identity in the alternative forms 
sin? ¢ =1 — cos* f 
cos? ¢ =1 — sin? ¢ 
Since tan t = y/x, x #0, we may substitute sin f= y and cos t= x to 


obtain 


sin ¢ 
tan ¢ = —— 
cos f 


for all values of ¢ in the domain of the tangent function. 


EXAMPLE 5 
If cos ¢ = 3/5 and ¢ is in quadrant IV, find sin ¢ and tan ¢. 


SOLUTION 
Using the identity sin? ¢ + cos? t= 1, we have 
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Since ¢ is in quadrant IV, sin ¢ must be negative so that sin ¢ = —4/5. Then 


PROGRESS CHECK 
If sin ¢ = 12/13 and ¢ is in quadrant II, find the following. 
(a) cost (b) tant 


ANSWERS 
5 12 
(a -7z (0) —> 


WARNING Don’t confuse 
sin f? and sin? ¢ 
We have defined sin? r by 
sin? ¢ = (sin ¢)? 


which indicates that we find sin ¢ and then square the result. But sin 7 indicates 
that we are to square f and then find the sine of the argument ?. 


EXAMPLE 6 
Show that 1 + tan? x = I/cos? x. 


SOLUTION 
We will use the trigonometric identities to transform the left-hand side of the 
equation into the right-hand side. Since tan x = sin x/cos x, we have 
v2 
1+tan?x=1+ 234 
cos” x 
= cos" x + sin? X 
cos? x 


Since cos? x + sin? x = 1, 


1 + tan? x = —;5 
cos? x 


PROGRESS CHECK 
Use identities to transform the expression (tan ¢)(cos ¢) + sin ¢ to 2 sin ¢. 
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one or more values of the variable as these values could turn out to be solutions to 


x WARNING You cannot verify an identity by checking to see that it ‘‘works’’ for 


a conditional equation (see Section 2.1). You must show that an equation is true 
for all values in the domain of its variable to prove that it is an identity. 


EXERCISE SET 5.2 
In Exercises 1—8 determine the quadrant in which ¢ or @ lies. 
4a =f 
1. t= 3 2 t= 6 
5 20 
5. = -190 6. t= 4 


In Exercises 9-16 the unit circle point P corresponds to the real number ¢. Find sin ¢, 


rh) wo) 
0 (EM) AE 


In Exercises 17—22 find the quadrant in which ¢ lies if the following conditions hold. 


17. sin t>0 and cos t<0O 
19. cos r<0O and tanr>0 
21. sin t<0O and cos t<0O 


sin <0 and tant >0 
tant <0 and sint>0 
tant <0 andcosr<0O 


In Exercises 23-34 find the value of the trigonometric function when ¢ is replaced by —r. [For example, given 


sin t= 4, find sin (—d)]. 


23: tan 1 = 3 24. sinr=1 

27. pee: 28. ere 
2 2 

31. tanr= V3 a2. sin = 3 


35. Ifthe unit circle point (3/5, 4/5) corresponds to the real 
number ¢, use the symmetries of the circle to find the 
coordinates of the unit circle point corresponding to 
the real number 
(a) (+7 (b) t-— 7/2 
(c) —t (d) -t-—7 

36. Iftheunitcircle point (—4/5, —3/5) corresponds to the 
real number ¢, use the symmetries of the circle to find 
the coordinates of the unit circle point corresponding 
to the real number 
(a) t-—7 (b) t+ 7/2 
(c) —t (d) -t+7 

37. The unit circle point P(a, b) corresponding to the real 
number ¢ lies in quadrant II. Find the values of 
(a) sin(t + 7/2) (b) cos(t + 7/2) 


w|S Ni- 
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In Exercises 38-40 the unit circle points P(a, b) and P'(a’, b') correspond to the real numbers and + 7/2, respectively, as 
shown in the following figure. 


39. Show that b' = +aanda’= + b. (Hint: The radii 
P(a, b) OP and OP’ are equal in length. Use the distance for- 
mula combined with the result of Exercise 38 above to 
substitute alternately for b’ and for a’.) 


40. Show that either (i)(a’, b’) = (—b, a)or(ii) (a’, b') = 


ae P’ (a’, b’) and apply the result of Exercise 38.) 


(b, —a). (Hint: Begin with the result of Exercise 39 


38. Show that b'/a’ = —a/b. (Hint: Show that the lines 
OP and OP’ are perpendicular and then determine 


their slopes.) 
In Exercises 41-48 use tigonometric identities to find the indicated value under the given conditions. 
41. sint = 2 and ¢ is in quadrant II; find tan ¢. 42. tanr= -} and ¢ is in quadrant II; find cos r. 
5 nae: : ; 5 sor 
43. cost= “13 and ¢ is in quadrant III; find sin ¢. 44. sins = a5 and ¢ is in quadrant III; find tan ¢. 
_4 : 12 
45. cost= 5 and sin ¢ < 0; find sin ¢. 46. tanr= 3 and cos ¢ < 0; find sin ¢. 
, 3 5 : F 
47. sint= -5 and tan ¢ < 0; find cos ¢. 48. tanr= “1D and sin ¢ > 0; find sin ¢. 
In Exercises 49-58 use trigonometric identities to transform the first expression into the second. 
49. (tan t)(cos f), sin t 50. con = 
sin ft’ tan? 
eS 1 — sin? t cost 52,. (an Mein ) + co al. 
: sint ‘tant Sena COS fy Cost 
Bee, 
53. cos (2 — cos ') sin? 1 54. ell sin t 
cos f sint 
55 econ coe tan? 56, =O aan 
; cos*t | “ }-sine’ seh 
57. (sin t—cos 1)?, 1 — 2(sin s)(cos #) 58. — a a 
I—sint 1+ -sint’ cost 
5.3 The definitions of sine, cosine, and tangent indicate that their values depend only 
VALUES OF SINE, upon the coordinates of the unit circle point P corresponding to the real number /. 
COSINE, AND In general, it is not easy to find these coordinates. The simplest cases occur when 
TANGENT the point P lies on a coordinate axis. 
(ERR) 
“SPECIAL VALUES” EXAMPLE 4 


Find sin ¢, cos f, and tan ¢ for 
(a) 1=0 (b) t= 7/2 (c) t=7 (d) ¢= 37/2 
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SOLUTION 
From Figure 18, the coordinates of the unit circle point corresponding to the 
values of ¢ are 


1=0: (I, 0) 1=5:0, 1) t= 7. (-1, 0) 1= 32 @, -1) 


FIGURE 18 


Applying the definitions of sine, cosine, and tangent, we have 


7 7 
in0=0 in -~= 1 i =0 in —=-1 
sin sin 5 sin 7 sin 5 
T 307 
cos 0 = 1 cos —=0 cos 7 = —l cos — =0 
2 2 
tan0=0 tan 4 = undefined tan 7 =0 tan = = undefined 


Note that tan 7/2 and tan 37/2 are both undefined, since tan ¢ = y/x is undefined 
when x = 0. 


PROGRESS CHECK 
Repeat Example |, replacing t by the degree measure of the corresponding angle 
6,05 6s 360°. 


Another special value occurs when t = 77/4; that is, when @ = 45°. We will 
apply a geometric argument in the next example. 


EXAMPLE 2 
Find the values of sin 7/4, cos 7/4, and tan 7/4. 


SOLUTION a, 

In Figure 19, the point P determined by the arc AP of length 7/4 is seen to bisect 
the arc AQ of length 77/2. Therefore P must lie on the line whose equation is y = 
x. We can then designate the coordinates of P as (a, a). Since the coordinates of 


5.3 VALUES OF SINE, COSINE, AND TANGENT 235 


any point on the unit circle satisfy the condition 


xr+y=] 
we have 
atat=| 
2a? = | 
=i 9 


Since P is in the first quadrant, we conclude that the coordinates of P are (V2I2, 
v2 2) and that 


FIGURE 19 


Finally, we will tackle the special value of 77/6, or 30°. In Figure 20a, arc AB 
has length 7/6 on a unit circle, so £AOB has a measure of 30°. We let (a, 5) be 
the coordinates of the point B. To determine the values of a and b, we locate the 
point D in quadrant IV so that arc AD is also of length 77/6. Then <DOA also has 
a measure of 30° and, by the symmetries of the circle, the coordinates of point D 
are (a, —b). We complete the figure by drawing the line BD as in Figure 20a. 

We now tur to the tools of plane geometry applied to the triangles shown in 
Figure 20b. Since OB and OD are radii of a circle, OB = OD and ABOD is 
isosceles. But an isosceles triangle whose vertex angle measures 60° must be 
an equilateral triangle. Therefore BD=1 and b=1/2. Since a*?+ b*=1, 
a= V3/2. Finally, we have 
V3 a V3 
2 tan > = ee 


sin = = 
6 6 
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PERIODIC FUNCTIONS 


(a) (b) 
FIGURE 20 


A similar argument (see Exercise 95) applied to the special value of 7/3, or 
60°, would show the coordinates of the point B to be (1/2, V3/ 2). Table 2 lists the 
values of the sine, cosine, and tangent functions for certain frequently used real 
numbers ¢ in the interval [0, 27r]. There is no entry for tan 77/2 or tan 3277/2 because 
the tangent function is not defined for these values. 


TABLE 2 


aT 
3 
a 
2 
7 
3ar 
a 


In Section 5.1 we defined coterminal angles as angles that have the same terminal 
side. We can extend this concept to the unit circle point determined by a real 


GENERAL VALUES OF 
sin t AND cos ¢ 


Calculators 
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number ¢. Since the circumference of the unit circle is 277, we have the following 
result. 


For any real number f, the real numbers 


t+2an 


determine the same unit circle point for all integer values of n. 


Since the values of the trigonometric functions depend only upon the unit 
circle point determined by ¢, we can reach the following conclusion. 


For any real number 4, 


sin (¢ + 27m) = sin t and cos (t+ 2an) =cost 


for all integer values of n. 


The cyclical behavior of sine and cosine is characteristic of functions that are 
called periodic, and the least number for which the cyclical behavior is exhibited 
is called the period of the function. It is not difficult to show that the period of the 
sine and cosine functions is 277 (see Exercises 93 and 94); that is, 27r is the 
smallest positive real value of p such that 


sin(t+ p)=sin¢t and cos(t + p) =cost 


We will discuss the periodicity of the tangent function in Section 5.4. 


We have thus far found sin ¢ and cos ¢t for some very special values of the 
argument ¢. If you want to find the value of a trigonometric function for an 
arbitrary value of ¢, you can use a calculator or you can refer to a table of 
values. 


Many inexpensive calculators now have keys labeled sin, cos, and tan that can 
provide the values of the trigonometric functions. The procedure for using these 
calculators varies slightly for each manufacturer. In general, the steps are 


Step 1. Set a selector switch to radians or degrees. This switch is often marked 
RAD/DEG or DRG. 


Step 2. Enter the input in radians or degrees, corresponding to the switch set- 
ting. 
Step 3. Depress the appropriate key for sine, cosine, or tangent. 


If you have yet to purchase a calculator that can handle trigonometric func- 
tions, here are some of the things you should look for. 


238 THE TRIGONOMETRIC FUNCTIONS 


J , Wht . 
(Courtesy of Texas Instruments, Inc.) 


e Arguments can be entered in either degrees or radians. 

e Arguments are unrestricted in size. (We will show you later in this section how 
to work with a calculator that restricts the arguments; it is easier, however, to 
use a calculator that permits any argument.) 

@ Inverse functions are available. (We will discuss this topic at the end of this 
chapter.) 

Do not be surprised if the answers you obtain when using a calculator differ 
slightly from the answers in this book. Most calculators use some type of approx- 
imation method (see Exercises 85-90) that may not give results identical with 
those in our tables. 


EXAMPLE 3 
Using the instruction booklet for your calculator, verify the following approxi- 
mations. 
(a) sin 47.45° ~ 0.7367 (b) sin 5.763 ~ —0.4970 
(c) tan 5.11 =~ —2.3811 (d) cos(—15°) ~ 0.9659 


(e) tan 48° ~ 1.1106 (f) cos 6.83 ~ 0.8542 


Tables of Values 
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SOLUTION 
Illustrated here are the keys you might have to press to solve part (a): 


DEG 47.45 SIN 


The result would then be displayed. 


Tables have long been the customary way to find the values of the trigonometric 
functions. If you examine Table V in the Tables Appendix, you will find the 
values of sin ¢ and cos t for 0 = ¢ = 1.57 in increments of 0.01, which corre- 
sponds (approximately) to 0 = ¢ < 77/2. We are now prepared to show that this 
limited table is adequate to enable you to find sin ¢ or cos ¢ for any real value 
of ¢. 

First, we note that if ¢ is negative we can use the identities 


sin(—t) = —sint and cos(—t) =cost 


to provide us with a positive value of the argument. 

Next, we observe that the periodic nature of the trigonometric functions 
provides us with an approach if t > 277. We need only subtract an appropriate 
multiple of 27 until the remaining value is between O and 27. 

Finally, we need to find sin ¢ and cos t when 7/2 < t < 27. In Figure 21 we 
illustrate the cases in which the unit circle point P(x, y), determined by ¢, lies in 
quadrants II, III, and IV. We define the reference number ?’ associated with t as 
the shortest arc of the unit circle between P and the x-axis. Clearly, if Pisnotona 
coordinate axis, then the reference number ?’ is less than 77/2; that is, 


0<t'<7q7l2 


The real number ¢’ determines the unit circle point P’(x’, y’) in the first quadrant. 
By the symmetries of the unit circle, in all three cases we have 

x’ =Ixl and y’ =lyl 
Then 


sint=y and sin?’ =y' =\lyl 


cost=x and cos? =x' =I 


so sin ¢ and sin ¢’ differ only in sign and cos t and cos t’ differ only in sign. If we 
can find sin ¢’ and cos t’ from a table of values of r’ in the interval [0, 7/2], we 
need only attach the proper sign to find sin ¢ and cos ¢ according to the quadrant in 
which ¢ lies. This procedure is known as the Reference Number Rule and is 
outlined in Example 4. 
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P(x, y) P(x‘, y') 


FIGURE 24 


EXAMPLE 4 


Find cos 27/3. 


SOLUTION 


y 


P'(x',y’) P(x’, y’) 


Reference Number Rule 


Step 1. The argument ¢= 27/3 is in quadrant I. 
Thus, 
t=a7-1 
= 7 — 27/3 
= a/3 


, 


we know 


Step 2. Since 7/3 is a ‘‘special value,’ 
that 


cos 7/3 = 0.5 


Step 3. Since cos ¢ is negative in quadrant II, we 
have 


cos 27/3 = —cos m/3 = —0.5 


In Example 4 the argument ¢ was given in terms of 7 and led to a ‘‘special 
value’’ of t’. For less convenient values of ¢ you will find Figure 22 helpful in 
determining the quadrant in which 1 lies. 


EXAMPLE 5 


Find sin 3.62 using the Reference Number Rule and Table V in the Tables 


Appendix. 


Quadrantal Arcs 
FIGURE 22 
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SOLUTION 
Step 1. Since 


a < 3.62 < 37/2 
the argument ¢ is in quadrant III and, using 7 = 3.14, 
t =t- 73.62 —3.14=0.48 
Step 2. From Table V, 
sin 0.48 = 0.4618 
Step 3. Since sine is negative in quadrant I[], we have 
sin 3.62 = —sin 0.48 = —0.4618 
PROGRESS CHECK 


Use ar = 3.14 and Table V to find 
(a) tan 5.96 (b) sin 3.79 (c) cos 2.68 


ANSWER 
(a) —0.3314 (b) —0.6052 (c) —0.8961 


Example 5 shows that the Reference Number Rule is cumbersome when the 
argument f¢ is not expressed in terms of 7. Not only must you determine the 
quadrant in which ¢ lies and use a table, but the use of a two-place approximation 
for 77 will lead to inaccurate results. The method is fine for values of ¢ that lead to 
‘‘special values.’’ You will find, however, that using a calculator is a much more 
practical way to obtain values of the trigonometric functions for arbitrary argu- 
ments. 


To deal with degree measure, we use a scheme analogous to the Reference 
Number Rule. The reference angle @’ associated with the angle @ is the acute 
angle formed by the terminal side of @ and the x-axis. If 6 lies in quadrant I, then 0 
is itself an acute angle and 6’ = 6. The other cases are illustrated in Figure 
23. 


FIGURE 23 
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The procedure for finding sin @ and cos @ when 6 is in the interval (90°, 360°] 


is called the Reference Angle Rule and is identical to the Reference Number 
Rule with these exceptions: 


© replace 7 by the degree measure of 180° 
© use Table VI in the Tables Appendix instead of Table V 


Examination of Table VI indicates that minutes and seconds are used as subdi- 
visions of a degree according to these definitions. 


1 degree = 60 minutes (written 60’) 


1 minute = 60 seconds (written 60") 


EXAMPLE 6 
Find sin 200°. 


SOLUTION 


Step |. Since the terminal side of an angle of 200° is in 
quadrant III, we have 


0’ = 6— 180° 
= 200° — 180° 
= 20° 


Step 2. 
sin 20° = 0.3420 


Step 3. Since sine is negative in quadrant III, we 
have 


sin 200° = —sin 20° = —0.3420 


Of course, a calculator that provides the values of the trigonometric func- 
tions for any degree measure of an angle is more efficient than using the Refer- 
ence Angle Rule and Table VI. You should note that the calculator entry, 32.5°, 
corresponds to the table entry of 32° 30’; that is, the calculator uses decimal 
format to represent a fractional part of a degree. 
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EXAMPLE 7 
Find tan 611°20’ by (a) using a calculator and (b) using the Reference Angle 
Rule. 


SOLUTION 
(a) Using a calculator, the value 611.333 would be entered since 20’ is 20/60, 
or 1/3 of a degree. The key sequence would be 


DEG 611.333 


The calculator will display an (approximate) answer of 2.9600. 

(b) We first reduce the angle 611°20’ to an angle in the interval (0, 360°) by 
subtracting 360°, leaving @ = 251°20’. Using the Reference Angle Rule, we note 
that the angle 6 is in quadrant III. The reference angle 6’ is given by 


6’ = 6 — 180° = 251°20' — 180° = 71°20’ 


From Table VI in the Tables Appendix, tan 71°20’ = 2.9600. Finally, we note 
that tangent is positive in quadrant III and 2.9600 is indeed the answer. 


PROGRESS CHECK 
For each angle 6 


1. use the Reference Angle Rule to find cos 6; 
2. convert the angle to decimal form and use a calculator to find cos 0. 
(a) 143°40’ (b) 345°10’ 


ANSWERS 
(a) -—0.8056 (b) 0.9667 


EXERCISE SET 5.3 


In Exercises 1-12 replace each given real number s by a real number 1, 0 S t < 277, so that s and ft determine the same unit 
circle point. 


137 \Sa 25a 

l. 4a 2. ) 3. 7 4. ear 
21a lla 4la lla 
ie aa aes oe 
9. —99r 10. 77 11. 2 12. a 


In Exercises 13-20 find a positive and a negative value of 1, It! < 27, that determine the unit circle point P whose 
coordinates are given. 


13. P (—1, 0) 14. P (0, -1) 15. p(-%2 2) 


a) 
aie: 


17. p (-%, 3) 18. P( L -¥3) 19. P (3. -¥3) 30. p (-X3. -1) 


16. P( 
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In Exercises 21—36, for each given real number ¢ find (a) the coordinates of the unit circle point P determined by ¢; and (b) 


the values of sin ¢, cos ¢, and tan ¢. 


Sa 7 37 
21. Sa 22. 5 23. 4 24. - , 
Sa 4n 27 
25. 4 26. 87 27. 3 28. 3 
27 197 19a 17a 
29. 3 30. 3 31. 6 32. Be 
Sa lla 197 257 
33. - 6 34. - 6 35. 3 36. 3 
In Exercises 37—48 use Table V in the Tables Appendix to find each of the following. (Use a ~ 3.14.) 
37. cos 1.12 38. sin 0.48 39. tan(—1.39) 40. sin 4.86 
41. tan 3.44 42. cos(—4.79) 43. sin(—5.28) 44. tan 6.05 
45. cos(—2.91) 46. sin 2.43 47. tan(—3.27) 48. cos 1.72 


49-60. Repeat Exercises 37-48 using a calculator to find the value of the required trigonometric function. 


In Exercises 61-72 use Table VI in the Tables Appendix to find each of the following. 


61. tan 155° 62. cos(—305°) 63. sin 232° 64. sin(— 147°) 
65. cos 257° 66. tan 290° 67. cos 136° 68. sin 345° 
69. tan 19°10’ 70. cos 470°50’ 71. sin(—197°30’) 72. tan(—105°40’) 


73-84. Repeat Exercises 61—72 using a calculator to find the value of the required trigonometric function. 


In Exercises 85—90 use a calculator and the polynomial approximations 


sin (pp ae wae 
6 120 5040 
2 4 6 
t t 
cos f=t-yz+—- = 
2 24 720 
to find each of the following. 
85. sin 0.80 86. cos 1.10 87. sin(—0.20) 88. cos(—0.75) 
89. tan 0.1 90. tan(—1.2) 


91. Using the polynomial approximation for sin ¢ given 
above, show that sine is an odd function; that is, 
sin(—7) = —sin ¢. 

92. Using the polynomial approximation for cos ¢ given 
above, show that cosine is an even function; that is, 
cos(—f) = cos ¢. 

93. Prove that the period of the sine function is 27. [Hint: 
Assume sin(t + c) = sin t, O0<c < 2z, for all ¢. By 
letting ¢ = 0, show that sin c = 0 and, consequently, 
that c = a. Finally, conclude that sin(t + 7) = sin ¢ 
does not hold for t = 7/2.] 


94. Prove that the period of the cosine function is 27. 


95. 


Show that the unit circle point P determined , by 
the real number ¢ = 77/3 has coordinates (1/2, V3l 2). 
(Hint: If P has coordinates (a, b), then the unit circle 
point P’ corresponding to ¢ = 27/3 has coordinates 
(—a, b) and AP = PP’ .] 


5.4 
GRAPHS OF SINE, 


COSINE, AND TANGENT 
SPREE EUSA 2 6 


SINE AND COSINE 
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In the last section we used the periodic property of the trigonometric functions to 
reduce the number of entries in Tables V and VI in the Tables Appendix to a 
reasonable length. We will now take advantage of the same periodic property in 
sketching graphs of the trigonometric functions. 


If we can graph the sine and cosine functions over the interval [0, 277], we can 
then repeat the graph for every interval of length 277. As usual, we form a table of 
values, plot the corresponding points on a ty coordinate system, and sketch a 
smooth curve. We can make use of the results of the last section to provide us 
with values for plotting, as in Table 3. 


TABLE 3 


[ome [wa [xo [oa] oem [= | sae [oe | 7a | 


Taarfofesofonesr[ + fan fo lan] — [-on 
Fass [t [oar forfoso] © [-on|]-1[-on] 0 [on | 


We have used the approximations V2 = 1.414 and V3 = 1.732. With the values 
in the table we can sketch y = sin ¢ over the interval (0, 277], as in Figure 24. 


FIGURE 24 
Repeating for adjacent intervals of length 27 yields the graph in Figure 25. 


FIGURE 25 
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TANGENT 


P’(—x, —y) 


FIGURE 27 


Turning to the cosine function, we can use values given in Table 3 to sketch 
the graph of y = cos ¢ as in Figure 26. 


FIGURE 26 


To graph the tangent function, we first establish that tan(¢ + zr) = tan ¢ for all real 
values of t. If P(x, y) is any point on the unit circle, then P’(—x, —y) also lies on 
the unit circle (Figure 27), and arc PP’ is of length 7. If the unit circle point 
P(x, y) corresponds to the real number ¢, then 


and 
tan(t + 7) =— =2 
=x. x 


so that tan(¢ + 7) = tan ¢. It is easy to show that there is no real number c, 
0<c<v7, such that tan(¢ +c) =tan ¢ for all real numbers ¢. Hence, the 
tangent function has period 7. 
We can use the identities 
sin f 


= and 
cos ¢ 


tan ¢ tan(—t) = —tant 


to establish the entries in Table 4. For example, 


_ sind O_ 
On Of 
sin = 1 V3 
te ae o 
tan § = a Va 3 = 0.58 
cosG > 
ma V3 
ve ey 
tan = = — + == V3 ~ 1.73 
3 cos = - 
320 2 


EVEN AND ODD 
FUNCTIONS 
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Since tant is undefined at 7/2 andat — 7/2, we need to carefully consider the 
behavior of the graph near these values of t. As ¢ increases from 0 toward 77/2, the 
x-coordinate of the unit circle point P(x, y) corresponding to ¢t gets closer and 
closer to 0. Since tan t = y/x, arbitrarily small values of x produce arbitrarily large 
values for the quotient y/x. We say that tan ¢ increases without bound as ¢ 
approaches 77/2. Similarly, as t decreases from 0 toward —7/2, tan t grows 
smaller and smaller. Accordingly, we say that tan ¢ decreases without bound as ¢ 
approaches — 71/2. These considerations lead us to the graph of tan ¢ shown in 
Figure 28. The vertical, dashed lines are called vertical asymptotes. 


FIGURE 28 


A function f for which f(—x) = f(x) is said to be an even function; if f(—x) = 
—f(x), then f is called an odd function. From our earlier work with negative 
values, we see that sine and tangent are odd functions, while cosine is an even 
function. 

It is easy to see from the definitions that the graph of an even function is 
always symmetric about the y-axis, while the graph of an odd function is sym- 
metric with respect to the origin. An example of an even function whose graph 
you know is f(x) = x?, while f(x) = x? is a good example of an odd function. Now 
that we have sketched the graphs of sin ¢, cos ¢, and tan ¢ in Figures 24, 25, and 
27, respectively, we have visual verification that sine and tangent are odd func- 
tions and cosine is an even function. 
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RANGE OF THE 
TRIGONOMETRIC 
FUNCTIONS 


From the graphs of the sine and cosine functions it is clear that both functions 
assume values between —1 and +1. Examination of the graph of the tangent 
function again shows that tan ¢ is not bounded. These conclusions concerning the 
range of the trigonometric functions are listed in Table 5, along with the domain 
and period of each function. 


t#an/2+ 7, 


n an integer 


all rea! numbers 
a 


EXAMPLE 4 
Sketch the graph of f(*) = 1 + sin ¢. 


SOLUTION 

Rather than form a table of values and plot points, we simply note that the 
y-coordinate of f() = 1 + sin ¢ is one unit larger than that of sin ¢ for each value 
of t. In Figure 29 we have sketched sin ¢ with dashed lines and f(r) = | + sin 
with a solid line. 


to 


y=ltsine 


— y=sint 


FIGURE 29 


EXAMPLE 2 
Sketch the graph of f(t) = sin t+ cos ¢. 


SOLUTION 
Again, rather than plot points, we note that the y-coordinate of f(*) = sint + cost 
is simply the sum of the y-coordinates of sin ¢ and cos ¢ for each value of ¢. In 


5.4 GRAPHS OF SINE, COSINE, AND TANGENT 249 


Figure 30 we have sketched the graphs of sin ¢ and cos ¢ with dashed lines, formed 
the sum of the y-coordinates geometrically, and then sketched a smooth curve 
through the resulting points. 


y 
2 
y=sint 
YA 

fd \ 

/ =\ 
/ 2N 
—1 
= y=sin¢+cost 

FIGURE 30 
GRAPHS: AMPUTUDE, We next seek to sketch the graph of f(x) = A sin (Bx + C), where A, B, and C are 


PERIOD, AND PHASE SHIFT real numbers and B > 0. Note that we are now using the familiar symbol ‘‘x’’ to 
indicate the independent variable, rather than the symbol ‘‘r’’ used until now. Of 
course, any symbol can be used to denote a variable; however, the symbol ‘‘x’’ 
used here is not to be confused with the x-coordinate of the unit circle point 
P(x, y) corresponding to an arc of length ¢. The results that we obtain throughout 
this section will also apply to the form A cos (Bx + C). 


Amplitude Since the sine function has a maximum value of + 1 and a minimum value of —1, 
it is clear that the function f(x) =A sin x has a maximum value of IAI and a 
minimum value of —IAI. If we define the amplitude of a periodic function as half 
the difference of the maximum and minimum values, we see that the amplitude of 
fC) =A sin x is [IAl — (—IAI)]/2 = IAI. 


The amplitude of f(x) = A sin x is IAI. 


The multiplier A acts as a vertical ‘‘stretch’’ factor when IAl > 1, and asa 
vertical ‘‘shrinkage’’ factor when IAl< 1. These remarks hold for both y = 
A sin x and y=A cos x. Here are some examples. 


EXAMPLE 3 
Sketch the graphs of y = 2sin x and y = jsin x on the same coordinate axes. 


SOLUTION 

The graph of y = 2 sin x has an amplitude of 2; the maximum value of y is +2 and 
the minimum is —2. Similarly, the amplitude of y = 4 sin x is 4 and the graph 
has a maximum value of +4 and a minimum of —4 (Figure 31). 
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FIGURE 34 


EXAMPLE 4 
Sketch the graph of f(x) = —3 cos x. 


SOLUTION 
The amplitude is 3, and y = —3 cos x has maximum and minimum values of +3 
and —3, respectively. Since A = —3, each y-coordinate will be that of cos x 


multiplied by —3. 


The graph of y = —3 cos x shown in Figure 32 is said to be a reflection 
about the x-axis of the graph of y = 3 cos x. 


FIGURE 32 


Period 
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The key to sketching the graph of f(x) = sin Bx, B > 0, lies in determining the 
period of the function. Table 6 shows values of sin x and sin 2x for selected values 
of x in the interval (0, 27r]. These values were used in sketching the graphs shown 
in Figure 33. Since y = sin x has period 277, the graph shows that the sine function 
completes one cycle or wave as x varies from 0 to 27r. However, the graph of y = 
sin 2x completes two cycles as x varies from 0 to 277. 


TABLE 6 


Cs [op = [=| om |) 
Pies fo [vai [1 [ve [o | v8 
feefols [el fo 


In general, sin Bx will complete B cycles over the interval [0, 27], so that a 
cycle is completed as x varies from 0 to 27/B. We conclude: 


The period of f(x) = sin Bx, B >0, is = 


The multiplier B acts as a horizontal ‘‘stretch’’ factor if O0< B< 1 and as a 
horizontal ‘‘shrinkage’’ factor if B > 1. 


EXAMPLE 5 
Sketch the graph of f(x) = 2 cos 4x. 


SOLUTION 

Since B = }, the period is 27/4 = 47. The graph will complete a cycle every 47 
units. Note that the amplitude is 2, which provides us with maximum and mini- 
mum values of 2 and —2, respectively. The graph is shown in Figure 34. 
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FIGURE 34 
Phase Shift 


Let us examine the behavior of the function f(x) = A sin(Bx + C), B > 0. Since 
y = sin x completes a cycle as x varies from 0 to 277, the function f will complete 
a cycle as Bx + C varies from 0 to 27. Solving the equations 


Bx+C=0 Bx+C=27 


we have 


The number —C/B is called the phase shift and indicates that the graph of the 
function is shifted right —C/B units if —C/B > 0 and is shifted left if —C/B is 
Negative. 


The phase shift of 
SQ) =A sin(Bx + C), B>0 


is —C/B. 


Note that the amplitude of fis [Al and the period is 27/B; that is, the introduction 
of a phase shift has not altered our earlier results. 


EXAMPLE 6 
Sketch the graph of f(x) = 3 sin(2x — 7). 


SOLUTION 


Graphing f(x) = A sin(Bx + C) 


| Step I. Since 


f(x) = 3 sin(2x — 1) =A sin(Bx + C) 
A = 3, B=2, and C = —-7. 


FIGURE 35 
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amplitude = |Al = 3 


al= se = = 
a re a 


phase shift = — 


(or: 2x — 7 =0 yields x = 5 as the phase shift) 
Step 3. A phase shift of 7/2 causes the cycle to *‘be- 
gin’’ at (7/2, 0) rather than at (0, 0). 


Step 4. Adding and subtracting the period of zr to the 
phase shift of 7/2, we have 


|-z. = 


Step 5. Recalling that the amplitude is 3, see the graph 
sketched in Figure 35. 


ey=3sin 2x 
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PROGRESS CHECK 

If f(x) = 2 cos(2x + 7/2), find the amplitude, period, and phase shift of f. Sketch 
the graph of the function. 

ANSWER 


amplitude = 2 period =a _ phase shift = —7/4 (or shift left 7/4) (Figure 
36) 


FIGURE 36 


EXAMPLE 7 

Rewrite the equations 

(a) y=4sin(—x + 7) (b) y = —2 cos(—2x - 7) 
as equivalent equations with B > 0. 


SOLUTION 
(a) We rewrite the original equation as 
lowe 
yr5 sin(—x + 71) 
= us sin[—(x — 77)] 
2 
Since sin(—t) = — sin t, we have 


y= -5 sin(x — 77) 
where B > 0. 
(b) We rewrite the original equation as 
y = —2 cos(—2x — 77) 
= —2 cos[—(2x + 7)] 
Since cos(—f) = cos(t), we have 


y = —2 cos(2x + 7) 
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| PREDATOR-PREY In the natural world we frequently find that two plant or animal species interact in their 
INTERACTION environment in such a manner that one species (the prey) serves as the primary food 
supply for the second species (the predator). Examples of such interaction are the rela- 
tionships between trees (prey) and insects (predators) and between rabbits (prey) and 
lynxes (predators). As the population of the prey increases, the additional food supply 
results in an increase in the population of the predators. More predators consume more 
food, so the population of the prey will decrease, which, in tum, will lead to a decrease 
in the population of the predators. The reduction in the predator population results in an 

increase in the number of prey and the cycle will start all over again. 
The accompanying figure, adapted from Mathematics: Ideas and Applications, by 
Daniel D. Benice, Academic Press, 1978 (used with pennission), shows the interaction 
between lynx and rabbit populations. Both curves demonstrate periodic behavior and can 

be described by trigonometric functions. 


! 


EXERCISE SET 5.4 

In Exercises 1-6 sketch the graph of each given function. 
1. f(@t)=1+ cost 2 f()=-1+ sint 3. f(t)=sint—cost 
4. f(t) =sin(—t) + cost 5. fj) =rt+ sint 6. f(t)=-t+ cost 


7. Verify that sin(—r) = —sinr by using the graph 
of the sine function. 


8. Verify that cos(—1) = cos t by using the graph 
of the cosine function. 


Determine the amplitude and period and sketch the graph of each of the following functions. 


9. f(x) =3 sinx 10. f(x) = ; cos x 11. f(x) = cos 4x 12. f(x) = sin 7 
13. f(x) = -2 sin 4x 14. fio= e084 15. fi =2 cos 5 16. f(x) =4 sin 4x 
17. fi) = 1 sin Fr 18. f(x) = ; cos 3 19. f(x) = —3 cos 3x 20. f(x) = —2 sin 3x 
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For each given function, determine the amplitude, period, and phase shift. Sketch the graph of the function. 


21. f(x) = 2 sin(x— 7) 22. f(x) = 5 cos(x + 2) 
23. f(x) = 3 cos(2x — 7) 24. f(xy =4 sin(x + 2) 
pe 3a 7 
25. F(x) = 3 sin 3x4 26. f(x) =2 cos art 
= ae Bey aren (srineLLE 
27. f(x) =2 cos(% n) 28. f(x) =6 sin(3 + z) 
Use the identities sin(—1) = —sin ¢ and cos(—1) = cos f to rewrite each equation as an equivalent equation with B > 0. 
29. y=—2 sin(—2x + 7) 30. y= 4c0s(-£+2) 
31. y=3 cos(-2+ 2] 32. y=—5 sin(—2x — 7m) 
5.5 We stated earlier in this chapter that there are six trigonometnc functions and that 
SECANT, COSECANT, the remaining three functions are reciprocals of sine, cosine, and tangent. These 
AND COTANGENT functions are called the secant, cosecant, and cotangent and are written as sec, 


a ; 
csc, and cot, respectively. We now formally define these functions. 


Definition of sec ¢, csc 


t, and cot t cos 1 #0 


csct=——, snr#0O 
sin ¢ 


| 
cot = —.,, tanr#0 
tant 


By using these definitions, we can apply the results that we have obtained for 
sine, cosine, and tangent to these new functions. 


EXAMPLE 4 
Find sec 77/3. 


SOLUTION 
Since cos 7/3 = 4 (from Table 2 in Section 5.3) we see that 


EXAMPLE 2 
Find the real number ¢, 0 = ¢ S 7/2, such that cot ¢ = V3. 
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SOLUTION 
We seek the real number ¢ such that 


eta 1 V3 
an SS Ee 

cot ¢ V3 3 
Thus, ¢t = 77/6 since (from Table 2 in Section 5.3) tan 7/6 = V3/3. 


We know that a real number and its reciprocal have the same sign; that is, if 
x >0, then 1/x > 0 and if x <0, then I/x <0. From this, we can immediately 
extend our conclusions (see Figure 15b) concerning the signs of the trigonometric 
functions in each quadrant (Figure 37). You do not have to memorize these; 
simply associate each function with its reciprocal. 


II I 
sint>0 All positive 
csc t>0 

Ill IV 
tani >0 cos 1>0 
cotr1>0 sec r>0 

FIGURE 37 


EXAMPLE 3 
Find the quadrant in which ¢ lies if sin > 0 and sect <0. 


SOLUTION 

If sec ¢< 0, then cos r< 0. We know that sine is positive in quadrants I and II, 
cosine is negative in quadrants II and III (Figure 37). Both conditions are satisfied 
in quadrant II. 


PROGRESS CHECK 
Find the quadrant in which ¢ lies if tan ¢< 0 and csc ¢< 0. 


ANSWER 
quadrant IV 


EXAMPLE 4 
Find ¢ if sin ¢= V3/2 and sec r <0. 
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GRAPHS OF SECANT, 
COSECANT, AND 
COTANGENT 


SOLUTION 

Since sec t< 0, we have cos t< 0. Then ¢ must lie in quadrant II, since sine is 
positive and cosine is negative only in quadrant II ee 37). Finally, we know 
(from Table 2 in Section 5.3) that sin 77/3 = V3 2. Thus, 77/3 is the reference 
number of ¢; that is, 


n-t== 
3 
(22 
3 
PROGRESS CHECK 
Find ¢ if cos t= —4 and cot t>0. 
ANSWER 
47/3 
EXAMPLE 5 


Use a calculator to find csc 0.72. 


SOLUTION 

Most calculators do not have function keys for secant, cosecant, and cotangent. 
To find csc 0.72, we can use the calculator to find sin 0.72 and then compute the 
reciprocal. The typical key sequence is 


where I/x indicates the key for finding a reciprocal. The answer displayed is 
1.517. 


We can also employ the definition of cosecant to aid in sketching the graph of the 
function. Since csc t = 1/sin t, we compute the reciprocal of the y-coordinate of 
sin ¢ at a point to determine the y-coordinate of csc ¢ at that point. Of course, we 
cannot form a reciprocal when sin ¢ = 0, that is, when t= nz, where n is an 
integer. The situation at these values of ¢ is analogous to that of the tangent 
function when t = 7/2 + na. We conclude that the graph of csc ¢ has vertical 
asymptotes when t = n7r, for all integer values of n. In Figure 38 we have 
sketched the graph of the sine function with dashed lines, to aid in sketching the 
reciprocal values of the y-coordinates for the cosecant function. 
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FIGURE 38 


A similar approach yields the graphs of sec ¢ and cot t shown in Figures 39 


and 40. 


FIGURE 39 
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FIGURE 40 


Table 7 summarizes the significant properties of the trigonometric func- 


tions. 


TABLE 7 


sin 


cos 


tan 


csc 


Positive in 
Quadrant 


I, i 


1, 1V 
I, Wi 


I, Il 


= Period Domain Range 
—sint all real numbers [= 


2a all real numbers {-1, 1) 


—csct Qa ttn (-%, —1), [I], %) 


sect 2a tter= Stam (—%, —1], (I, %) 


eta oe 


Use the definitions of secant, cosecant, and cotangent to determine sec 1, csc t, and cot ¢ for each of the following values 


EXERCISE SET 5.5 

of ¢. 
i A 2. 
5. on 6. 


wig oF 


> 


vig a 
ee 
alg vis 
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37 1] Sa Tn 
9. a 10. 6 ile a 125; 6 
Determine the value(s) of t, 0 <f = 27, that satisfy each of the following. 
13. secr=1 14. secr=-l IS. cscr=-2 16. cscr=0 
17. cotr=1 18. cot r= V3 19. cote=-1 20. cot 1-33 
V3 
21. secr= V2 22. esct= —-V2 23. cotr= —-V3 24. cscr= 2 


Find the quadrant in which ¢ lies if the following conditions hold. 
25. secr<O, sinr<O 26. tanr<0O, secr<0O 27. csc #>O0, secr <0 28. sint<0O, cotr>0 


29. secr<0O,cotr>0 30. cotr<0O, sint>0 31. secr<0,cscr<O 32. cscr<O, cotr>0 
Determine the value of t, 0 s1 < 27, that satisfies each of the following. 

33. sint = 1/2, soc <0 34. tant = V3, cscr<0 

35. secr=-—2,cscr>0 36. cscr= —-2,cotr>0 

37. cscr=—V2, sec r<0 38. secr= V2, cotr>0 

39. cotr=—l1,secr<0O 40. cot r= V3, csc <0 

Use Table V in the Tables Appendix to find each of the following. (Assume 7 = 3.14 to find the reference number.) 
41. cot 3.37 42. sec 0.48 43. csc(—4.68) 44. csc 2.48 

45. sec 1.26 46. cot(—1.82) 

5.6 Inverse functions were introduced in Section 3.6 and were used to define loga- 
THE INVERSE rithmic functions in Section 4.2. We have seen that if f is a one-to-one function 
TRIGONOMETRIC whose domain is the set X and whose range is the set Y, then the inverse function 
FUNCTIONS f—' reverses the correspondence; that is, 

Saaz] 


fy) =x 


if and only if 


f(x) =y for all xe X 


Using this definition, we saw that the following identities characterize inverse 
functions. 


f-'Lf@] =x for all x in X 


SIf—'(y)] = y for all y in ¥ 


If we attempt to find an inverse of the sine function, we have an immediate 
problem. Since sine is a periodic function, it is not a one-to-one function and has 
no inverse. However, we can resolve this problem by defining a function that 
agrees with the sine function but over a restricted domain. That is, we would like 
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Inverse Sine Function 


to find an interval such that y = sin x is one-to-one and y assumes all values 
between —1 and +1 over this interval. If we define the function f by 


: 7 7 

x)=sinx, -7sxs5 

fi) axa 
then f takes on the same values as the sine function over the interval [— 77/2, a/2] 
and assumes all real values in the interval [—1, |]. The graph of sin x over the 
interval [— 7/2, 7/2] shows that f is an increasing function and is therefore one- 
to-one. Consequently, f has an inverse, and we are led to the following defini- 

tion. 


The inverse sine function, denoted by arcsin or sin~’, is defined by 


sin"' y=x ifandonlyif sinx=y 


where ~F SxS. 


Note that - 1 = y = 1, so the domain of the inverse sine function is the set of all 
real numbers in the interval [—1, 1]. 


WARNING) When we defined sin” ¢ = (sin 1)" we said that this definition does 
not hold when n = —1, allowing us to reserve the notation sin7! for the inverse 
sine function. Therefore, sin~' y is not to be confused with 1/sin y; speci- 
fically, 


: l 
-} 
sin” 'y # a ‘ 


at = 
2, 
oo Oe na 
3 2 
pati 1 
6 | 2 
0 0 
Ll 41 
6 2 
5 NE 
2 
Tv 
3 I 


y =arcsin x =sin-! x 


FIGURE 44 
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The notations arcsin and sin~' are both in common use and we will therefore 
employ both notations. Note that if x = arcsin y, then sinx = y. On aunit circle, x 
determines an arc whose sine is y, which is the origin of the notation arcsin y. 
Although this notation has the advantage of avoiding the possible confusion noted 
in the preceding waming, the sin~' notation has become more popular in recent 
years. 

We would like to sketch the graph of y = sin! x. (Since x and y are simply 
symbols for variables, we have reverted to the usual practice of letting x be the 
independent variable.) The graph, of course, is the same as that of sin y = x, with 
the restriction that — 7/2 S y S 7/2. We form a table of values and sketch the 
graph in Figure 41. Note that for a given value of x, x and sin” ' x are both positive 
or both negative. 


EXAMPLE 4 
Find (a) arcsin 3 (b) arcsin(—1). 


SOLUTION 

(a) If y = arcsin 3, then sin y =} where y is restricted to the interval [— 7/2, 
7/2]. Thus, y = 77/6 is the only correct answer. 

(b) If y = arcsin(—1), then sin y= —1 where —7/2 Sy S 7/2. Thus, — 77/2 is 
the only correct answer. 


EXAMPLE 2 
Evaluate sin” "(cos z), 
SOLUTION 


: nr V2 
Since cos — = ——, we have 


4 3 
wos} 


We let 
— in) 
yrs 2 
Then 
sin y= ¥2 where ayes 
T 
y= 4 


which is the only solution. 
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Inverse Cosine Function 


PROGRESS CHECK 


Find (a) sin-1(—¥3) (b) arcsin( tan 7). 


ANSWERS 
(a) —17/3 (b) 7/2 


We may use a similar approach to define the inverse cosine function. If we 
define the function f by 
f() =cosx,OSxs7 


then f agrees with the cosine function over the interval (0, zr], assumes all real 
values in the interval [—1, 1], and is a decreasing function. Consequently, fis a 
one-to-one function and has an inverse. 


The inverse cosine function, denoted by arccos or cos~', is defined by 


cos-'y=x if andonly if cosx=y 


where OS XS 7. 


Since —1 = y = 1], the domain of the inverse cosine function is the set of all real 
numbers in the interval [—1, 1]. 

To sketch the graph of y = cos”! x we sketch the graph of cos y = x as in 
Figure 42. Note that cos! x is always positive. 


0 1 

T V3 _ 

6 oe 
nm) 

3 2 

T 

= 0 

2 
an | 4 

3 2 
Sn oer 
6 2 

T 


y =arcecos ¥ = cos"! x 


FIGURE 42 


Inverse Tangent 
Function 
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EXAMPLE 3 
Find (a) cos~'(-}) (b) arccos(sin 7/2). 


SOLUTION 

(a) If y=cos~'(—}), then cos y= —4 where y is restricted to the interval 
(0, zr]. Consequently, y = 27/3 is the only correct answer. 

(b) Since sin 7/2 = 1, we let y = arccos(1). Then cos y= | whereO Sy 7m. 
Therefore, y = O is the only correct answer. 


If we restrict the tangent function to the interval (— 7/2, 7/2], we can define 
the inverse tangent function. 


The inverse tangent function, denoted by arctan or tan’, is defined by 


tan’ y=x if and only if tanx=y 


T T 
==—<.x<S =: 
where 2 <*<9 


Note that the domain of the inverse tangent function is the set of all real num- 
bers. 
Proceeding as before, we sketch the graph of y = tan™! x in Figure 43. 


FIGURE 43 


EXAMPLE 4 
Find tan~! V3. 


SOLUTION 
If y = tan7! V3, then tan y= V3. Since — 7/2 <y< 7/2, we must have y = 
7/3. 
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CALCULATORS 


PROGRESS CHECK 
Find tan7'(—1). 


EXAMPLE 5 
Find cos(arctan 4/3) without using tables or a calculator. 


SOLUTION 
If we let x = arctan 4/3, then tan x = 4/3 and 0 =x < w/2. Using trigonometric 


identities, 


sinx _ 4 
tanx = ad 
cosx 3 
3 sin x = 4 cos x Clearing fractions 


9 sin? x = 16 cos* x Squaring both sides 


9(1 — cos? x) = 16 cos?.x sin? x = 1 — cos? x 


9 
cos? x = 95 
cos x = +2 


Since x € [0, 77/2], we conclude that cos x = 3/5. 


PROGRESS CHECK 


Without using tables or a calculator, find cot{sin™ = 3). 


ANSWER 
— 12/5 


The values of the inverse trigonometric functions can be found by using a cal- 
culator. For example, to find arcsin 0.86, you would enter the following func- 
tions on most calculators: 


By pressing INV before SIN, you are requesting the inverse sine function rather 
than the sine function. The answer displayed is 1.035 and will always obey the 
same restrictions that we have defined for each of the inverse trigonometric func- 
tions. 


EXACT SOLUTIONS 
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EXAMPLE 6 
Using a calculator, find (a) tan~! 4.256 (b) cot (arccos 0.627). 


SOLUTION 
(a) The key sequence 


provides the answer 1.340 in the display. 
(b) The key sequence 


produces the answer 0.8931. To evaluate cot 0.8931, we use the key se- 


quence 
0.8931 


and obtain the answer 0.8049 in the display. 


PROGRESS CHECK 
Use a calculator to find (a) sin~! (—0.725) (b) sec (arcsin —0.429). 


ANSWERS 
(a) —0.8110 (b) 1.107 


The inverse trigonometric functions can be used to provide exact expressions for 
the solutions of certain equations. The next pair of examples illustrates this 


point. 


EXAMPLE 7 
Find all solutions of the equation 3 sin x = | that are in the interval (0, 7/2). 


SOLUTION 
Solving for sin x, we have 
sin x = u 
3 
which we can then write as 
x = arcsin u 
3 


This is an exact expression for the solution. Using a calculator (or a table), we 
find that 0.3398 is an approximate value of x that satisfies the original equation. 
Since sine is an increasing function in the interval [0, 7/2], there can be at most, 
one solution. 
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EXERCISE SET 5.6 


EXAMPLE 8 
Find the solutions of the equation 5 cos* x — 3 =0 that are in the interval 
[0, a]. 


SOLUTION 
We treat the equation as a quadratic in cos x. Then 


5 cos? x =3 
wsr=+,f= 2 


We may then write 


= wooos(S2) or sm weee(—~5*) 
x = arccos|—.— }_ or x = arccos| -——— 
5 5 
These are exact expressions for the solutions. Numerical approximations can be 
obtained using Table V in the Tables Appendix or a calculator. The student is 


urged to verify that 
x = 0.6847 and x = 2.4568 
are appropriate solutions of the original equation. 


PROGRESS CHECK 
Find the solutions of the equation 2 sin? x + 2 sin x — | =O that are in the 
interval [—7/2, 7/2]. 


ANSWER 
arcsin(—3} + 4V3) 


WARNING It is important to remember that the range of each of the inverse 
trigonometric functions is a subset of the domain of the corresponding trigono- 
metric function. Given the equation 


med 


students often write t = 77/6, which is incorrect since ¢ must lie in the interval 
[—7/2, 7/2]. The only correct answer is — 77/6. 


In Exercises 1—18 evaluate the given expression. 


2) arceos(“) 3. arctan V3 4. tan7'0O 


5. arcsin rs 


9. sin~'(-1) 


13. cos! | 


17. cos” !(—) 


6. cos '(-1) 
10. arctan | 
14. arcsin (2) 


18. arcsin($) 


(-~2) 
7. arccos| -—— 
2 
11. cos~!0 


15. arctan(—1) 
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5 an(%3) 
12 sin-'(-¥3) 
16. sin"! 0 


In Exercises 19-24 use Table V in the Tables Appendix to approximate the given expression. 


19. sin~!(0.3709) 
23. arcsin(0.9636) 


20. arctan(1 .398) 
24. arccos(—0.921) 


21. cos~ '(—0.7648) 


22. tan~'(—3.010) 


25—30. Repeat Exercises 19-24 using a calculator that has a key marked INV or an equivalent notation. 


In Exercises 31-46 evaluate the given expression. 


31. sin(arctan 1) 


_1(... Or 
1 eae 
35. cos (sin 4 ) 


32. cos(aresin -;) 


36. tan(sin~! 0) 


33. tan "(cos 5) 


37. cos! (cos 22) 


34, sin '(sin 0.62) 


38. sin” "(cos z) 


6 


In Exercises 39—44 use the inverse trigonometric functions to express the solutions of the given equation exactly. 
39. 7sin?x-1=0,x€ [—7/2, m2] 

41. 12 cos? x —cosx—1=0, xe (0, z] 

43. 9sin? 2-12 sine +4=0,1€ [—7/2, 7/2] 


In Exercises 45 and 46 provide a value for x to show that the equation is not an identity. 


45. sin7' x et 
sin x 


TERMS AND SYMBOLS 

angle (p. 214) 

initial side of an angle 
(p. 214) 

terminal side of an angle 
(p. 214) 

standard position of an an- 
gle (p. 215) 

positive angle (p. 215) 

negative angle (p. 215) 

quadrantal angle (p. 215) 

unit circle (p. 216) 

degree measure (p. 216) 

nght angle (p. 217) 

acute angle (p. 217) 


obtuse angle (p. 217) 
radian measure (p. 217) 
angle of 1 radians (p. 217) 
unit circle point (p. 217) 
coterminal angles (p. 220) 
trigonometric functions 
(p. 225) 
sine (sin) (p. 225) 
cosine (cos) (p. 225) 
tangent (tan) (p. 225) 
identities (p. 230) 
circular functions (p. 230) 
trigonometric identity 
(p. 230) 


40. 6cos? y—5=0, ye[0, zm] 
42. 2tan?*r+4tanr—3 =0, re [—7/2, z/2] 
44. 3cos*x—7cosx—6=0, xe (0, a] 


46. (sin7! x)? + (cos~! x)? = 1 


periodic function (p. 237) 

period (p. 237) 

reference number (p. 239) 

Reference Number Rule 
(p. 239) 

reference angle (p. 241) 

Reference Angle Rule 
(p. 242) 

minutes (p. 242) 

seconds (p. 242) 

increases without bound 
(p. 247) 

decreases without bound 
(p. 247) 


vertical asymptotes 

(p. 247) 
even function (p. 247) 
odd function (p. 247) 
amplitude (p. 249) 
reflection (p. 250) 
phase shift (p. 252) 
secant (sec) (p. 256) 
cosecant (csc) (p. 256) 
cotangent (cot) (p. 256) 
arcsin (sin ') (p. 262) 
arccos (cos~') (p. 264) 
arctan (tan~!) (p. 265) 
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KEY IDEAS FOR REVIEW 


O 


a) 


An angle may be measured in either degrees or in radi- 
ans. The two forms of measure are related by the equa- 
tion 7 radians = 180°. 

Every real number ¢ determines a unit circle point P 
measured along the circle from A(1, 0). If ¢ is positive, 
the arc is measured in the counterclockwise direction; if 
tis negative, the arc is measured in the clockwise direc- 
tion. 

If the unit circle point P corresponds to the real number 
t, then it also corresponds to every real number of the 
form ¢ + 27n where n is an integer. 


The trigonometric functions sine, cosine, and tangent 
are defined in terms of the rectangular coordinates of a 
unit circle point P(x, y) determined by a real number t: 
sint=y 
cos =x 
tans = y/x,x #0 
A trigonometric function of an angle is the same as the 


trigonometric function of the arc on the unit circle that 
the angle intercepts. 


The signs of the trigonometric functions in each of the 
quadrants follow from the definitions and are displayed 
in Figure 37. 


Sine and tangent are odd functions and cosine is an even 
function. That is, 

sin (—t) = —sint 

cos (—f) =cost 

tan (-—‘) = —tant 


REVIEW EXERCISES 
Solutions to exercises whose numbers are in color are in the Solutions section in the back of the book. 


Sil 


In Exercises 1-4 convert from degree measure to radi- 
an measure or from radian measure to degree mea- 
sure. 


3a 

_ o —— 

| 60 2 ) 
3; 20 4. 45° 


O 


O 


The trigonometric functions are all periodic. The period 
of the sine and cosine functions is 27r; the period of the 
tangent function is 7. 


Standard tables of the values of the trigonometric func- 
tions (see Table V in the Tables Appendix) display the 
independent variable ¢ from 0 to 77/2. If it is desired to 
find sin ¢’ where 77/2 <1’ < 27, the Reference Number 
Rule is used to determine a real number ¢, 0 <1 < 7/2, 
such that lsin fl =Isin ¢’l. The appropriate sign is then 
assigned depending on the quadrant of ¢’. 


The Reference Angle Rule is analogous to the Reference 
Number Rule. It enables us to find the value of a trigo- 
nometric function of an angle greater than 90° by using 
Table VI in the Tables Appendix, which gives the values 
for angles between 0° and 90°. 


To sketch the graph of f(x)=A sin(Bx + C), note 
that 

(i) the amplitude is LAI; 

(11) the period is 27r/B; 

(iii) the phase shift is -C/B. 

The same observations hold for f(x) = A cos(Bx + C). 
The secant, cosecant, and cotangent functions are de- 
fined as the reciprocals of cosine, sine, and tangent, 
respectively. 

To define the inverse trigonometric functions, it is nec- 
essary to restrict the domain of the trigonometric func- 
tions to ensure that the result is a one-to-one function. 


In Exercises 5-7 determine if the pair of angles are 
coterminal. 


5 4 < 

5. 100°, 9 6. 3 , 480 
ST _ 1460 
7 4° 135 


g. Ifacentral angle @ subtends an arc of length 14 
centimeters on a circle whose radius is 10 centi- 
meters, find the radian measure of 0. 


9. Acentral angle of 27/3 radians subtends an arc of 
length S2r/2 centimeters. Find the radius of the 


circle. 
5.2 In Exercises 10-13 determine the quadrant in which ¢ 
or 6 lies. 
es ey 
10. ¢ 6 11, 6=—220 
12. @=490° 13 = 


In Exercises 14—17 replace each givenreal number r by 
t'",O0<¢' < 27, so thats and t’ determine the same unit 


circle point. 

on _ 15m 
14. 2 15. 2 
16. —67 17. an 


In Exercises 18-22 the unit circle point (4/5, —3/5) 
corresponds to the real number ¢. Use the symmetries 
of the circle to find the rectangular coordinates corre- 
sponding to the given real number. 


18. (¢-7) 19. (:+2) 

TT 
20. (-+ 21 (:-2) 
22. (-t— 7) 


In Exercises 23-26 find the quadrant in which ¢ lies if 
the following conditions hold. 


23, tant<Oand 24, sint<Oand 
sin t<0 cost>0 

25, sin(-n)>0 26. sin (—1t) <0 and 
and tanr>0 cos (-1) >0 


3:3 
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In Exercises 27—30 use the trigonometric identities 


sin f 
cos t 


sin? t+cos*r=1 tanr= 


to find the indicated value under the given condi- 
tions. 


27, cost= 2 and ¢ is in quadrant IV; find cot ¢. 
: 4 

28. sint = -5 and tan ¢ > 0; find sec ¢. 
: 12 

29. sint = B and cos ¢ < 0; find tan ¢. 

30. cosr= -3 and tan ¢ <0; find csc ¢. 


In Exercises 31 and 32 use the trigonometric identities 
to transform the first expression into the second. 


31. (sin ¢)(sec r), tant 
sin ¢ 
32. cost’ (tan s)(sec ¢) 


In Exercises 33-36 determine the value of the indi- 
cated trigonometric function, without the use of tables 
or a calculator. 


257 57 
33. sin 3 34. sec( | 
om ese(-2) 
6 6 


35. tan 
In Exercises 37—40 find a value of t, O<¢ S 27, sat- 
isf ying the given conditions. 


37. sint = _¥2 tin quadrant III 


2 
38. cosr= xe tin quadrant IV 
39. cotr= S tin quadrant | 
40. sec r= —2, fin quadrant II 


In Exercises 41 and 42 use a calculator (or Table V in 
the Tables Appendix) to evaluate the given expres- 
sion. 
41. 


42. 


cos 3.71 — sin 1.44 
tan(—2.74) 
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5.4 In Exercises 43 and 44 sketch the graph of the given 
function. 


43. f(x)=1-sinx 
44. f(x) =2sin (3 + r) 


In Exercises 45—47 determine the amplitude, period, 
and phase shift of each given function. 


45. f(x) = —cos(2x — 7) 


46. f(x) =4 sin aap eg 2) 


ay © ec is 
47. f(x) = -2 sin($ + 2) 
5.5 In Exercises 48 and 49 determine the value of 1, 
0< 127, that satisfies the given conditions. 
48. cost=1,secr<0 
49. secr= =. esct>0 


PROGRESS TEST 5A 
In Problems 1-3 convert from degree measure to radian 
measure or from radian measure to degree measure. 


Sa 
1. 3 2: 


3 152 


In Problems 4 and 5 find an angle 6, 0 S$ @ < 360°, that is 
coterminal with the given angle. 


—200° 


Wa 
4 
6. Ifacentral angle 6 subtends an arc of length 12 inches 
on a circle whose radius is 15 inches, find the radian 
measure of 6. 


4. —25° 3: 


In Problems 7 and 8 replace the given real number ¢ by 1’, 
0 <2’ < 27, so that ¢ and ¢’ determine the same unit circle 
point. 


19a 
Th 5 8. 


In Problems 9 and 10 find the rectangular coordinates of the 
unit circle point determined by the given real number ¢. 


—227 


an 10. -= 


9. A 3 


5.6 In Exercises 50-53 evaluate the given expression. 
50. arcsin( —4) 


51. tan(cos~! 1) 
52. tan(tan7! 5) 
53. Use the inverse cosine function to express the 
exact solutions of the equation 
5 cos?x-4=0 


In Problems 11-13 the unit circle point P(—5/13, 12/13) 
corresponds to the real number ¢. Use the symmetries of the 
circle to find the rectangular coordinates of the point corre- 
sponding to the given real number. 

7 
t—5 13. -t 
In Problems 14 and 15 find the reference angle of the given 
angle. 


ll. ¢3 a 12. 


It 
15. 4 


In Problems 16 and 17 determine the value of the indicated 
trigonometric function without the use of the tables or a 


calculator. 
2a 
17. ese( 2) 


kus 
16. cos( 3 ) 


In Problems 18 and 19 find a value of t € [0, 277] satisfying 
the given conditions. 


14. 160° 


18. tanr=1, 
19. secr=V2, tin quadrant IV 


t in quadrant III 


In Problems 20 and 21 use the trigonometric identities 
sin? t+ cos? t= 1, 
to find the indicated value under the given conditions. 


20. cost= a and tan ¢ > 0; find sin r. 


21. sint= 2 and ¢ isin quadrant II; find sec ¢. 


22. Use the trigonometric identities given for Problems 20 


and 21 to transform 


cos x — sin x 
l-—tanx to ——— 
cos x 


In Problems 23 and 24 use Table V in the Tables Appendix 
or a calculator to evaluate the given expression. 

23.  tan(—3.68) 

24. cos 1.15 — sin 0.72 


25. Sketch the graph of the function f defined by f(x) = 
x + COS x. 


PROGRESS TES? 6 


In Problems 1—3 convert from degree measure to radian 
measure or from radian measure to degree measure. 


3 37 

1. 135 2. “A. 
Sa 
3. —— 


In Problems 4 and 5 find an angle 6, 0 = 6 < 360°, that is 
coterminal with the given angle. 


2a 


3 


6. Acentral angle of 100° subtends an arc of length 7 77/3 
centimeters. Find the radius of the circle. 


4. 430° 5. 


In Problems 7 and 8 replace the given real number ¢ by 2’, 
01 <2z7, so that ¢ and r’ determine the same unit circle 
point. 
Sla 

5 


In Problems 9 and 10 find the rectangular coordinates of the 
unit circle point determined by the given real number ¢. 


23a 30 
6 10. 4 


7. -147 8. 


9. 
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In Problems 26 and 27 determine the amplitude, period, and 
phase shift of each given function. 


26. f(x) = —2 cos(a — x) 
=r an(t_2% 
27. fen = 2 sin(3 =) 


In Problems 28 and 29 evaluate the given expression without 
the use of tables or a calculator. 


28. tan~'(—-V3) 
29. cos(sin~"%3) 


30. Use the inverse tangent function to express the exact 
solutions of the equation 


6 tan? x — 13 tanx+6=0 


In Problems 11—13 the unit circle point P(—4/5, — 3/5) cor- 
responds to the real number ¢. Use the symmetries of the 
circle to find the rectangular coordinates of the point corre- 
sponding to the given real number. 


e+ +2 
11 t 12. ¢ 7 


13. -tta7 


In Problems 14 and 15 find the reference angle of the given 
angle. 


on 
14. 16 15. 


In Problems 16 and 17 determine the value of the indicated 
trigonometric function without the use of the tables or a 


calculator. 
; 3a 
17. sin( 5} ) 


Ta 
16. tan( Z| 


In Problems 18 and 19 find a value of ¢ € [0, 277] satisfying 
the given conditions. 


345° 


18. sint= B. t in quadrant I 


19. sec tf = —2, ¢ in quadrant II 
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In Problems 20 and 21 use the trigonometric identities 


sin t 
tan ¢ = — 
cos t 


sin? 1+ cos* t= 1 
to find the indicated value under the given conditions. 


20. sint= -2 and tan ¢ < 0; find tan ¢. 


21. cos 1 = and cot <0; find cot ¢. 


22. Use the trigonometric identities of Problems 20 and 21 
to transform sec? ¢ cot f to csc f. 


In Problems 23 and 24 use Table V in the Tables Appendix 
or a calculator to evaluate the given expression. 


23.  sin(2.45) 
24. tan(—1.25) + cos 1.67 
25. Sketch the graph of the function f defined by 


f(x) = sin x + sin 5 


In Problems 26 and 27 determine the amplitude, period, and 
phase shift of each given function. 


26. f(x) =4 sin(3x — 7) 


27. f(y = -} cos(2e + 2) 


In Problems 28 and 29 evaluate the given expression without 
the use of tables or a calculator. 


| = 
28. sin (cos 4 


29. tan( cos” ! v2) 


30. Use the inverse sine function to express the exact solu- 
tions of the equation 5 sin? x — 2 sinx —-3 = 0. 


6.1 
RIGHT TRIANGLE 
TRIGONOMETRY 


TRIGONOMETRY: 
MEASURING TRIANGLES 


In the previous chapter we discussed trigonometry in terms of functions of angles 
and real numbers. This approach has the advantage of illustrating the centrality of 
the function concept in much of modem mathematical thinking. 

We now tum to the more traditional approach to trigonometry, which 
revolves about the measurement of triangles. We will show that it is possible to 
define the trigonometric functions in terms of the angles and sides of a right 
triangle. This will then give us an opportunity to explore a wide variety of appli- 
cations that clearly demonstrate the usefulness of trigonometry in such fields as 
surveying and navigation. 

We will conclude by examining the law of sines and the law of cosines, two 
important rules that can be employed when dealing with an oblique triangle, that 
is, a triangle that does not contain a right angle. 


We are now prepared to show that the trigonometric functions of an acute angle 
are related to the ratios of the sides of a right triangle. In Figure la we display a 
right triangle with sides a and b, hypotenuse r, and an acute angle 6. We can 
place this triangle on a Cartesian coordinate system with 6 in standard position 
(Figure 1b). We can draw a unit circle and let N(x, y) denote the point of inter- 
section of the circle and the hypotenuse OP. If we drop the perpendicular NM as 
indicated, we see that the triangles OMN and OQP are similar. The corresponding 
sides must then be proportional so that 


WN _ QP |, OM _ 00 
ON OP 1 OP 
Since OP = r, we obtain by substitution 


aes 
r 1 
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FIGURE 2 


FIGURE 3 


Adjacent 


Q(a, 0) 


(a) (b) 
FIGURE 4 


By definition, sin @ = y and cos 6 = x. Substituting, we have 


If we denote the sides a and b of the right triangle in Figure | a as the adjacent 
and opposite sides relative to the angle 6 (see Figure 2), then this last result 
expresses the trigonometric functions as ratios of the lengths of the sides of the 
right triangle. 


side opposite 0 hypotenuse 
sin 6 = csc == ; 
hypotenuse side opposite 0 


side adjacent to @ hypotenuse 
cos 0 = sec 9= 


hypotenuse side adjacent to 6 


Gree side opposite 6 eee side adjacent to 6 


side adjacent to 6 side opposite 6 


EXAMPLE 4 
Find the values of the trigonometric functions of the angle 6 in Figure 3. 


(a) 
r 
1 
45° e 
1 


(b) 
FIGURE 4 


FIGURE 5 
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SOLUTION 
sin 6= : csc 0 = 3 
cos 9 = 2 sec 6 = : 
tan 0= 3 cot = 3 
EXAMPLE 2 


Use the values of the trigonometric functions to find the following. 
(a) The sides of a 30°—60°—90° right triangle whose hypotenuse is of length 2. 
(b) The hypotenuse of an isosceles right triangle whose sides are of length 1. 


SOLUTION 
(a) (See Figure 4a.) Since cos 60° = 4, we have 
oe ee _ 
cos 60 =5=3 or b=1 
Similarly, we can establish that 
sin oo = V3 or a=V3 


The student is urged to verify these results using the 30° angle and to verify that 
these values of a and b satisfy the Pythagorean theorem. 

The results for a 30°-60°-90° right triangle can also be obtained by a geo- 
metric argument starting with an equilateral triangle whose sides are of length 2. 
(See Exercise 40.) 

(b) (See Figure 4b.) We know that sin 45° = V47/2, so 


en ee 2 
sin 45 = rae or =an- v2 


Of course, we could have obtained r directly by using the Pythagorean theo- 
rem. 


EXAMPLE 3 
Find sec 6 if the point P(—5, —12) lies on the terminal side of 6. 


SOLUTION 


(See Figure 5.) We construct a perpendicular from P to the x-axis to form right 
triangle PCO and use the Pythagorean theorem to find OP = 13. Then 


eae hypotenuse _ 13 
adjacent 5 
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Since @ is in the third quadrant, by the Reference Angle Rule, 


13 


sec 9= —sec 6’ = — 5 


In the last chapter we worked on various problems involving the inverse 
trigonometric functions. Right triangle trigonometry provides us with a faster, 
simpler approach to many of these problems. We illustrate by repeating Example 
5 of Section 5.6. 


EXAMPLE 4 
Find cos(arctan 4/3) without using tables or a calculator. 


SOLUTION 
We let 6 = arctan 4/3 so that tan 6 = 4/3 andO = @ S 77/2. The angle 6 in Figure 
FIGURE 6 6 satisfies these conditions. Then we see that 
cos( arctan 4) = cos 0= 2 
3 5 
SOLVING A TRIANGLE The expression ‘‘to solve a triangle’’ is used to indicate that we seek all parts of 


the triangle, that is, the length of each side and the measure of each angle. For any 
right triangle, given any two sides, or given one side and an acute angle, it is 
always possible to solve the triangle. We will standardize the notation as shown 
in Figure 7 so that (a) the acute angles are labeled a and 8, the right angle is 
labeled y, and (b) the sides opposite angles a, B, and y are labeled a, b, and c, 
respectively. In solving a triangle, we will restrict ourselves to the sine, cosine, 
and tangent functions since these are the trigonometric functions available on 
calculators. 


EXAMPLE 5 
In triangle ABC, y = 90°, B = 27°, and b = 8.6. Find approximate values for the 
remaining parts of the triangle. 


FIGURE 7 


SOLUTION 
We begin by labeling a right triangle as in Figure 8. Since the sum of the angles of 
a triangle is 180°, we see that a = 63°. Using the trigonometric functions of angle 
B we have 


8.6 8.6 


sin 27° =— and tan 27° =— 
c a 


Solving for a and c yields 
A 


pe 8.6 8.6 
FIGURE 8 sin 27° tan 27° 
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Using a calculator, sin 27° = 0.4540 and tan 27° = 0.5095, so 


c = 8.6/0.4540 = 18.9 
a = 8.6/0.5095 = 16.9 


PROGRESS CHECK 
In triangle ABC, y = 90°, a = 64°, and b = 24.7. Solve the triangle. 


ANSWERS 
B = 26° a= 50.6 c= 56.3 


EXAMPLE 6 
In triangle ABC, y = 90°, a = 22.5, and b = 12.8. Find approximate values for 
the remaining parts of the triangle. 


SOLUTION 
Figure 9 displays the parts of the triangle. Using angle B we have 
12.8 | 
tan B= ia 0.5689 


B 


FIGURE 9 


Using a calculator, we find that B ~ 29.63°, or 29°38’. (The closest entry in 
Table VI in the Tables Appendix is 29°40’.) Since the sum of the angles is 180°, 
we must have a ~ 60°22’. Alternatively, 


eae, 
tan a = DE. 1.7578 


also yields a ~ 60°22’. 
Finally, c can be found by the Pythagorean theorem or by trigonometry. 


sin B = sin 29°38’ = us 


12.8 
0.4944 


c= = 25.9 
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PROGRESS CHECK 
In triangle ABC, y = 90°, a = 17.4, and b = 38.2. Solve the triangle. 


ANSWERS 
a = 24°30’ B = 65°30' c= 42 


EXERCISE SET 6.4 
Find the values of the trigonometric functions of the angle @ in each of the following right triangles. 


I. 2: / 


&” 


— 
. 4 
a if - 
1 


3 
3. 


5 
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x? — 1 


Find the values of the trigonometric functions of the angle 6 if the point P lies on the terminal side of 0. 


9. P(-S, 12) 10. P(3, —4) 11. P(-1, -1) 12. PC, 2) 
13. P(—8, 6) 14. P(12, 5) 15. P(12, -5) 16. P(-1, V3) 
17. P(-12, -5) 18. P(-3, 4) 19. P(-2, 1) 20. P(-2, -1) 


In each of the following right triangles, express the length A as a trigonometric function of the angle 6. 
21). 


h 


22. 
5 4 
a h : 
23. 24. 
_-8 
4.1 
h 
i 
h 
6.5 
25: 26. 
h h 
2.8 
0 a 


oot 


In triangle ABC, y = 90°. Find the required parts of the triangle in each of the following. 


27. a= 12, b= 16; find a. 28. a=5, b= 15; find B. 
29. b=40, B = 40° find c. 30. a= 22, a = 36° find b. 
31. a=75, B = 22°; find b. 32. b=60, a =53°; find c. 


33. a=25, B = 42°30’; find c. 34. b=50, a = 36°20’; find a. 


282 TRIGONOMETRY: MEASURING TRIANGLES 


Evaluate the given expression without using tables or a calculator. 


nt 5) a(wctan - 5) 
35. tan sin 3 36. — sin{ arctan 5 
37. cos(sin=! *) 38. cos( aresin -2) 


3 
= = 
39. tan( cos 2) 


40. In the accompanying figure, ABC is an equilateral triangle whose sides are of length 2, and AD is the perpendicular 
from A to side BC. Show that A 

(a) triangle ABD is a 30°-60°-90° right triangle; 

(b) sides BD and AD are of lengths | and V3, respectively. 


2 2 
B D Cc 
6.2 Many applied problems involve right triangles. We are now prepared to use our 
APPLICATIONS OF ability in solving triangles to tackle a variety of interesting problems. 


RIGHT TRIANGLE 

TRIGONOMETRY EXAMPLE | 

adder leaning against a building makes an angle of 35° with the ground. If the 
bottom of the ladder is 5 meters from the building, how long is the ladder? To 
what height does it rise along the building? 


SOLUTION 
In Figure 10 we seek the length d of the ladder and the height fh along the 
d ; building. Using right triangle trigonometry, 
(J 
cos 35° = : and tan 35° = “ 
il a é 
5 d=—s h= S tan 35° 
cos 35 
FIGURE 40 5 
= 0.8192 h= §(0.7002) 
d = 6.1 meters and h = 3.5 meters 
PROGRESS CHECK 


The string of a kite makes an angle of 32°30’ with the ground. If 125 meters of 
string have been let out, how high is the kite? 


ELEVATION AND 


DEPRESSION 


h 


FIGURE 12 


50 
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ANSWER 
67 meters 


There are two technical tenns that will occur frequently in our word problems. 
The angle of elevation is the angle between the horizontal and the line of sight. In 
Figure | la, 6 is the angle of elevation of the top 7 of a tree from a point x meters 
from the base of the tree. 


“\ 
OY 
AS 


(a) (b) 
FIGURE 44 


The angle of depression is the angle between the horizontal and the line of 
sight when looking down. In Figure | 1b, 6 is the angle of depression of a boat B 
as seen from a watchtower W. 


EXAMPLE 2 

A vendor of balloons inadvertently releases a balloon, which rises straight up. A 
child standing SO feet from the vendor watches the balloon rise. When the angle 
of elevation of the balloon reaches 44°, how high is the balloon? 


SOLUTION 
We seek the height A in Figure 12. Thus, 
pa 
tan 44° = 50 
h = SO tan 44° 


h = 50(0.9657) = 48 


The balloon has risen approximately 48 feet. 


EXAMPLE 3 

A forest ranger is in a tower 65 feet above the ground. If the ranger spots a fire at 
an angle of depression of 6°40’, how far is the fire from the base of the tower 
(assuming level terrain)? 
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SOLUTION 
We need to find the distance d in Figure 13. Since @ + 6°40' = 90°, @ = 83°20’, 
then 
ered 
tan 0 = 65 


d = 65 tan 83°20’ 
d = 65(8.5555) = 556 


The fire is approximately 556 feet from the base of the tower. 


FIGURE 43 


EXAMPLE 4 

A mathematics professor walks toward the university clock tower on the way to 
her office, and decides to find the height of the clock above ground. She deter- 
mines the angle of elevation to be 30° and, after proceeding an additional 60 feet 
toward the base of the tower, finds the angle of elevation to be 40°. What is the 
height of the clock tower? 


SOLUTION 
This problem is somewhat more sophisticated since it involves more than one 
right triangle. In Figure 14 we seek to determine h. From triangle ACD, 


ote. ot = ° 
tan 30 = F+60 or h=(d+ 60)(tan 30°) 
and from triangle ACB, 

tan 40° = 4 or h=d tan 40° 
A 
h 
cu [N387N = 

d B 60 


FIGURE 14 
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Equating the two expressions for h yields 


(d + 60)(tan 30°) = d tan 40° 
60 tan 30° = d(tan 40° — tan 30°) 


— __ 60 tan 30° 
tan 40° — tan 30° 


h = d tan 40° = (132)(0.8391) = 110.8 


= 132 feet 


The height of the clock tower is approximately 110.8 feet. 


NAVIGATION AND In navigation and surveying, directions are often given by bearings, which spec- 
SURVEYING ify an acute angle and its direction from the north-south line. In Figure 15a the 
bearing of point B from point A is N 40° E, that is, 40° east of north; in Figure 15b 
the bearing of point B from point A is S 60° W; and in Figure 15c it is 


S 20° E. 
N N N 
B 
40° 
W E W E W E 
A A AN 59° 
B 60° 
B 
S S S 
(a) (b) {c) 
FIGURE 45 
EXAMPLE 5 


A ship leaves port at 10 a.m. and heads due east at arate of 22 miles per hour. At 
11 A.M. the course is changed to S 52° E. Find the distance and bearing of the ship 
from the dock at noon. 


SOLUTION 
The situation is depicted in Figure 16. We find angle B = 38°. From right triangle 
BCE, 


cos B = = or e = 22 cos 38° ~ 17.3 miles 


sin B = las or b= 22 sin 38° ~ 13.5 miles 
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We now know two sides of right triangle ACE, namely 


AC = 22 +e = 224+ 17.3 = 39.3 
CE = b = 13.5 


We can now solve triangle ACE to obtain 


From triangle ACE, 


FIGURE 16 


EXERCISE SET 6.2 


1. 


A ladder 20 feet in length touches a wall at a point 16 
feet above the ground. Find the angle the ladder makes 
with the ground. 

A monument is 550 feet high. What is the length of the 
shadow cast by the monument when the sun is 64° 
above the horizon? 

Find the angle of elevation of the sun when a tower 45 
meters in height casts a horizontal shadow 25 meters 
in length. 

A technician positioned on an oil-drilling rig 120 feet 
above the water spots a boat at an angle of depression 
of 16°. How far is the boat from the rig? 


A mountainside hotel is located 8000 feet above sea 
level. From the hotel, a trail leads farther up the moun- 
tain to an inn at an elevation of 10,400 feet. If the trail 
has an angle of inclination of 18° (that is, the angle of 


elevation of the inn from the hotel is 18°), find the 
distance along the trail from the hotel to the inn. 


I 


8000’ 


12. 


A hill is known to be 200 meters high. A surveyor 
standing on the ground finds the angle of elevation of 
the top of the hill to be 42°50’. Find the distance from 
the surveyor to a point directly below the top of the 
hill. (ignore the height of the surveyor.) 


An observer is 425 meters from a launching pad when 
a rocket is launched vertically. If the angle of eleva- 
tion of the rocket at its apogee (highest point) is 
66°20’, how high does the rocket rise? 


An airplane pilot wants to climb from an altitude of 
6000 feet to an altitude of 16,000 feet. If the plane 
climbs at an angle of 9° with a constant speed of 
22,000 feet per minute, how long will it take to reach 
the increased altitude? 


Arectangle is 16 inches long and 13 inches wide. Find 
the measures of the angles formed by a diagonal with 
the sides. 


The sides of an isosceles triangle are 15, 15, and 26 
centimeters. Find the measures of the angles of the 
triangle. (Hint: The altitude of an isosceles triangle 
bisects the base.) 


The side of a regular pentagon is 22 centimeters. Find 
the radius of the circle circumscribed about the penta- 
gon. (Hint: The radii from the center of the circum- 
scribed circle to any two adjacent vertices of the reg- 
ular pentagon form an isosceles triangle. The altitude 
of an isosceles triangle bisects the base.) 


To determine the width of a river, markers are placed 
at each side of the river in line with the base of a tower 
that rises 23.4 meters above the ground. From the top 
of the tower, the angles of depression of the markers 
are 58°20’ and 11°40’. Find the width of the river. 
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13. 


The angle of elevation of the top of building B from 
the base of building A is 29°. From the top of building 
A, the angle of depression of the base of building B is 
15°. If building B is 110 feet high, find the height of 
building A. 

B 


A ship leaves port at 2 P.M. and heads due east at a rate 
of 40 kilometers per hour. At 4 P.M. the course is 
changed to N 32° E. Find the distance and bearing of 
the ship from the dock at 6 P.M. 


An attendant in a lighthouse receives a request for aid 
from a stalled craft located 15 miles due east of the 
lighthouse. The attendant contacts a second boat locat- 
ed 14 miles from the lighthouse at a bearing of 
N 23° W. What is the distance of the rescue ship from 
the stalled craft? 


B 
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63 In Section 6,1 we studied the trigonometry of a right triangle. In this and the next 

LAW OF COSINES section we will examine an oblique triangle, a triangle that does not contain a 
oh angie. 

We can always solve an oblique triangle by dropping a perpendicular as in 

Figures 17a and 17b and treating the resulting right triangles ADC and BDC. It is, 

however, worthwhile to perform the analysis in a general way. This yields two 

results, known as the law of sines and the law of cosines. We now state and prove 

the law of cosines, maintaining the notation of the last section; thus, the angles of 

triangle ABC are denoted by a, f, and y, with opposite sides a, b, and c, respec- 


tively. 
c 
C 
‘ ‘ Ti 
I, 
| 
x | 
D c B x 
ace eae 
(a) (b) 
FIGURE 417 


The Law of Cosines In triangle ABC, 


a*=b*+ c? -2becosa 


b? = a? + c2 — 2ac cos B 
c? = a + b? — 2ab cos y 


The student is urged to note the pattern of the three forms of the law of cosines as 
an aid in their memorization. 
To prove the law of cosines, we deal with the cases shown in Figure 17. 


Case |. The angles of triangle ABC are all acute (Figure 17a). We construct the 
perpendicular CD to side AB. Applying the Pythagorean theorem to right trian- 
gles BDC and ADC, we have 
a = h? + (c — x)? 
= h? +c? — 2cx t+ x? 
= (h? + x?) +c? — 2cx 
= b* + c? — 2cx (4) 


Applying the 
Law of Cosines 
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The last step results from application of the Pythagorean theorem to right triangle 
ADC. Also, 


x 
cos a =F or x=bcosa 


which we then substitute in Equation (4) to yield 
a’ =b*+c*—2bce cos a 


This establishes the desired result of Equation (1). 


Case 2. Triangle ABC has an obtuse angle 8 (Figure 17b). We construct the 
perpendicular CD to side AB. The Pythagorean theorem can be applied to right 
triangle BDC to give 


a* = h? + x2 (5) 


Next, we use the trigonometry of the right triangle ADC to obtain 


or h=bsina 


CAx 
cos a@ = or x=bcosa-c 


b 
Substituting for h and x in Equation (5) we have 
a? = b* sin? a + (b cos a — c?* 
= b* sin? a + b* cos? a — 2bc cos a + c? 
= b*(sin* a + cos* a) — 2bc cos a + c? 
= b*+c*—2be cosa (Since sin? a + cos? a = 1) 


Once again, this is the desired result of Equation (1). 


We have thus established the first form of the law of cosines for both cases. 
A similar argument can be used to establish the other two forms, given in Equa- 
tions (2) and (3). 

Examination of the law of cosines shows that it can be used in the following 
circumstances. 


The law of cosines may be used when 
(a) three sides of a triangle are known (SSS), or 


(b) two sides of a triangle are known and the measure of the angle formed by 
those sides is known (SAS). 


The law of cosines involves a good deal of computation. A calculator is 
great for easing the burden; not only will you be able to evaluate the cosine and 
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inverse cosine functions, but you will also be able to effortlessly perform the 
arithmetic computations. 


B EXAMPLE 4 
Find the length of the third side of the triangle shown in Figure 18. 


18 SOLUTION 
Weare given two sides and the included angle (SAS), so the law of cosines can be 
0 a used: 
FIGURE 48 c? = a? + b? — 2ab cos y 
= 15? + 20? — 2(15)(20) cos 130° 
= 225 + 400 — 600(—0.6428) 
c? = 1010.7 
c= 31.8 


of 


EXAMPLE 2 

Highway engineers who are to dig a tunnel through a small mountain wish to 

determine the length of the tunnel. Points A and B are chosen as the endpoints of 
c the tunnel. Then a point C is selected from which the distances to A and B are 

found to be 190 feet and 230 feet, respectively. If angle ACB measures 48°, find 
/\ the approximate length of the tunnel. 


48° 
SOLUTION 
190 230 The known information is displayed in Figure 19. Applying the law of cosines, 
c? = a* + b? — 2ab cos y 
= 230? + 190? — 2(230)(190) cos 48° 

A - B c? = 30,518 

FIGURE 49 c = 175 feet 
EXAMPLE 3 
Find the approximate measure of the angles of triangle ABC if a = 150, b = 100, 
and c = 75. 
SOLUTION 


Substituting in the equation 


a? = b* +c? — 2be cos a@ 
1507 = 1007 + 75% — 2(100)(75) cos a 
22,500 = 10,000 + 5625 — 15,000 cos a 
cos a = —0.4583 


Since cos @ is negative, angle a must lie in the second quadrant and is an obtuse 
angle. Using a calculator, enter 


EXERCISE SET 6.3 
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The display shows an answer of 117.28°. Converting to degrees and minutes, we 
have 


a = 117°17' 
Similarly, 
b? = a* +c? — 2ac cos B 
1007 = 150? + 75? — 2(150)(75) cos B 
10,000 = 22,500 + 5625 — 22,500 cos B 
cos B = 0.8056 
B = 36°20' 
Finally, we may easily determine y since the sum of the angles of a triangle is 
180°. 
y ~ 180° — (117°17' + 36°20’) = 26°23’ 
The student should verify this result by substituting in the equation 


c* = a* + b* — 2ab cos y 


We conclude this section by reminding you of a useful result from plane 
geometry. 


In triangle ABC, if a < b, then @ < B; that is, the smaller angle lies opposite the 
smaller side. 


This theorem provides you with a means to perform a quick check as to whether 
your computational results are reasonable. You should always verify that the 
angles and sides correspond, that is, the smallest angle is opposite the smallest 
side and the largest angle is opposite the largest side. 


Sj In Exercises 1-10 use the law of cosines to approximate the required part of triangle ABC. 


= 1. a=10, b= 15, c= 21; find B. 2. a=5,b=12, c = 15; find y. 
3. a=25, c= 30, B = 28°30’; find b. 4. b=20,c = 13, a = 19°10’; find a. 
5. a=10, b=12, y= 108°; find c. 6. a=30,c =40, B = 122°; find b. 
7. b=6,a=7, y = 68°; find a. 8. a=6, b=15, c = 16; find B. 
9. a=9, b=12, c = IS; find y. 10. a=11,c =15, B = 33°; find y. 
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14. 


15. 


16. 


6.4 


LAW OF SINES 
[ea 


The Law of Sines 


The sides of a parallelogram measure 25 centimeters 
and 40 centimeters, and the longer diagonal measures 
50 centimeters. Find the approximate measure of the 
smaller angle of the parallelogram. 


The sides of a parallelogram measure 40 inches and 70 
inches, and one of the angles is 108°. Find the approx- 
imate length of each diagonal of the parallelogram. 


A ship leaves port at 9 A.M. and travels due west at a 
rate of 15 miles per hour. At 11 A.M. the ship changes 
direction to S 32° W. What is the distance and bearing 
of the ship from port at | P.M.? 


A ship leaves from port A intending to travel direct to 
port B, a distance of 25 kilometers. After traveling 12 
kilometers the captain finds that his course has been in 
error by 10°. How far is the ship from port B? 


Two trains leave Pennsylvania Station in New York 
City at 2 P.M. and travel in directions that differ by 
55°. If the trains travel at constant rates of 50 miles per 
hour and 80 miles per hour, respectively, what is the 
distance between them at 2:30 P.M.? 


Hurricane David has left a telephone pole in a nonver- 
tical position. Workmen place a 30-foot ladder at a 
point 10 feet from the base of the pole. If the ladder 
touches the pole at a point 26 feet up the pole, find the 
angle the pole makes with the ground. 


17. 


18. 


20. 


21. 


Find the approximate perimeter of triangle ABC if a = 
20, b = 30, and y = 37°. 

A hill makes an angle of 10° with the horizontal. An 
antenna 50 feet in height is erected at the top of the hill 
and a guy wire is runto a point 30 feet fromthe base of 
the antenna. What is the length of the guy wire? 


Prove that if ABC is aright triangle, the law of cosines 
reduces to the Pythagorean theorem. 


Prove the following in triangle ABC. 
(a) at+b?+c? 
= 2(bc cos a + ac cos B + ab cos y) 
2 202 
(b) Cos @ , cos B ,cosy_a + b-+c 
a b c 2abc 


Prove that if 


cos B _ cosa@ 
a b 


triangle ABC is either a right triangle or an isosceles 
triangle. 


In the last section we applied the law of cosines to an oblique triangle. That law 


derives its name from the appearance of the cosine function in its statement. 
We will now state and prove the law of sines, which also applies to an 


oblique triangle. Not surprisingly, the law of sines involves the sine function. 
Once again, we denote the angles of triangle ABC by a, B, and y, with opposite 


sides a, b, and c, respectively. 


In triangle ABC, 


The two cases are illustrated in Figure 20. 


FIGURE 20 
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(a) (b) 


Case |]. The angles of triangle ABC are all acute (Figure 20a). We construct the 
perpendicular CD to side AB. Then triangles ADC and BDC are both right trian- 
gles, and we can apply trigonometry of a right triangle to obtain 


: h ; 
sin a = or h=bsina 


sin B = 


b 
h mee 
a OF h=asin B 
Equating the expressions for h yields 

b sin a =a sin B 


which can be written in the convenient form 


a __b 
sina sin B 


Case 2. Triangle ABC has an obtuse angle 6 (Figure 20b). We construct the 
perpendicular CD to side AB. Applying right triangle trigonometry to triangles 
ADC and BDC, and noting that 6 = 180° — B, we obtain 


sina =? or h=bsina 


sin 6 = sin(180° - B) =" or h=a sin(180° — B) 


Equating the expressions for h yields 
b sin a =a sin(180° — B) 


Since sine is positive in both the first and second quadrants, the Reference Angle 
Rule tells us that 


sin(180° — 8) = sin B 
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Substituting, we again obtain 
b sin a =a sin B 
or 


a@ _  b 
sina sin B 


To complete the proof of the law of sines we need only drop a perpendicular 
from A to BC and use a similar argument to show that 


oe 
sin B sin y 


The law of sines then follows from the transitive property of equality. 
The law of sines can be used in the following circumstances. 


Applying the The law of sines may be used when the known parts of a triangle are 
Law of Sines 


(a) one side and two angles (SAA), or 


(b) two sides and an angle opposite one of these sides (SSA). 


Remember that if two angles of a triangle are known, we can immediately deter- 
mine the third angle. Here is an example. 


c EXAMPLE 4 
In triangle ABC, a = 38°, B = 64°, and c = 24. Find approximate values for the 
remaining parts of the triangle. 


SOLUTION 
‘ 7] ® (See Figure 21.) Since @ and B are known, 
ROURE 21 ¥ = 180° ~ (a + B) = 180° — (38° + 64°) = 78° 


Applying the law of sines, 


(ape 
sina siny 
a 24 


sin 38° sin 78° 
_ 24 sin 38° _ 24(0.6157) _ 


sin 78° (0.9781) >"! 


Similarly, from 


| 
sin B sin y 


we obtain 


b= 22.1 


UNIQUE AND AMBIGUOUS 
CASES 
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When the given parts of a triangle are two sides and an angle opposite one of 
them, the situation is not straightforward since a unique triangle is not always 
determined. In Figure 22 we have constructed angle a and side b and then used a 
compass to construct a side of length a with an endpoint at C. In Figure 22a no 
triangle exists satisfying the given conditions; Figure 22b shows that we may 
obtain a right triangle; Figure 22c illustrates the possibility that two triangles will 
satisfy the given conditions; Figure 22d shows that precisely one acute triangle 
may be possible. 


(b) 

(& 

b a 
\Z) 
NN 
~ eo 
oe =. 

(c) me 
(d) 


FIGURE 22 


In Exercise 23 you will be asked to prove a number of inequalities that 
determine which of the four cases applies to a given set of conditions. In practice, 
we prefer to have you go ahead with the law of sines and let the results lead you to 
the appropriate answer. 

Assume that sides a and b and angle a of triangle ABC are known and that 
we use the law of sines to determine angle B. These are the results that correspond 
to the possibilities of Figure 22. 

(a) sinB> 1. Since lsin 6! = 1 for all 6, there is no angle B satisfying the given 
conditions. This corresponds to the illustration in Figure 22a. 

(b) sin 8 = 1. Then B = 90° and the given parts determine a unique right tri- 
angle (Figure 22b). 

(c) O<sin B <1. There are two possible choices for B, which is why this is 
called the ambiguous case. Since the sine function is positive in quadrants I and 
II, one choice will be an acute angle and one will be an obtuse angle 
(Figure 22c). 
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(d) O<sin B <1. There are two possible choices for B but the obtuse angle 
does not form a triangle (Figure 22d). This case is signaled by a + B exceeding 
180°. 

Here are several illustrations of the law of sines when two sides and an angle 
opposite one of these sides are known. 


EXAMPLE 2 
In triangle ABC, a = 60°, a = 5, and b = 7. Find angle B. 


SOLUTION 
Using the law of sines, 


(eae ¢) 
sina sin B 


‘inp = Cane Lam 
a 5 


1:2 

Since the sine function has a maximum value of 1, there is no angle B such that 
sin B = 1.2. Hence, there is no triangle with the given parts. This example cor- 
responds to Figure 22a. 


EXAMPLE 3 
In triangle ABC, a = 5, b = 8, and a = 22°. Find the remaining angles of the 
triangle. 


SOLUTION 
Using the law of sines, 


bsin a _ 8 sin 22° __ 
a 5 
Using tables or a calculator, we find that B ~ 36°50’. Thus, the angles are 
(approximately) a = 22°, B = 36°50’, and y = 121°10’. 

However, the angle B = 180° — 36°50’ = 143°10’ also satisfies the require- 
ment that sin B = 0.5994. Therefore, another satisfactory triangle has angles a = 
22°, B = 143°10’, and y = 14°50’. 

This is an example of the ambiguous case, and corresponds to Figure 
22¢: 


EXAMPLE 4 
In triangle ABC, a = 9, b = 6, and a = 35°. Find angles B and y. 


SOLUTION 
We again apply the law of sines. 


a 
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b 


sina sin B 


sin B= 


bsina _ 6 sin 35° 


ae 9 = 0.3824 


Using tables or a calculator yields B ~ 22°30’. A triangle satisfying the given 
conditions has a = 35°, B = 22°30’, and y = 122°30’. 
The angle B = 180° — 22°30’ = 157°30’ also satisfies the requirement that 
sin B = 0.3824. But this ‘‘solution’’ must be rejected since a + B > 180°. 
This example corresponds to Figure 22d. 


EXERCISE SET 6.4 
In Exercises 1—12 use the law of sines to approximate the required part(s) of triangle ABC. Give both solutions if more than 
one triangle satisfies the given conditions. 


1. 


OP 


a= 25°, B = 82°, a= 12.4; find b. 

B = 23°, y= 47°, a= 9.3; find c. 

a = 42°20’, y = 78°40’, b = 20; find a. 

a = 65°, a = 25, b = 30; find B. 

y = 30°, a = 12.6, c = 6.3; find b. 

y = 45°, b=7, c = 6; find a. 

Points A and B are chosen on opposite sides of a rock 
quarry. A point C is 160 meters from B, and the mea- 


sures of angles BAC and ABC are found to be 95° and 
47°, respectively. Find the width of the quarry. 


A tunnel is to be dug between points A and B on oppo- 
site sides of a hill. A point C is chosen that is 150 
meters from A and 180 meters from B. If angle ABC 
measures 54°, find the length of the tunnel. 


A ski lift 750 meters in length rises to the top of a 
mountain at an angle of inclination of 40°. A second 
lift is to be built whose base is in the same horizontal 
plane as the initial lift. If the angle of elevation of the 
second lift is 45°, what is the length of the second 
lift? 

A tree leans away from the sun at an angle of 9° from 
the vertical. The tree casts a shadow 20 meters in 
length when the angle of elevation of the sun is 62°. 
Find the height of the tree. 


A ship is sailing due north at a rate of 22 miles per 
hour. At 2 P.M. a lighthouse is seen at a bearing of 
N 15° W. At 4 P.M., the bearing of the same light- 
house is S 65° W. Find the distance of the ship from 
the lighthouse at 2 P.M. 


2 
4. 
6 
8 


19. 


a = 74°, y = 36°, c = 6.8; find a. 
a = 46°, B = 88°, c = 10.5; find b. 
B = 16°30’, y = 84°40’, a = 15; find c. 
B = 32°, b = 20, c = 14; find @ and y. 
B = 64°, a= 10, b =8; find c. 
a = 64°, a= 11, b = 12; find B and y. 
A plane leaves airport A and flies at a bearing of 
N 32° E. A few moments later, the plane is spotted 
from airport B at a bearing of N 56° W. If airport B lies 
15 miles due east of airport A, find the distance of the 
plane from airport B at the moment it is spotted. 
A guy wire attached to the top ofa vertical pole has an 
angle of inclination of 65° with the ground. From a 
point 10 meters farther from the pole, the angle of 
elevation of the top of the pole is 45°. Find the height 
of the pole. 

P 


4 
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20. 


21. 


22) 


At 5 p.m. asailoron board a ship sailing at a rate of 18 
miles per hour spots an island due east of the ship. The 
ship maintains a bearing of N 26° E. At 6 P.M. the 
sailor finds the bearing of the island to be S 37° E. 
Find the distance of the island from the ship at 6 
P.M. 


The short side of a parallelogram and the shorter diag- 
onal measure 80 centimeters and 100 centimeters, 
respectively. If the angle between the longer side and 
the shorter diagonal is 43°, find the length of the long- 
er side. 


EN 


An archaeological mound is discovered in a jungle in 
Central America. To determine the height of the 
mound, a point A is chosen from which the angle of 
elevation of the top of the mound is found to be 31°. A 


x 


TERMS AND SYMBOLS 


angle of elevation (p. 283) 
angle of depression (p. 283) 


bearing (p. 285) 
oblique triangle (p. 288) 


KEY IDEAS FOR REVIEW 
OO) Right triangle trigonometry relates a trigonometric func- 


tion of an angle @ of a right triangle to the ratio of the 
lengths of two of its sides as follows: 


= side opposite 0 


in 8 
a hypotenuse 
side adjacent to 0 
‘os 8 = 
hypotenuse 


_ Side opposite to 0 
tan 6 


~ side adjacent to 0 


23. 


law of cosines (p. 288) 
law of sines (p. 292) 


a) 


second point B is chosen on a line with A andthe base 
of the mound, 30 meters closer to the base of the 
mound. If the angle of elevation of the top of the 
mound from point B is 39°, find the height of the 
mound. 


x 
31° 
Ld (9 TK 
B 30 A 


In a triangle, sides of length a and b and an angle a are 
given. Prove the following. 

(a) Ifbsin a> a, there is no triangle with the given 
parts. 
(b) 
gle. 
(c) If bsina<a<b, there are two triangles with 
the given parts. 

(d) If 5 <a, there is one acute triangle with the giv- 
en parts. 


If b sin a = a, the parts determine a right trian- 


ambiguous case of the law 
of sines (p. 295) 


L) Right triangle trigonometry can be used to solve a wide 


variety of applied problems. 


The law of cosines and the law of sines are useful in 
solving problems that involve an oblique triangle. The 
derivation of these laws is accomplished by using right 
triangle trigonometry. 
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Solutions to exercises whose numbers are in color are in the Solutions section in the back of the book. 


6.1 In Exercises 1-5 express the required trigonometric 
function as a ratio of the given parts of the right triangle 
ABC with y = 90°. 

1. a@=5, b= 12, find sin a. 
2. a=3,c=5S; find tan B. 
3. a=4,b=7, find sec a. 
4. b=8,c= 10; find cot a. 
5. b=4,c=7; find sec B. 


In Exercises 6—9 the point P lies onthe terminal side of 
the angle 6. Find the value of the required trigonomet- 
ric function without using tables or a calculator. 


6. P(-V3, 1); csc 8 

7. P(V2, -V2); cot 8 

8 P(-l, -V3); cos 6 

9. P(V2, V 2); sin 0 
In Exercises 10-13 find the required part of triangle 


ABC with y = 90°. Use Table VI in the Tables Appen- 
dix, or a calculator. 


10. a=50, b = 60; find a. 
11. a= 40, B= 20°; find b. 
12. a=20, a = 52°; find c. 
13. b= 15, a = 25°; find c. 


PROGRESS TEST 6A 

In Problems 1-3 ABC is a right triangle with y = 90°. 
Express the required trigonometric function as a ratio of the 
given parts of the triangle. 


l. a=7,b=5;tana 
2. b=5,c= 15; seca 
3. a=S,c= 13; cot B 


In problems 4—7 the point P lies on the terminal side of the 
angle 6. Find the value of the required trigonometric func- 
tion without using tables or a calculator. 


4. P(-V2, V2); cot 6 
5. P(O, —5); sin @ 

6. P(2, 2V3); sec 0 

7. P(—1, —3/2); cos @ 


6.2 14. A ladder 6 meters in length leans against a verti- 


cal wall. If the ladder makes an angle of 65° with 
the ground, find the height that the ladder reaches 
above the ground. 


15. Find the angle of elevation of the sun when a tree 
25 meters in height casts a horizontal shadow 10 
meters in length. 


16. A rectangle is 22 centimeters long and 16 centi- 
meters wide. Find the measure of the smaller 
angle formed by the diagonal with a side. 


6.3 In Exercises 17-20 use the law of cosines or the law of 
6.4 sines to approximate the required part of triangle 
ABC. 


17. a=12,b=7,c= 15; find a. 
18. a=20, b= 15, a= 55°; find B. 
19. a=10, a = 38°, B = 22°; find c. 
20. b= 8, c= 12, a = 35° find a. 


In Problems 8-10 use Table VI in the Tables Appendix, ora 
calculator, to find the required part of triangle ABC with y = 
90°. 

8. a=25,c =30; find a. 

9. b=20, a = 32°; find c. 

10. a= 15, b= 20; find B. 


In Problems 11 and 12 find the required part of triangle 
ABC. 


ll. a=2,b=4,c =5S; find a. 
12. b= 10, a= 15°, B = 28°; find c. 


13. From the top of a hill 100 meters in height, the angle 
of depression of the entrance to a castle is 36°. Find 
the distance of the castle from the base of the hill. 
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PROGRESS TEST 68 

In Problems 1-3 ABC is a right triangle with y = 90°. 
Express the required trigonometric function as a ratio of the 
given parts of the triangle. 


1. a=6,b=8; csc B 
2. a=7,b=6; cota 
3. b=4,c=5;sina@ 
In Problems 4—7 the point P lies on the terminal side of the 


angle 6. Find the value of the required trigonometric func- 
tion without using tables or a calculator. 


4. P(-3, 0); csc 0 

5. PQ, 2V3); csc 0 

6. P(-V2, -V2); tan 0 
7. P(2, —1); sin 60 


In Problems 8-10 use Table VI in the Tables Appendix, or a 
calculator, to find the required part of triangle ABC with y = 


90°. 

8. a=S, B= 61°; find c. 
9. b=6, c= 15; find a. 
10. a=7, b= 10; find c. 


In Problems 11 and 12 find the required part of triangle 
ABC. 


Il. b=10, c= 13, a= 54° find B. 
12. a=5,c=9, B= 36° find b. 
13. A surveyor finds the angle of elevation of the top of a 


tree to be 42°. If the surveyor is 75 feet from the base 
of the tree, find the height of the tree. 


ANALYTIC 
TRIGONOMETRY 


Much of the language and terminology of algebra carries over to trigonometry. 
For example, we have seen that algebraic expressions involve variables, con- 
stants, and algebraic operations. Trigonometric expressions involve these same 
elements but also permit trigonometric functions of variables and constants. They 
also allow algebraic operations upon these trigonometric functions. Thus, 


1 — cos x 


x + sin x sin x + tan x 5 
sec’ x 


are all examples of trigonometric expressions. 

The distinction between an identity and an equation also carries over to 
trigonometry. Thus, a trigonometric identity is true for all real values in the 
domain of the variable, but a trigonometric equation is true only for certain 
values called solutions. (Note that the solutions of a trigonometric equation may 
be expressed as real numbers or as angles.) As usual, the set of all solutions of a 
trigonometric equation is called the solution set. 


7A In Section 5.2 we established the identity 

TRIGONOMETRIC 

IDENTITIES sin? ¢ + cos? t= | (1) 
a a 


FUNDAMENTAL IDENTITIES 
If cos t # 0, we may divide both sides of Equation (1) by cos? ¢ to obtain 


sin?t _ cos*r__— 1 
cos? ft cos?r cost 


tan? r+ 1 = sec? ¢ (2) 
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Similarly, if sin t # 0, dividing Equation (1) by sin? ¢ yields 


sin?t , cos?r_ 
sin?t sin? sin? t 


or 


cot? 4+ 1 =csc? t (3) 


Observe that tan ¢ and cot ¢ are undefined for exactly those values of ¢ for which 
cos t and sin ¢ are O, respectively. It follows that the identities (2) and (3) are true 
for all values of ¢ for which the trigonometric expressions are defined. 

The two identities that we have just established, together with the identities 
discussed in Sections 5.2 and 5.5, are called the fundamental identities. Since 
we will use these eight identities throughout this chapter, it is essential that you 
know and recognize them in their various forms as shown in Table 1. 


TABLE 4 


Fundamental Identity Alternate Form(s) 


] ; l 
csc t= —— sin t = —— 
sin t csc t 
1 
sec t = —— cos t = —— 
cos t sec t 
1 1 
co f= tan t = — 
tan t cot f 
sin? t+ cos? t= 1 sin? t= 1 — cos? t 
cos? t=1— sin? t 
tan? 1+ 1 =sec* t tan? t= sec? t— | 
cot? 1+ | = csc? t cot? t= csc* 1-1 


In Section 5.2 we saw that trigonometric identities can be used to simplify a 
trigonometric expression. Here is another example, in which we use the identities 
developed in this section. 


EXAMPLE 4 
Simplify the expression sin? x + sin? x tan? x. 


TRIGONOMETRIC 
IDENTITIES 
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SOLUTION 


We begin by noting that sin? x appears in both terms, which suggests that we 
factor. 


sin2x + sin? x tan? x = sin? x(1 + tan? x) Factoring 
= sin? x sec? x 1 + tan? x = sec? x 
_ sin? x 
= sec x = 
cos* x cos x 
sin x 
= tan? x "= =tan x 
cos x 
PROGRESS CHECK 
: : csc 6 
Simplify the expression ———~—. 
ed P 1 + cot? # 
ANSWER 
sin 0 


The fundamental identities can be employed to prove or, more properly, to verify 
various trigonometric identities. The principal reasons for including this topic are 
(a) to improve your skills in recognizing and using the fundamental identities, and 
(b) to sharpen your reasoning processes. There are also times in calculus and 
applied mathematics when simplification of a trigonometric expression may 
enable us to see a relationship that would otherwise be obscured. Finally, in 
computer applications it is much more efficient to evaluate a simple trigonometric 
expression than an involved one. 

The preferred method of verifying an identity is to transform one side of the 
equation into the other. We will use this method whenever practical, recognizing 
that it is also acceptable to transform each side independently with the hope of 
arriving at the same expression. 

Unfortunately, we cannot outline a rigid set of steps that will ‘‘work’’ to 
transform one side into the other; in fact, there are often many ways to tackle a 
given identity. Each of the next four examples demonstrates a different technique 
(highlighted in italics) for working on trigonometric identities. If you should 
make a false start and find yourself trying something that doesn’t appear to be 
working, start again and try another approach. With practice your skills will 
improve. 


EXAMPLE 2 
Verify the identity cos x tan x csc x = |. 


SOLUTION 
It is often helpful to write all of the trigonometric functions in terms of sine and 
cosine. The student should supply a reason for each step. 
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sinx 1 
cos x tan x csc x = cos x ——— —— 
cos x sin x 
=] 
PROGRESS CHECK 
Verify the identity sin x sec x = tan x. 


EXAMPLE 3 


Verify the identity = es 


sinx 1+ sinx 
SOLUTION 
Another useful technique is to begin with the more complicated expression and 


complete the indicated operations. We will begin with the left-hand side and will 
combine the fractions. 


1 1 _ l+sinx+1-—-sinx 
l—sinx l+sinx (1 —sin x)(1 + sin x) 
2! 2 


~1—sin? x cos? x 
= 2 sec? x 


PROGRESS CHECK 
Verify the identity cos x + tan x sin x = sec x. 


EXAMPLE 4 


; Dae ier : l— sina 
Verify the identity sin a — sin? a = ————— 
csc a 


SOLUTION 


Factoring will sometimes help to simplify an expression. The student should 
supply a reason for each step. 


sin a — sin? a = sin a(1 — sin a) 


_1-sina 
csc @ 


PROGRESS CHECK 
a) - 

Verify the identity #2-2—! = -] - sin y, 
l-siny 

EXAMPLE 5 


Verify the identity oe, = sec 6+ tan 0. 
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SOLUTION 

Multiplying the numerator and denominator of a rational expression by the same 

quantity is a useful technique. Of course, this quantity should be selected care- 

fully. In this example, multiplying the denominator | — sin 6 by 1 + sin 6 will 

produce | — sin? @ = cos? 6. (Similarly, should sec x — | appear in a denomi- 

nator, you might try multiplying by sec x + | to obtain sec? x — 1 = tan? x.) 
The student should supply a reason for each of the following steps. 


cos@_ _ _cos@_1+sin 6 
1—sin@ 1—sin@ 1+ sin 6 
_ cos &1 + sin 6) 
1 — sin- 6 
_ cos 1 + sin 8) 
cos* 6 
_ 1+ sin 6 
cos 0 
1 sin 0 
cos 6" cos 6 


= sec 6+ tan 0 


PROGRESS CHECK 
Verify the identity it sos es 


=2 cscl. 
nt 1+ cos? 


We said earlier that the preferred way of verifying an identity is to transform 
one side of the equation into the other. At times, both sides may involve com- 
plicated expressions and this approach may not be practical. We can then try to 
transform each side of the equation into the same expression, being careful to use 
only procedures that are reversible. Here is an example. 


EXAMPLE 6 
cot u — tanu 
sin u COS u 


2 


Verify the identity = csc? u — sec? u. 


SOLUTION 
Beginning with the left-hand side we have 


cosu sinu 


cotu—tanu sinu cosu 
sin u COS u sin u COS u 


_ cos* u — sin? u 
sin? u cos? u 
We then transform the right-hand side of the equation by writing all trigonometric 
functions in terms of sine and cosine. 
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1 1 


sin? u cos? u 


esc? u — sect u= 
_ cos? u — sin? u 
sin? u cos? u 


We have successfully transformed both sides of the equation into the same 
expression. Since all the steps are reversible, we have verified the identity. 


PROGRESS CHECK 
: ., .. sinx + cos x cos? x 
Venfy the identity ——=-—— = —————_.. 
tan’ x — 1 sin x — cos x 
EXERCISE SET 7.1 
Verify each of the following identities. 
I. csc y — cos y cot y = sin y 2. cotx sec x =csce x 
1+ sin v 
3. +t = : ay eae 
sec v + tan v nanny 4. cos 6+ tan @sin @= sec 0 
sin a sec a = tana sec B — cos B= sin B tan B 
7. 3-—sec? x =2- tan? x 8. I—2sin?t=2cos?+—-I 
2 : 
sec + 
9. » = tan y + cot y 10. ne OS Fe 1 + tan x 
tan y cos x 
: 2 
11, Siw , COS u _ 12. tan‘ @ ee 
cscu secu 1+ seca 
sec? 0 — I ae er 9 2 4 
13. 37 = sin’ 6 14. sin” x + 2 sin* x cos* x + cos” x = I 
sec” 0 
I 
15. cos y+ cos y tan? y= sec 16. ——————-= i 
Y Y Y Y tan u+cotu Pee 
sec w sin Wo _ 2 eee 2R\= 
17. tiwtcrr oF 18. (I —cos* B)(I + cot* B) = I 
2 
19. (sin a + cos a)? + (sin a — cos a)* = 2 20. Jee = tan? u 
csc” u 
4d] 
21. sec? v + cos? v= =“ 22. sin? 6 — tan? 6 = —tan? @ sin? 6 
sec” v 
sin? a@ 9 F 
23. ———=1- cosa 24. cot x sin“ x = cos x(1 — sin x) 
I+ cosa 
t — sl in B + B 
25. eas. = I —sint 26. sin - I _COS =toep 
I+ sint cos ¢ I+ cos B sin B 
2 2 
27: uce ee 28, OS 4 -jsinu 
sin* 0 1 —sinu 
2 
coty  _. I+tantx 5 
29. ec y sin y cos y 30. mae, oe 


31. cos(—t) csc(—?t) = —cott 
sec x + csc x 
33. —==——— = csc x 
1 + tan x 
l1+tanx  secx 
a 
1+ cotx cscx 
l—sint 2 
37. —— = (sec t — tant 
1+ sint ( ) 
2 
39. sint w 
cos* w + cos? w sin? w 
4g), Se Base _tany—1 
“ secytescy tanyt+1 
B3 tan y— sin y _ sin? y 
, tan y 1+ cos y 
csc x csc x 
De 
l+cscx Il-—cscex 


7.2 THEADDITION FORMULAS 307 


32. sin(—@) sec(— 6) = —tan 0 


secu 1 


34. = 
secu-—1 1 -—cosu 
1+sinu 
36. (tan u + sec u)? = ——— 
1 —sinu 
38. 2 csc? 6—csc* 6=1—-cot* 6 
sin z + tan z 
= tan? w 40. ———— = tan z 
1 + cos z 
42. cotx—I1 _ csc x 
l-—tanx secx 
44. cos* u— sin* u = cos* u— sin? u 
sec? x 46. sin? 0+ cos? 6 =(1 — sin 6 cos 6)(sin 6 + cos 6) 


Show that each of the following equations is not an identity by finding a value of the variable for which the equation is nat 


true. 
47. sinx = V1 — cos? x 48. tanx = Vsec? x - 1 
49. (sin t+cos £1)? = sin? t+ cos? t 50. sin 8+ cos 6=sec 0+ csc 0 


51. Vcos* x = cos x 


7.2 
THE ADDITION 
FORMULAS 


52. WVecot? x = cot x 


The identities that we verified in the examples and exercises of Section 7.1 were 
themselves of no special significance; we were primarily interested in having you 
practice manipulation with the fundamental identities. There are, however, many 
trigonometric identities that are indeed of importance; these identities are called 
trigonometric formulas. Such formulas are used so frequently that it is probably 
best for you to memorize them. We will develop these formulas in a logical 
sequence so that you will be able to derive them yourself should you wish to 
verify that your memorization is correct. 

Our first objective is to develop the addition formula for cos(s + ¢) where s 
and ¢ are any real numbers. It happens that it is easier to begin with cos(s — ¢), 
which demonstrates that the mathematician may at times have to take a circuitous 
route to establish a result! 

For convenience, we assume that s, t, and s — ¢ are all positive and less than 
27. We let P, Q, and R be the unit circle points determined by the realnumbers s, 
t, and s — ras in Figure 1. Then AP = s, AQ = 1, AR=s~—t, and by the defi- 
nitions of sine and cosine, the coordinates of the points can be written as 


P(cos s, sins) Q(cost, sint) R(cos(s — f), sin(s — t)) 
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R(cos (s — t), sin (s — r)) 
QO(cos ft, sin ft) 


A(1, 0) 


P(cos s, sin s) 


FIGURE 4 


Since the arcs OP and AR are both of length s — t, the chords QP and AR are also 
of equal length. By the distance formula, we have 


AR = OP 
Vicos(s — t) — 1]? + [sin(s — )]* = V (cos s — cos 2)? + (sin s — sin 1)” 


Squaring both sides and rearranging terms, we have 
sin?(s — t) + cos*(s — t) — 2 cos(s — t) + 1 
= sin? s + cos? s + sin? t+ cos? r— 2 cos scos¢—2 sins sint 


Since each of the expressions sin?(s — f) + cos?(s — 2), sin* s + cos? s, and 
sin? t + cos” t equals 1, we have 


2—2 cos(s — t)=2-—2 cos scost—2 sins sint 


Solving for cos(s — t) yields the formula 
cos (s — tf) =cos scosf+sins sint (1) 


Now it is easy to obtain the addition formula for cos(s + ¢). By writing 
s+t=s—(-?t) 
we have 


cos(s + t)) = cos(s — (—2)) 


= cos s cos(—r) + sin s sin(—r) 


COFUNCTIONS 
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Since cos(—/) = cos ¢ and sin(—f) = —sin ¢, 


cos(s + t) = cos s cos f— sins sin? (2) 


EXAMPLE 4 
Find cos 15° without the use of tables or a calculator. 


SOLUTION 
Since 15° = 45° — 30°, we may use the formula for cos(s — #) to obtain 
cos 15° = cos(45° — 30°) 
= cos 45° cos 30° + sin 45° sin 30° 


2,3, V2, 
= 


Nie 


V6+ V2 
a a 
PROGRESS CHECK 

Solve Example | using 15° = 60° — 45°. 


EXAMPLE 2 
Find the exact value of cos(57/12). 


SOLUTION 
We note that Sar/12 = 27/12 + 32/12 = 7/6 + 7/4. Then 


7 wv We Ee 
OSE a A a 
_vi.Vv2_1 2 
2 2 2 22 
V6 -VvV2 
4 


PROGRESS CHECK 
Solve Example 2 using the identity 52/12 = 97/12 — 47/12. 


Before tackling sin(s + ¢), we first establish the following important functional 
relationships. 
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FIGURE 2 


Functions satisfying the properties of the identities (3) and (4) are called cofunc- 
tions. Thus, sine and cosine are cofunctions. So, too, the tangent and cotangent 
functions are cofunctions, as are secant and cosecant. This is the origin of the 
prefix co in cosine, cosecant, and cotangent. 

Applying the difference formula for cosine to the left-hand side of Equation 


(3), 


7 2 Te 
cos(¥ - 1) = COS 5 cos f+ sin 5 sin f 


=O:cost+1-sint 
= sint 


a 


2 


onl F-(E-a]-an(5-) 


cos t= sin( Z - ) 
2 


which establishes Equation (3). Replacing ¢ with t in this identity yields 


which establishes Equation (4). The third identity follows from the definition of 
tangent and from Equations (3) and (4): 


EXAMPLE 3 
Use trigonometry of the right triangle to show that sine and cosine are cofunc- 
tions. 


SOLUTION 

In right triangle ABC, angle y = 90° (Figure 2). Then sin a = a/c = cos B. But 
angles @ and B are complementary; that is, a+ B= 90°. Thus sin a= 
cos(90° — a) and cos B = sin(90° — 8), which establishes that they are cofunc- 
tions. 
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We are now prepared to prove the following. 


sin(s +t) = sin scosf+coss sint 


sin(s — ft) = sin s cos t—cos s sint 


We supply the steps for a proof of Equation (6); the student should supply a 
reason for each step. 


cos( Z = s) cos t+ sin( 3 = s) sin f 

2 2 
=sinscost+cosssint 

The student should now prove Equation (7) by using 

sin(s — t) = sin[s + (—))] 


We conclude with the addition formulas for the tangent function. 


tans + tant 
1] —tan stant 


tan(s + 1) = 


tan s — tant 


tan(s — t) = 
( ) 1 + tan s tan? 


Again, we supply the steps for a proof of Equation (8) and will let the student 
supply a reason for each step. 

_ sin(s + 2) 

tan(s + 2) rea Can 


_ sin s cos t+ cos s sint 
cos s cos f— sin s sin t 


(= S COS ‘) i [ Ss. sin “) 


_ \cos s cost cos 5 cos ft 
coss cost) /sins sint 
cos s cos f cos s cos f 
tan s + tant 


~ 7 —tan s tan? 
The student should now prove Equation (9) by using 


tan(s — r) = tan[s + (—d)] 
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EXAMPLE 4 
Show that sin(x + 37/2) = —cos x. 


SOLUTION 
Using the addition formula, 


; 307 F 3a .. Sm 
sin| x + —=—] = sin x cos = + Cos x sin = 
2 2 2 
= sin x°0 + cos x°(—1) 
= -—cos x 


PROGRESS CHECK 
Verify that tan(x — 7) = tan x. 


EXAMPLE 5 

Given sin a = —4/5, with @ an angle in quadrant II], and cos B = —5/13, with B 
an angle in quadrant IJ, use the addition formula to find sin(a + B) and the 
quadrant in which a + B lies. 


SOLUTION 
The addition formula 


sin(a + B) = sin acos B+ cos a@ sin B 


requires that we know sin a, cos a, sin B, and cos B. Using the fundamental 
identity sin? a + cos* a = 1, we have 


' 16_ 9 
2 = — 2 — -—_— = 
cos’ a=1-—sin' a=] 5° 25 
Taking the square root of both sides, we must have cos a = —3/5 since @ is in 
quadrant III. Similarly, 
: 25 _ 144 
2 = — 2 = _— SO 
sin B = 1 — cos“ B= 1 169 > 169 


Taking the square root of both sides, we must have sin B = 12/13 since 8 is in 
quadrant II. Thus, 


ies (ANB) + NB 


Since sin(a@ + £) is negative, a + B lies in either quadrant III or quadrant IV. 
However, the sum of an angle that lies in quadrant III and an angle that lies in 
quadrant I] cannot lie in quadrant III. Thus, @ + B lies in quadrant IV. 
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COMPUTING SINE AND We can make use of the trigonometric formulas to generate a table of sine and cosine 
COSINE values. Suppose we have determined that 


LET S1 = 0.01745 sin I° = 0.01745 cos I° = 0.99985 (1) 
LET Cl = 0.99985 


PRINT We can then write 

‘'DEGREES'*'. 

‘SSIN'T, S'COS*e* sin(l° + a) =sin 1° cos a+ cos |° sina 

' al ue < ‘a 

Saaeen cos(1° + a) =cos 1° cos a — sin I° sina 

LET S2 =S1 

LET C2 = Cl 

sarin einer sin(I° + a) = 0.01745 cos a + 0.99985 sin a (2) 
LET S2 = cos(1° + a) = 0.99985 cos a — 0.01745 sin a (3) 
(SI-*C2) + . : - | 40 ° 
(Cl * S2) Now, if we let a = 1°, Equations (2) and (3) can be used to calculate sin 2° and cos 2°. 
LET C2 = We can then repeat the process with a = 2° to calculate sin 3° and cos 3°, and so on. 


ie iy Since this is an iterative procedure well suited for a computer, we are providing a 
Meetligey ) S2 program in BASIC that will calculate sine and cosine values from 2° to 90° in increments 


of 1°. 


Substituting for sin I° and cos I° from Equation (1), 


PROGRESS CHECK 
Given cos a = —4/5, with @ in quadrant III, and cos B = 3/5, with B in quadrant 
I, find cos(a — B) and the quadrant in which a — B lies. 


ANSWER 
— 24/25, quadrant II 


EXERCISE SET 7.2 
Exercises 1-6 display conditional equations. To show that they are not identities, find a pair of values of s and t for which 
each equation is not true. 


1. cos(s — t)=cos s—cost 2. sin(s + t)= sin s+ sint 
3. sin(s —t)=sin s—sint 4. cos(s +t)=coss+cost 
5. tan(s +) =tans+ tant 6. tan(s —t)=tan s— tant 


In Exercises 7—22 use the addition formulas to find exact values. 


7,7 {tT 7 
7. cos(2 +2) 8. sin( - 2) 


34 


ANALYTIC. TRIGONOMETRY 


_(7 7 
sin(2 + 2) 
cos(30° + 180°) 
tan(300° — 60°) 
sin 117/12 (Hint: 117/12 = 7/6 + 37/4) 
cos 77/12 (Hint: 77/12 = 57/6 — 7/4) 
sin 77/6 
tan 15° 


cos(# - 2) 


tan(60° + 300°) 

sin(270° — 45°) 

tan 77/12 (Hint: 777/12 = 77/4 + 77/3) 
tan 75° (Hint: 75° = 135° — 60°) 

cos 57/6 

tan 165° 


In Exercises 23-28 write the given expression in terms of cofunctions of complementary angles. 


23. 
25. 
27. 
29. 


31. 


33. 


35. 


37. 


sin 47° 

tan 7/6 

cos 77/3 

If sin ¢ = —3/5, with ¢ in quadrant III, find sin(a/2 — 
t). 

If tan 6 = 4/3 and angle 6 lies in quadrant III, find 
tan(@ + 7/4). 


If cos ¢= 0.4, with ¢ in quadrant IV, find tan(t + 
1T). 

If sin s = 3/5 and cos t = —12/13, with s in quadrant 
II and ¢ in quadrant III, find sin(s + 2). 

If cos a = 5/13 and tan B = —2, with angle a in quad- 
rant I and angle 6 in quadrant Il, find 


tan(a + B) 


24. 
26. 
28. 
30. 


32. 


34. 


36. 


38. 


cos 78° 

tan 84° 

sin 72°30’ 

If cos t= —5/13, with ¢ in quadrant II, find sin(¢ — 
1). 

If sec 6 = 5/3 and angle 6 lies in quadrant I, find 
sin(@ + 77/6). 

If sec a = 1.2 and angle a lies in quadrant IV, find 
tan(@ — 77). 

If sin s = —4/S and csc ¢ = 13/5, with s in quadrant IV 
and ¢ in quadrant II, find cos(s — £). 


If sec a = 5/3 and cot B = 15/8, with angle @ in quad- 
rant IV and angle B in quadrant III, find 


tan(a — B) 


Prove each of the following identities by transforming the left-hand side of the equation into the expression on the right-hand 


side. 


39. 


41. 


43. 
45. 


47. 


49. 
51. 


53. 


sin 2a =2 sinacosa 


2 tan a 


tan 2a = ——— 
1 — tan? a 


cos(x — y) cos(x + y) = cos? x — sin? x 


csc(t + 7/2) = sec t 


1 + tan x 
tan(x + 77/4) = ———— 
1 — tan x 
| + tan s tant 
cot(s — t) = —————_ 
tan s — tant 


sin(s + t) + sin(s — t) = 2 sin s cos t 


sinix +h) —sinx . (= h- ‘) (= 2) 
—o4 += = sin x{ ————] + cos x 


h h 


40. 


42. 


44. 


46. 


48. 


50. 


52. 


54. 


cos 2t = cos? ¢— sin? ¢ 
sin(x + y)sin(x — y) = sin? x — sin? y 


sin(s + ft) _ tans + tant 
sin(s — ft) tans —tant 


tan(a + 90°) = —cot a 


csc(t — 7) = —csct 
cot u cotv— 1 
cot(u + vy) = = 
( ) cot u + cot v 
cos(s + t) + cos(s — t) = 2 cos s cos t 


cos(x + h) — cos x _ Bes (2 h- ‘) ae (= h 
a ay eae ee a a 


) 


7.3 
DOUBLE- AND 


HALF-ANGLE FORMULAS 
SSS 


DOUBLE-ANGLE 
FORMULAS 
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Our initial objective in this section is to derive expressions for sin 2, cos 2f, and 
tan 2r in terms of trigonometric functions of ft. We will establish the following 
double-angle formulas. 


sin 2f = 2 sin tf cost 
cos 2 = cos? t — sin? f (2) 


2 tan ¢ 


tan 2¢ = ———— 
1— tan? ¢ 


(3) 


These formulas are used quite often and you might want to memorize them. 
However, the derivations are so straightforward that you can always retum to 
them to verify the results. 

To establish Equation (1), we simply rewrite 2¢ as (f + 1) and use the addi- 
tion formula. 


sin 2f = sin(t + ¢) 
=sinftcost+costsint 
=2 sint cost 
We proceed in the same manner to prove Equation (2). 
cos 2f = cos(t + ¢) 
=cosicost—sinfrsint 
= cos? ¢ — sin? 
Using the addition formula for the tangent function yields a proof of Equation 
(3). 


tan 2¢ = tan(t + 2) 


_ tant+tant 
1 —tanttant 
_ 2tant 
] — tan? s 
EXAMPLE 4 
If cos t= —3/S and ¢ is in quadrant II, evaluate sin 2¢ and cos 2s. In which 


quadrant does 21 lie? 


SOLUTION 
We first find sin ¢ by use of the fundamental identity sin? 1+ cos? 1= 1. 
Thus, 
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Since ¢ is in quadrant II, sin ¢ must be positive. Therefore, 


caves 
5 


Applying the double-angle formulas with cos t = —3/5, sin ¢ = 4/5, yields 
nye «i 25(4)( 23) <-24 

sin 21 = 2 sin 1 cos 1 = 2()( 3) G 

cos 21 = cos? 1 — sin?¢= 2-18-47 


Since sin 2t and cos 22 are both negative, we may conclude that 22 lies in quadrant 
Ill. 


PROGRESS CHECK 
If sin 6 = 5/13 and @ is in quadrant I, evaluate sin 26 and tan 20. 


ANSWER 

: _ 120 _ 120 
sin 20 = 169° tan 260 = 119 
EXAMPLE 2 


Express sin 3¢ in terms of sin ¢ and cos ¢. 


SOLUTION 
We write 3r as (2 +, 1). Then 
sin 3¢ = sin(2r + r) 
= sin 2f cos t+ cos 2¢ sint 
= 2 sin cos t cos t + (cos? ¢ — sin? #) sint 
= 2 sin tr cos? f+ sin ¢ cos? ¢ — sin? ¢ 
= 3 sins cos? ¢— sin? t 
PROGRESS CHECK 
Express cos 3¢ in terms of sin ¢ and cos ¢. 


ANSWER 
cos 3t= 4 cos? 1-3 cost 


If we begin with the formula for cos 2r and use the fundamental identity 
cos? t= 1 — sin? 4, we obtain 
cos 21 = cos? t — sin? 1 
= (1 — sin? 1) — sin? r 
=1-2sin?t 
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Similarly, replacing sin? ¢ by 1 — cos? ¢ yields 
cos 2 = cos? ¢ — sin? f 
= cos? s — (1 — cos? #) 
=2 cos? 1-1 


We then have three useful formulas for cos 2¢. 


cos 2t = cos? r— sin? ¢ (4) 
cos 21=1-—2 sin? 2 (5) 
cos 2t = 2 cos? r—- 1 (6) 


EXAMPLE 3 


Verify the identity Aereeee = tana. 


SOLUTION 
Substituting cos 2a = 1 — 2 sin? a, we have 
l—cos Za. id — 2 sin? a) 
2 sin a cosa 2 sin @ cos a@ 
ee sin? a 
2 sin @ cOS @ 


_ sina 
cos a 

=tana 

PROGRESS CHECK 
. : . 1 +cos 20 _ 
Verify the identity —37 cot @. 
WARNING Note that 
an + sin t 


From Equation (1), 


sin 2¢ _ 2sin f£ cost ¢ 


=sinfcost 
2 2 
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HALF-ANGLE FORMULAS 


If we begin with the alternative forms for cos 2f given in Equations (5) and (6), 
we can obtain the following expressions for sin? ¢ and cos? t. These expressions 
are often used in calculus. 


1 — cos 2¢ 
2 


1 + cos 2¢ 
2 


sin? t= 


cos? t= 


Since the identities in Equations (7) and (8) hold for all values of t, they must hold 
when we replace ¢ by ¢/2. This yields the pair of equations 


Py ee 
2 2 
eet a 
2 2 


Solving, we have 


The appropriate sign to use in Equations (9) and (10) depends on the quadrant in 
which #/2 is located. Thus, sin ¢/2 is positive if #/2 lies in quadrant I or II; 
similarly, we choose the positive root for cos ¢/2 in Equation (10) if ¢/2 lies in 
quadrant I or IV. 

Using the identity 


we obtain 


t 1 — cost 
ee ae 
mn9 ~V1l+cost am) 


Formulas (9), (10), and (11) are known as the half-angle formulas. 


TRIGONOMETRY AND THE 


PYTHAGOREAN THEOREM 
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The Pythagorean Theorem can be derived by using trigonometry of the right triangle. In 
the accompanying figure, ABC is a right triangle, and CD is perpendicular to the hypot- 
enuse AB of length c. Using triangle ABC, you can verify that 


: a b 
sina=- and cosa=— (1) 
€ c 


Now, from right triangle ACD, 
AD = b cos a (2) 
Noting that 8B = 90° — @ and using right triangle BCD, 
BD = a cos(90° — a) =a sina (3) 
since cos(90° — a) = sin a. We can now use Equations (2) and (3) to sum 
c=BD+AD=asina+ bcosa 


and, substituting from Equation (1), 


er Pe 
c=—+— 
c c 
or 
C=HartH 


This, of course, is a statement of the Pythagorean Theorem. 


320 


ANALYTIC TRIGONOMETRY 


EXAMPLE 4 
Find the exact values of sin 22.5° and cos 112.5°. 


SOLUTION 
Applying the half-angle formulas with 22.5° = 45°/2 yields 


sin 22.5° = sin = 
_ fi— cos 45° Choose the positive square root 
~ 2 for an angle in quadrant I. 
= 1140p 
2 
x - V2 
2 


V2=V 


1-V2R 
2 


225° 
2 


cos 112.5° = cos 


Choose the negative square root 


_ 1 + cos 225° ‘ ee es 
= -, | since cosine is negative in quad- 


- rant II. 
_ . jl = cos 45° 
2 
== 4/1= 9/2) 
2 
= _Y2—V2 
PROGRESS CHECK 
Use the half-angle formulas to evaluate tan 7/8. 
ANSWER 
V2-1 
EXAMPLE 5 


If sin 6 = —3/5 and @ is in quadrant III, evaluate cos 6/2. 


SOLUTION 
We first evaluate cos 6 by using the identity 


cos? @= 1 —sin? @=1-—-2=— 
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Since 6 is in quadrant III, cos @ is negative. Thus, cos @ = —4/5. We can now 
employ the half-angle formula 
0 1+ cos 0 
==> + ———— 
cos5= + 5 
l=3 
= + \yj— 
2 
- v0 


Since 180° < 6 < 270°, we see that 90° < 6/2 < 135°. Thus, 6/2 is in quadrant II 
and cos 6/2 is negative. We conclude that cos 6/2 = —V 10/10. 


PROGRESS CHECK 
If tan a = 3/4 and a is in quadrant III, evaluate tan @/2. 


ANSWER 
= 
EXERCISE SET 7.3 
Use the given conditions to determine the value of the specified trigonometric function. 
1. sin wu = 3/5 and u is in quadrant II; find cos 2u. 8. sec 5x = —13/12 and 5x is in quadrant III; find 
2. cos x = —5/13 and x is in quadrant III; find sin 2x. tan 10x. 
3. sec a = —2 and a is in quadrant II; find sin 2a. 9. cos(6/2) = 8/17 and 6/2 is acute; find cos 6. 
4. tan 6 = 4/3 and @is in quadrant I; find cos 26. 10. csc(t/4) = —13/5 and ¢/4 is in quadrant IV; find 
5. csc t= —17/8 and ¢ is in quadrant IV; find tan 2z. west?) 
6. cot B = 3/4 and B is in quadrant III; find cot 28. Hee sn 0-0 ytmdheos 
7. sin 2a = —4/5 and 2a is in quadrant IV; find ee eos 0? Ores dnd 608 19": 


sin 4a. 


Use the half-angle formulas to find exact values for each of the following. 


13. sin 15° 14. cos 75° 
15. tan 77/8 16. sec 57/8 
17. csc 165° 18. cot 77/12 


Use the given conditions to determine the exact value of the specified trigonometric function. 

19. sin 6 = —4/5 and @ is in quadrant IV; find cos 6/2. 24. csc a = 13/5 and a is in quadrant II; find tan @/2. 
20. cos 6 = 3/5 and @ is in quadrant I; find sin 6/2. 25. cos 4x = 1/3 and 4x is in quadrant IV; find cos 2x. 
21. sec t = —3 and f¢ is in quadrant II; find sin ¢/2. 26. sec 6a = —13/12 and a is in quadrant III; find 

22. tan x = 4/3 and x is in quadrant III; find cos x/2. sin 3a. 


23. cot B = 3/4 and B is in quadrant II]; find tan 8/2. 
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Verify the given identities. 


27. sin 50x = 2 sin 25x cos 25x 28. (sin @+ cos 6)? = 1+ sin 20 

29. tan 2y = 2 cots 30. 2 sin? 2r+cos 4r= 1 
csc“ y—2 

31. sin 4a =4 sin a cos? a — 4 sin? a cos a 32. cos4B = 1 —8 sin? B cos? B 
1 — tan? u : _ _2tan 0 

33. cos 2u eae 34. sin 20= i tant 6 

bene t_sint oe = 
35. sin 7 00s 7D 36. tan 5 osc y cot y 


: a 
37. sin @—cos @ tan 3 = tan 


39. cost x —sin* x =cos 2x 


43. sec 28= > 5 


45. tan 


7.4 
THE PRODUCT-SUM 


FORMULAS 
2 RE SECS 


38 1 ~cos 2B = tan? B 


a 
2 ‘1+ cos 2B 


sin 2r_ cos 2r _ 


40. : sec t 
sin ¢ cos f 
x tan x + sin x 
42. cos? = = ————— 
2 2 tan x 


44. cos 21 + cot 21 = cot 2r(sin 1 + cos 1)? 


t sin f 
46. tan = =———_ 
2 1+cost 


The product-sum formulas derived in this section are of use in calculus and in 
other courses in higher mathematics. They are not as important as the formulas 
that appeared in Sections 7.2 and 7.3 and need not be memorized. Rather, you 
should be aware of these formulas so that you can look them up when 
needed. 

The following formulas express a product as a sum. 


sin(s + #) + sin(s — fr) 
2 

sin(s + #) — sin(s — £) 
2 

cos(s + #) + cos(s — fr) 
2 


sin s cos f= 


cos s sint = 


cos § COS f = 


cos(s — t) — cos(s + A 
2 


sin s sin f= 


To prove Equation (1), we begin with the right-hand side of the equation. 
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sin(s + #) + sin(s — £) 


2 
_ (sin s cos f + cos s sin t) + (sin s cos f — cos s sin 1) 
2 
_ 2 sins cost 
2 
= sin s cost 


The proof of Equations (2), (3), and (4) are very similar. 


EXAMPLE 4 
Express sin 4x cos 3x as a sum or a difference. 


SOLUTION 
Applying Equation (1) we obtain 


Rte rere ee sin(4x + 3x) - sin(4x — 3x) 


_ sin 7x + sin x 


2 
PROGRESS CHECK 
Express sin 5x sin 2x as a sum or as a difference. 
ANSWER 


K(cos 3x — cos 7x) 


EXAMPLE 2 
Evaluate the product cos (5727/8) cos (37/8) by a product-sum formula. 


SOLUTION 
Using Equation (3) we have 
co: oe 6s ana! co (22 + 32) + co! (2 - 32) 
f° € 1s Ss 8 8 
1 T 
= 3 cos 7 + COS z) 
1 v2 
is | 1+¥ 
_V2-2 
4 
PROGRESS CHECK 


Evaluate cos (7/3) sin (7/6) by a product-sum formula. 
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ANSWER 
1/4 


The following formulas express a sum as a product. 


: 2  Stt S=t 
sin s + sin t = 2 sin ——— cos ——— 


2 2 


sina Scie = Debs tt 
2 2 


Sa 


st 
cos s + cos f = 2 cos —=— cos —>— 


2 2 


Se. Sat 
sin —— 


cos s— cost = —2 sin 
2 z 


To prove the identity in Equation (5), begin with the right-hand side and apply 
Equation (1). Then 


Pom, Sastaal SS AL Sa St (Set SS 
2 sin 7} cos 7} = Ff sin( SF + 54) + sin( SS a) 


= sins + sint 


This establishes Equation (5). 


EXAMPLE 3 
Express sin 5x — sin 3x as a product. 


SOLUTION 
Using Equation (6) we have 


sin 5x — sin 3x = 2 cos = sin SD Soe 


2 
=2 cos 4x sin x 
PROGRESS CHECK 
Express cos 6x + cos 2x as a product. 
ANSWER 


2 cos 4x cos 2x 


EXAMPLE 4 
Evaluate cos (57/12) — cos (7/12) by using a sum—product formula. 


SOLUTION 
Using Equation (8), we have 
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Su ee gene 
cos +5 — cos 75 = sin 4 sin ¢ 
-2(¥2)1 = -¥2 
ee ae 


PROGRESS CHECK 


Evaluate sin 27/3 by using a sum—product formula. 


ANSWER 
v3l2 


EXERCISE SET 7.4 
Express each product as a sum or difference. 


1. 2 sin 5a cos a 2. —3-cos 6x sin 2x 3. sin 3x sin(— 2x) 4. cos 7t cos( —3r) 
5. —2 cos 26 cos 56 6. sin # sin $ 7. cos(a + B) cos(a— B) 8. —sin 2u cos 4u 
Evaluate each product by using a product-sum formula. 
In. Sa Tv 7 : 5 5 i37.. Ia 
9. cos g sing 10. cos 3 COS © 11. sin 120° cos 60 12. sin 1 945 
Express each sum or difference as a product. 
13. sin 5x + sin x 14. cos 8t — cos 2r 
15. cos 260+ cos 60 16. sin Sa — sin 7a 
17. sin(a + B) + sin(a — B) 18. cos a cos 2 
19. sin 7x — sin 3x 20. cos 50+ cos 30 
Evaluate each sum by using a sum-product formula. 
5 j SOT oe oT 3m Tw ws dS . ST 
21. cos 75° + cos 15 22. sin 12 + sin 12 23. cos a 24. sin 2 SIN Ta 
Verify the identities in Exercises 25-34. 
25. sin 40° + sin 20° = sin 10° 26. cos 70° — cos 10° = —sin 40° 
sin 50 — sin 36 _ cos 5x-—cosx 
ae cos 30—cos 50 _ cot ae an sin?x+sinx  @" 2 
9, i fa sins cot 2 st a ee a tan > Jot 
cos t— cos s 2 cos s+ cos ft 2 
sin 50° — sin 10° _ : T\ . T\ _ 
31. a Sn ae V3 32. 2 sin( 0+ 4 sin( 0 4 = —cos 26 
33, Sx tan = cos 2x 34. cos 6rcos 2t + sin? 4x = cos? 2x 
cot x + tan x 
35. Express (sin ax)(cos bx) as a sum. 36. Express (cos ax)(cos bx) as a sum. 
37. Prove the product-sum formulas given in Equations (2) through (4). 
38. Prove the product-sum formulas given in Equations (6) through (8). 


326 ANALYTIC TRIGONOMETRY 


75 
TRIGONOMETRIC 


EQUATIONS 
TES EE 


Thus far, this chapter has dealt exclusively with trigonometric identities. We now 
seek to solve trigonometric equations that are not true for all values of the variable 
but may be true for some values. 

We have seen that algebraic equations may have just one or two solutions. 
The situation is quite different with trigonometric equations since the periodic 
nature of the trigonometric functions assures us that if there is a solution, there are 
an infinite number of solutions. To handle this complication, we simply seek all 
solutions ¢ such that 0 S ¢ < 27. Then for every integer value of n, ¢ + 277 is 
also a solution. The following example illustrates this convenient means for writ- 
ing the solution set. 


EXAMPLE 4 
Find all solutions of the equation cos t = 0. 


SOLUTION 
The only values in the interval (0, 277) for whic cos t = 0 are 7/2 and 37/2. Then 
every solution is included among those values of ¢ such that 


7 3m ‘ 
ai) +27n or t= > + 27mn, nan integer 
: 37 ; j : 
Since 32 + 71, the solution set can be written in the more compact form 


7 F 
t= 2 + mn, nan integer 


Each of the following examples illustrates a technique (highlighted in italics) 
for solving trigonometric equations. 


EXAMPLE 2 
Find all solutions of the equation 2 cos? t~ cos t— 1 =0 in the interval 
(0, 27). 


SOLUTION 
Factoring provides the key for solving many trigonometric equations. If we can 
write the equation in the form P(x)Q(x) = 0, we can then find the solutions by 
setting P(x) =0 and Q(x) = 0. Of course, P and Q will themselves generally 
contain trigonometric functions. 

Factoring the left side of the equation yields 


(2 cos t+ 1)(cost—1)=0 
Setting each factor equal to 0, we have 


2cos¢+1=0 or cost—1=0 
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so that 


1 
cog f= — 5 or cosr=1 


We were asked to find solutions of the original equation in the interval [0, 277). In 
this interval, the solutions of cos ¢= —4 are t = 27/3 and t = 47/3; the only 
solution of cos tf = | is t = 0. The solutions of the original equation in the interval 
[O, 27r) are 

2 4 


t= = 3° 


= >> and 4+=0 


PROGRESS CHECK 
Find all solutions of the equation 2 sin? ¢— 3 sin f+ 1 =0 in the interval 
(0, 277). 


ANSWER 
a Sar Tt 


6’ 6°2 
EXAMPLE 3 


Find all solutions of the equation tan 6 cos? 6 — tan 6 = 0. 


SOLUTION 
Factoring the left side yields 


tan @(cos* 6-1) =0 
Setting each factor equal to 0, 
tan@=0 or cos*6=1 
so that 
tan 8@=0, cos 90=1, or cosd=-—1 
These equations yield the following solutions in the interval [0, 277). 
tand=0: 6=0 or 0=7 
cos é=1: 6=0 
cosd=-l|: 0=7 
The solutions of the original equation are 
06=0+2an and @=7+27n, nan integer 
which can be expressed more compactly as 
6 =n, nan integer 
In degree measure, the solution is 


6= 180°n, nan integer 
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EXAMPLE 4 
Find all solutions of the equation sin 26 — 3 sin 6 = 0 in the interval (0, 27). 


SOLUTION 
Using trigonometric identities to simplify an equation can help in solving the 
equation. The substitution 


sin 26 = 2 sin 6 cos 0 
yields 


2 sin cos 6— 3 sin8@=0 
sin 6(2 cos 6 — 3) =O 
sin@=0 or 2cos80-—3=0 


sin@=0 or cos 0= 3 


The equation cos @ = 3/2 has no solutions; the solutions of sin 6 = 0 are 6 = 0 
and 6 = zr. The solutions of the original equation are 


6=0 and 0=7 
or, in degree measure, 


@=0° and @= 180° 


PROGRESS CHECK 

Find all solutions of the equation cos 26 + cos 6 = 0. 
ANSWER 

ua 2an, 7 + 270, pli +27 

3 3 

or 


60° + 360°n, 180° + 360°n, 300° + 360°n 


EXAMPLE 5 
Find all solutions of the equation cos 3x = 0 in the interval (0, 277). 


SOLUTION 
Equations involving multiple angles can often be solved by using a substitution of 
variable. We are given 


cos 3x = 0, Osx<27 


Substituting ¢ = 3x, we obtain 


cos t = 0, O<3<20 
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o cos t = 0, Os=t<67 
Note that we seek solutions of cos ¢ = 0 in the interval [0, 67r) rather than [0, 277). 
The solutions are then 


WARNING) When you perform a substitution of variable, you must remember 
to go back and to express the answers in terms of the original variable. 


Substitution of variable is a powerful tool. The equation 

4 sin? x +3 sinx—1=0 

can be viewed as a quadratic in u 
4u? + 3u-1=0 
by substituting u = sin x. Here is another example. 
EXAMPLE 6 
Find all solutions of the equation 
3 tan? x+tanx—1=0 

in the interval [0, zr). 
SOLUTION 
The equation does not yield to the method of factoring. However, it can be 


viewed as a quadratic equation in tan x. That is, if we substitute ¢ = tan x we 
obtain 


3° +1=1=0 
which is a quadratic in ¢. By the quadratic formula, 


_-14 VB 
-lelnemey’ came 


Solving for ¢, 
t=0.4343 and t= —0.7676 
Since tan x = t, we must have 


tan x = 0.4343 and tan x = —0.7676 
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so that 
x =tan”! 0.4343 and x =tan~! (—0.7676) 


are exact expressions for the solutions of the original equation. To obtain numer- 
ical values, we can use a calculator to find that 


x =~ 0.41 and x ~ —0.65 


The calculator has provided us with solutions in the interval [— 77/2, 7/2] since 
this is the range of the inverse tangent function. We were, however, instructed to 
find solutions in the interval [0, 77). Since —0.65 is not in this interval, we use the 
fact that the period of the tangent function is 7 to obtain 


x = 0.65 + m= 2.49 


as an acceptable solution in addition to x = 0.41. 


EXERCISE SET 7.5 
Find all solutions of the given equation in the interval [0, 27). Express the answers in both radian measure and degree 
measure. 

1. 2sn@-—1=0 2. 2cos9+1=0 

3. cosat1l=0 4. coty+1=0 

5. 4 cos* a =3 6. tan? 6=3 

7. 3tan?a=1 8. 2cos*a-1=0 

9. 2sin? B= sin B 10. sina =cosa 

11. 2cos* @—3 cos @+1=0 12. 2 sin? 6—sin@-1=0 
13. sin 50=1 14. tan3B= —-V3 

15. 2 sin? a —3cosa=0 16. csc 20=2 

17. 2 cos? @-—1=sin 6 18. cos? 20 = 4 

19. sin? B+3 cos B-3=0 20. 2cos? @tan 6—tan 6=0 
Find all the solutions of the given equation. 

21. 3tan?x-1=0 22. 2sin?y-1=0 

23. 3 cot? 6—-1=0 24. 1-4 cos?1=0 

25. sec 2u-—2=0 26. tan3x-1=0 

27. sin4x=0 28. cos St=—-1 

29. 4 cos? 2r-3=0 30. csc* 2x -2=0 

31. sin 2t+2cost=0 32. sin 2t+ 3 cos r=0 

33. cos 2t+sinr=0 34. 2cos2¢+2sint=0 

35. tan? x —tanx=0 36. sec? x-3secx+2=0 
37. 2 sin? x +3 sinx-2=0 38. 2cos*x—Scosx—3=0 
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Find the approximate solutions of the given equations in the interval (0, 22r) by using Table V in the Tables Appendix, or a 
calculator. 


39. Ssin?x-sinx-2=0 40. sec? y-5 sec y+6=0 

4). 3tan*u+Stanu+1=0 42. cos?r+—2sint+3=0 

7.6 We associate the complex number a + bi with the point in the plane whose 
TRIGONOMETRY AND coordinates are (a,b). Figure 3 illustrates the geometric representation of several 
COMPLEX NUMBERS complex numbers. Conversely, every point (a, b) in the plane represents a com- 
plex number, a + bi. When a rectangular coordinate system is used to represent 
THE COMPLEX PLANE complex numbers, it is called a complex plane and the x- and y-axes are called 


the real axis and the imaginary axis, respectively. 


Imaginary axis 


Real axis 


FIGURE 3 


We can extend the concept of absolute value to complex numbers in a 
natural manner. Since lxl represents the distance on a real number line from the 
origin to a point that corresponds to x, it would be consistent to define the abso- 
lute value ia + bil as the distance from the origin to the point corresponding to 
a + bi. Applying the distance formula (see Figure 4) we are led to the following 
definition. 


The absolute value of a complex number a + bi is denoted by la + bil and is 
defined by 


la + bil= Vat + b? 
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b)=at bi 


FIGURE 4 


EXAMPLE 4 
Find the absolute value of each of the following complex numbers. 
(a) 2-3i (b) 4i (c) —2 


SOLUTION 
Applying the definition of absolute value, 


(a) 12-31=V449=V13 9 (b) I4i= VO+ 16=4 
(c) 1-21=V4+0=2 


The representation of a complex number as a point in a coordinate plane can 
be used to link complex numbers with trigonometry of the right triangle. In 
Figure 4, a + bi is any nonzero complex number, and we consider the line seg- 
ment OP to be the terminal side of an angle @ in standard position. Using trig- 
onometry of the right triangle, we see that 


a=rcos@ and b=rsin @ 
We may then write 
a+ bi=(r cos 6) + (r sin 6)i 


or 


a+ bi=r(cos 0+ i sin 6) (1) 


where r= OP = la + bil = Va? + b?. If a+ bi=0, then r=0, and 6 may 
assume any value. 


Equation (1) is known as the trigonometric form or polar form of a com- 
plex number. Since we have an infinite number of choices for the angle 6, the 
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polar form of a complex number is not unique. We call r the modulus and 0 the 
argument of the complex number r(cos @ + é sin 0). If 0 <= 6 < 360°, then @ is 
called the principal argument. 


EXAMPLE 2 
Write the complex number —2 + 2/ in trigonometric form. 


SOLUTION 
The geometric representation is shown in Figure 5. The modulus of —2 + 2i 
is 


r=|-2+ 2i=V44+4=2V2 


FIGURE 5 


The principal argument @ is an angle in the second quadrant such that 


tan 0= = 1 


Thus, 0 = 135°, and using the trigonometric form of a complex number of Equa- 
tion (1), we have 


—2 + 2§ = 2V2cos 135° + i sin 135°) 
PROGRESS CHECK 
Write the complex number | — V3i in trigonometric form. 


ANSWER 
2(cos 300° + i sin 300°) 


EXAMPLE 3 
Write the complex number 2V3(cos 150° + ¢ sin 150°) in the form a + bi. 
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SOLUTION 
We need only substitute cos 150° = V3/2 and sin 150° = —}. Thus, 


2V3(cos 150° + i sin 150°) = 2wa(¥3 = ii) 
=3-V3i 
PROGRESS CHECK 


Write the complex number Vi( cos re isin Z)in the form a + bi. 


ANSWER 
l+i 


Why have we introduced the trigonometric form of a complex number? 
Because multiplication and division of complex numbers is very simple when this 
form is used. If r)(cos 6, + isin 0,) and r2(cos 62 + isin 62) are any two complex 
numbers, the rules for their multiplication and division are 


r,(cos 6; + i sin 0,)+r2(cos 02 + i sin 82) = 
r\r2[cos(@, + 62) + isin (0, + 62)] 


flocs Os e080) “fcos(@; — 83) + i sin(8; ~ 02)] 
2 


r(cos 62+ isin A) — 


Note that the rule for multiplication requires the multiplication of the moduli and 
addition of the arguments. To prove this we see that 
r\(cos 0, + i sin 0))-r2(cos 4 + i sin 43) 
= r)r2[(cos 6; cos 62 — sin 6, sin 62) + i(sin 6; cos 62 + cos 6, sin 42)] 
= ryr2[cos(6, + 62) + & sin(O; + 62)) 
where the last step results from the addition formulas. 


The rule for division requires the division of moduli and the subtraction of 
the arguments. The proof is left as an exercise. 


EXAMPLE 4 
Find the product of the complex numbers | + i and —2i (a) by writing the num- 
bers in trigonometric form and (b) by multiplying the numbers algebraically. 


SOLUTION 
(a) The trigonometric forms of these complex numbers are 


l+i= V2(cos 45° +i sin 45°) 


DE MOIVRE'S THEOREM 
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and 
—2i = 2(cos 270° + é sin 270°) 
Multiplying, we have 


V2(cos 45° + i sin 45°)  2(cos 270° + i sin 270°) 
= 2V2(cos 315° + i sin 315°) 


= wi(2 = x2) 
2 2 
=2-2i 
(b) Multiplying algebraically, 
(1 + i)(—2i) = -2i — 2? = -2i+ 2=2-2i 


PROGRESS CHECK 
Express the complex numbers | + V3i and | — V3i in trigonometric form and 
find their product. 


ANSWER 
2(cos 60° + i sin 60°); 2(cos 300° + i sin 300°); 4 


Since exponentiation is repeated multiplication, we are led to anticipate a simple 
result when a complex number in trigonometric form is raised to a power. The 
theorem that states this result is credited to Abraham De Moivre, a French math- 
ematician. In this theorem r(cos @ + i sin 8) is a complex number and n is a 
natural number. 


De Moivre's Theorem [r(cos 8+ i sin 6)}"” = r(cos n@ + i sin nO) 


We can verify the theorem for some values of n. Thus, by Equation (2), 
[r(cos 6 + i sin 6)]? = r(cos 6 + i sin 0)-r(cos 6 + i sin 6) 

= r*[cos(6 + 0) + i sin(@ + 6)] 

= (cos 26 + i sin 20) 
which is precisely what we obtain by using De Moivre’s theorem. If we multiply 
again by r(cos 6 + i sin 6) and again apply Equation (2), we have 

[r(cos 0 + i sin 0)P = r2(cos 26 + i sin 26)-r(cos 6+ i sin 6) 
= r(cos 36 + i sin 36) 

Thus, De Moivre’s theorem seems ‘‘reasonable.’’ A rigorous proof requires the 


application of the method of mathematical induction, which will be discussed in a 
later chapter. 
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EXAMPLE 5 
Evaluate (1 — #)!°. 


SOLUTION 
Writing 1 — i in trigonometric form we have 
1 — i= V2(cos 315° + i sin 315°) 
and 
(1 — i)! = [V2(cos 315° + i sin 315°}! 
Applying De Moivre’s theorem, 
(1 — i)!° = (V/2)![cos 3150° + i sin 3150°) 
= 32[cos 270° + i sin 270°] 
= 32(0 + i(—1)] = —32% 


PROGRESS CHECK 
Evaluate (V3 + i)®. 


ANSWER 
—64 


Recall that a real number a is said to be an nth root of the real number 5 if 
a” = b for a positive integer n. In an analogous manner, we say that the complex 
number u is an ath root of the nonzero complex number z if u” = z. If we express 
u and z in trigonometric form as 


u = s(cos 6 +i sin d) z=r(cos 6+ sin 6) (4) 
we can then apply De Moivre’s theorem to obtain 
u" = s"(cos nd + i sin nd) = r(cos 6 + i sin 6) (5) 


Since the two complex numbers u” and z are equal, they are represented by the 
same point in the complex plane. Hence, the moduli must be equal, since the 
modulus is the distance of the point from the origin. Therefore, s” = r or 


5 


Since z # 0, we know that r # 0. We may therefore divide Equation (5) by r to 
obtain 


cos n@ + i sin nd = cos 6+ i sin 6 
By the definition of equality of complex numbers, we must have 
cos n@ = cos 6 sin nd = sin 6 


Since both sine and cosine are periodic functions with period 277, we conclude 


The nth Roots of a 
Complex Number 
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that 
nd = 0+ 27k 
or 


_ 9+ 2mk 
n 


p 


where & is an integer. Substituting for s and for @ in the trigonometric form of u 
given in Equation (4) yields 


The n distinct roots of r(cos @+ i sin 6) are given by 


Wr| cos( 2+ 22#) +i sin(2* 228) 


where K=0,1,2,...,"—1. 


Note that when k exceeds n — 1, we repeat a previous root. For example, when 
k =n, the angle is 
6 


a eee 
n n 


6+ 2a _ 
n 


which is the same result that is obtained when k = 0. 


EXAMPLE 6 
Find the cube roots of —8/. 


SOLUTION 
In trigonometric form, 


—8i = 8(cos 270° + i sin 270°) 


We then have r = 8, @= 270°, and n = 3. 
The cube roots are then 


VA cos( 22 + ‘ath - sin( 7° + 360°) 
3 3 
for k= 0, 1, 2. Substituting for each value of k we have 
2(cos 90° + ¢ sin 90°) = 2i 
2(cos 210° + i sin 210°) = -V3-i 
2(cos 330° + i sin 330°) = V3 —i 


When z = |, we call the n distinct nth roots the nth roots of unity. 
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EXAMPLE 7 
Find the four fourth roots of unity. 


SOLUTION 
In trigonometric form, 


1 = I(cos 0° + i sin 0°) 
so that r = 1, = 0°, and n = 4. The fourth roots are then given by 
Vi] cos( 7 * 350" x eee) +i sin(7* 300% + sek] 
4 4 
fork = 0, 1, 2, 3. Substituting these values for k yields 
cos 0° + i sin 0° 
. cos 90° + i sin 90° =i 
cos 180° + i sin 180° = —] 
cos 270° + i sin 270° = —i 


It is easy to verify that each of these answers is indeed a fourth root of unity. 


PROGRESS CHECK 
Find the two square roots of V3il2 — 4i. Express the answers in trigonometric 
form. 


ANSWER 
cos 165° + i sin 165°, cos 345° + i sin 345° 


EXERCISE SET 7.6 
Find the absolute value of each given complex number. 
ie Tae Bad 4. 545i 
5. -6-2i 6. 3-i 
Express the given complex number in trigonometric form. 
7. 3-3i 8. 2+2i 9. V3-i 10. -2- 2V3i 
Le = )sba 12, =2i 13. —4 14. 37 
Convert the given complex number from trigonometric form to the algebraic form a + bi. 
15. 4(cos 180° + i sin 180°) 16. 4(cos 5 + isin 2) 
17. V2(cos 135° + i sin 135°) 18. 2(cos 120° + i sin 120°) 


eRe 
19. 5(cos 2 + isin 32) 20. 4(cos 240° + i sin 240°) 


KEY IDEAS FOR REVIEW 339 


Find the product of the given complex numbers. Express the answers in trigonometric form. 
21. 2(cos 150° + é sin 150°) + 3(cos 210° + ¢ sin 210°) 23. 2(cos 10° + é sin 10°): (cos 320° + é sin 320°) 
22. 3(cos 120° + i sin 120°): 3(cos 150° + f sin 150°) 24. 3(cos 230° + i sin 230°) 4(cos 250° + i sin 250°) 


Express the given complex numbers in trigonometric form, compute the product, and write the answer in the form 
a+ bi. 


25. 1—i, 2i 26. -V3+i, -2 

27. -2 + 2V3i, 3 + 3i 28. 1- V3i, 1+ V3 

29). S:=2)= "21 30. —4i, —3i 

Use De Moivre’s theorem to express the given number in the form a + bi. 

31. (-2+ 21° 32. (V3 - ale 33. (l-#)? 34, (-1 + V3i)! 
35. (-1-¥’ 36. (- V2+ V28 

Find the indicated roots of the given complex number. Express the answer in the indicated form. 

37. The fourth roots of —16; algebraic form a + bi. 39. The square roots of | — V3i; trigonometric form. 
38. The square roots of —25; trigonometric form. 40. The four fourth roots of unity; algebraic form. 


In Exercises 41—44 determine all roots of the given equation. 
41. r+8=0 42. °+125=0 43. x*- 16=0 44. x4+16=0 


ry(cos 6; +i sin 4)) _ ry _ «8 _ 
45. Prove rAcos 62°F 1 tit ©) Po [cos(@,; — 82) + i sin (0; — 6)). 


TERMS AND SYMBOLS 
trigonometric expression addition formulas (p. 307) real axis (p. 331) argument (p. 333) 
(p. 301) cofunctions (p. 310) imaginary axis (p. 331) principal argument (p. 333) 
trigonometric identity double-angle formulas absolute value of a com- De Moivre’s theorem 
(p. 301) (p. 315) plex number (p. 331) (p. 335) 
trigonometric equation half-angle formulas trigonometric form nth roots of a complex 
(p. 301) (p. 318) (p. 332) number (p. 336) 
fundamental identities product-sum formulas polar form (p. 332) nth roots of unity (p. 337) 
(p. 302) (p. 322) modulus (p. 333) 
trigonometric formulas complex plane (p. 331) 
(p. 307) 


KEY IDEAS FOR REVIEW 


CJ A trigonometric identity is true for all real values in the © Factor. 
domain of the vanable. The fundamental identities are © Complete the indicated operations, especially when 
those tngonometnic identities that occur so frequently this involves the sum of fractional expressions. 
that they must be remembered and recognized. © Multiply the numerator and denominator of a fraction- 
(J The fundamental identities can be used to verify other al expression by the same quantity to produce a sim- 
trigonometric identities. The techniques commonly used ae product such as I — sin? 6, 1 — cos” 6, or 
to verify identities include the following. sec’ 9 — I. 


© Write all of the trigonometric functions in terms of 
sine and cosine. 
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CO The most useful of the trigonometric formulas are the 
following. 
Addition Formulas 
sin(s + f) = sin s cos t+ cos s sint 
cos(s + t) = cos s cos’ — sin s sin ¢ 


tans + tan? 


tan(s + ) = ——————_ 
( ) | —tan stant 


Double-Angle Formulas 
sin 2r = 2 sintcost 
cos 2f=cos? 1 — sin? s 


2 tant 


tan 2¢ = ——— 
1 —tan*s 


Half-Angle Formulas 


cos ; =+ = 
REVIEW EXERCISES 


OD Since the trigonometric functions are periodic, a trigo- 
nometric equation has either no solutions or an infinite 
number of solutions. 

0 The complex number a + bi can be associated with the 
point P(a,b). The trigonometric or polar form of the 
complex number a + bi is given by 


a+ bi=r(cos 6+ i sin 0) 


where r is the length of the line segment OP and @ is the 
measure of the angle in standard position whose terminal 
side is OP. 


OO The trigonometric form of a complex number is useful 
since multiplication and division of complex numbers 
take on simple forms. In particular, exponentiation of 
complex numbers is handled by De Moivre’s theorem, 
which states 


|r(cos 6 +i sin 6)]” = (cos nO + ¢ sin nO) 


CL) The complex number wu is an nth root of the complex 
number z if u” = z. De Moivre’s theorem can be used to 
find a formula for determining wu. 


Solutions to exercises whose numbers are in color are in the Solutions section in the back of the book. 


7.1 In Exercises 1—3 verify the given identity. 
1. sinoseco+tango=2 tang 
2 
cos* x : 
——— =I1+sinx 
1 — sin x 
3. sina +sinacot? a=csca 


7.2 In Exercises 4-7 determine the exact value of the given 
expression by using the addition formulas. 


i T T ° r) 
4. sin(Z + 2) 5. cos(45° + 90°) 
6. tan( + 4 7. sin as 
: 3 4 . 12 


In Exercises 8—11 write the given expression in terms 
of cofunctions of complementary angles. 


8. csc 15° 9. cos 23° 
ae Te 2a 
10. sin 8 ll. tan 7 


12. If cos o=—-12/13 and Oso 180°, find 


sin(zr — a). 


13. If sec o = 10/8 and a lies in quadrant IV, find 
csc(o + 77/3). 

14. If sin = —3/5 and Wr) is in quadrant III, fina 
tan(t + 7). 

IS. If cos a=—12/13 and tan B= —5/2, with 
angles a and B in quadrant II, find tan(@ + B). 


16. If sin x = 3/5 and csc y = 13/12, with x in quad- 
rant Il and y in quadrant I, find cos(x — y). 


7.317. If csc u = —5/4 and u is in quadrant IV, find 
cos 2u. 

18. If tan o=—3/4 and O=Soa0= 180°, find 
sin 20. 

19. If sin 2 = 3/5 and 2¢ is in quadrant I, find 
sin 41. 


20. If sin a =0.5 and r/22 Sa KS 7, find sin 2c. 
21. If cos(o/2) = 12/13 and o is acute, find sin oc. 


22. 


23. 


24. 


25. 


26. 


21. 


If sin a = —3/5 and a is in quadrant III, find 
cos(a/2). 

If cot t= —4/3 and ¢ is in quadrant IV, find 
tan(t/2). 

If cos 4x = 2/3 and 4x is in quadrant IV, find cos 
2x, 

Find the exact value of cos 15° by using a half- 
angle formula. 

Find the exact value of sin 7/8 by using a half- 
angle formula. 


Find the exact value of tan 112.5° by using a 
half-angle formula. 


In Exercises 28—30 verify the given identity. 


28. 


29. 


30. 


7.4 31. 


32: 
33: 


34, 


LS 


cos 30x = 1 — 2 sin? 15x 


Ie _ sin y 
eg y= sec y 
ane = a — cos a) 
2 sin @ 
Express sin ac sin = as a sum or difference. 


2 2 
Express cos 3x — cos x as a product. 


Evaluate sin 75° sin 15° by using a product-sum 
formula. 

3a 
4 

product formula. 


7 : 
Evaluate cos — + cos z by using a sum— 


In Exercises 35-37 find all solutions of the given equa- 


tion in the interval (0, 277). Express the answers in 
radian measure. 


35: 
36. 
37. 


2 cos*¥a-—1=0 
2 sin a cos a =0 


sin 2— sint=0 


PROGRESS TEST 7A 
1. Verify the identity 4 — tan? x = 5 — sec? x. 


2 


In Problems 2 and 3 determine exact values of the given 
expressions by using the addition formulas. 


2. cos(270° + 30°) 


7 
3 tan( 2 2) 


4. Write sin 47° in terms of its cofunction. 


7.6 


PROGRESS TEST 7A 344 


In Exercises 38—40 find all solutions of the given equa- 
tion. Express the answers in degree measure. 


2a-2cosa=0 


38. cos 
39. tan3x+1=0 

40. 4 sin? 2¢ = 3 

In Exercises 41—43 determine the abgolute value of the 
given complex number. 

41. 2-i 42. -3+2i 43. -4-5Si 
In Exercises 44-47 convert from trigonometric to alge- 
braic form and vice versa. 

44. -34+3i 

45. 2(cos 90° + i sin 90°) 

46. V2(cos 315° + i sin 315°) 

47. -2 

In Exercises 48-50 find the indicated product or quo- 
tient. Express the answer in trigonometric form. 

48. 4(cos 22° + i sin 22°): 6(cos 15° + i sin 15°) 


5(cos 71° + ¢ sin 71°) 
3(cos 50° + & sin 50°) 
50. 2(cos 210° + é sin 210°) - (cos 240° + 
i sin 240°) 
In Exercises 51 and 52 use De Moivre’s theorem to 
express the given number in the form a + bi. 
51. (@-3i)° 
52. [2(cos 90° + i sin 90°)}* 


49. 


53. Express the two square roots of —9 in trigono- 
metric form. 


54. Determine all roots of the equation x? — 1 = 0. 


If cos @=4/5 and 9 lies in quadrant IV, find 
sin(@ — 77). 


If sin x = —5/13 and tan y = 8/3 with angles x and y in 
quadrant III, find tanfx — y). 


If sin v = —12/13 and v is in quadrant IV, find 
cos 2v. 
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8. If cos 2a@ = —4/S5 and 2a is in quadrant II, find cos 


4a. 
9. If csc a= -—2 and a@ is in quadrant III, find 
cos(a@/2). 
10. Find the exact value of tan 15° by using a half-angle 
formula. 
: Bahia Oe Ne eed be x 
11. Verify the identity sin z= 2 sin g COS - 


12. Express sin 2x + sin 3x as a product. 


13. Express sin 150° — sin 30° by using a sum-product 
formula. 


14. Find all solutions of the equation 4 sin? a = 3 in the 
interval [0, 27r). Express the answers in radian mea- 
sure. 


15. Find all solutions of the equation sin? 6 — cos? 6 = 0 
and express the answers in degree measure. 


PROGRESS TEST 78 
‘ + 
1. Verify the identity an ET COE = osc? uw, 
sec usin u 
In Problems 2 and 3 determine exact values of the given 


expression by using the addition formulas. 
sin dis 
12 


4. Write tan 71° in terms of its cofunction. 


2. csc(180° — 30°) 3. 


If sin t= —S5/13 and ¢ lies in quadrant III, find 
sec(t + 77/4). 


6. If cos a = —0.6 and csc B = 5/4 with angles a and B 
in quadrant II, find sin(a — B). 


If sec 6 = 5/4 and 0S 6 S 180°, find sin 20. 
If sin 0/2 = 3/5 and 6 is acute, find sin 26. 


If sin 6x = —12/13 and 6x is in quadrant IV, find 
cos 3x. 


10. Find the exact value of sin 7/8 by using a half-angle 
formula. 


In Problems 16 and 17 find the indicated product or quotient. 


16. (cos 125° + i sin 125°)+ S(cos 125° + i sin 125°) 
cos 67° + i sin 67°) 
cos 12° + i sin 12°) 


In Problems 16 and 17 find the indicated product or quo- 
tient. Express the answer in trigonometric form. 


16. 5 (cos 14° + i sin 14°)- 10(cos 72° + i sin 72°) 


3 (cos 85° + i sin 85°) 
6(cos 8° + i sin 8°) 
18. Use De Moivre’s theorem to express 


4 
E (cos 120° + i sin 120°) in the form a + bi. 


19. Express the three cube roots of —27 in trigonometric 
form. 


: ; ; _ I +tan? t 
Il. Verify the identity sec 2¢ = iene 
12. Express sin 77/4 cos 7/3 as a sum or difference. 


13. Express cos 75° cos 15° by using a product-sum for- 
mula. 


14. Find all solutions of the equation tan? x + tan x = Oin 
the interval [0, 27r). Express the answers in radian: 
measure. 


15. Find all solutions of the equation 2 sin? a — sin a — 
1 = 0 and express the answers in degree measure. 


Express the answer in trigonometric form. 


18. Use De Moivre’s theorem to express (—2i)° in the 
form a + bi. 


19. Determine all roots of the equation x? + I = 0. 
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ANALYTIC GEOMETRY: 
THE CONIC SECTIONS 


In 1637 the great French philosopher and scientist René Descartes developed an 
idea that the nineteenth-century British philosopher John Stuart Mill described as 
‘the greatest single step ever made in the progress of the exact sciences.’’ Des- 
cartes combined the techniques of algebra with those of geometry and created a 
new field of study called analytic geometry. Analytic geometry enables us to 
apply algebraic methods and equations to the solution of problems in geometry 
and, conversely, to obtain geometric representations of algebraic equations. 

We will first develop a formula for the coordinates of the midpoint of a line 
segment. We will then use the distance and midpoint formulas as tools to illus- 
trate the usefulness of analytic geometry by proving a number of general theo- 
rems from plane geometry. 

The power of the methods of analytic geometry is also very well demon- 
strated, as we shall see in this chapter, in a study of the conic sections. We will 
find in the course of that study that (a) a geometric definition can be converted 
into an algebraic equation and (b) an algebraic equation can be classified by the 
type of graph it represents. 


We have previously seen that the length d of the line segment joining points 
Pi(xi, 1) and P(x2, y2) is given by 


d= V (x2 — x1)? + (y2 — 1)? 


It is also possible to obtain a formula for the coordinates (x, y) of the midpoint P 
of the line segment whose endpoints are P, and P2 (see Figure |). Passing lines 
through P and P?2 parallel to the y-axis and a line through P, parallel to the x-axis 
results in the similar right triangles P,;AP and P,BP2. Using the fact that corre- 
sponding sides of similar triangles are in proportion, we can write 
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Py(X4,¥2) 
y2 


V2 = Vy 


Vi FP (1,41) 


FIGURE 4 
Since P is the midpoint of P,P, the length of P,P is d/2, so 
d 
de ae 
J Vie YY 
Solving for y, we have 
ee) au 5 
ees: 
Similarly, 
ea en d 
P\B P\A X2— X xX, 
We solve for x to obtain 
—*1t xX 
2 


We have established the following formula. 


The Midpoint Formula If P(x,y) is the midpoint of the line segment whose endpoints are P,(x,, y,) and 
P2(x2, y2), then 


x= 45% ya tn 
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EXAMPLE 4 
Find the midpoint of the line segment whose endpoints are P,(3, 4) and 
P2(-2, —6). 


SOLUTION 
If P(x, y) is the midpoint, then 


eo ee pe! 
2 2 2 
_Yity2_ 4+(-6)_ _ 
= 2 a -_ ] 


Thus, the midpoint is (4, —1). 


PROGRESS CHECK 
Find the midpoint of the line segment whose endpoints are given. 
(a) (0,4), (=2, =2) (b) (—10, 4), (7, -5) 


ANSWERS 
fa) (=1,=3) (by, =) 


The formulas for distance, midpoint of a line segment, and slope of a line are 
sufficient to allow us to demonstrate the beauty and power of analytic geometry. 
With these tools, we can prove theorems from plane geometry by placing the 
figures on a rectangular coordinate system. 


EXAMPLE 2 
Prove that the line joining the midpoints of two sides of a triangle is parallel to the 
third side and has length equal to one-half the third side. 


SOLUTION 

We place the triangle OAB in a convenient location, namely, with one vertex at 
the origin and one side on the positive x-axis (Figure 2). If Q and R are the 
midpoints of OB and AB, then, by the midpoint formula, the coordinates of Q and 
R are 


FIGURE 2 
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af 


b <) 
2 2 


atbec 
R( 2 3 


We see that the line joining Q and R has slope 0, since the difference of the 


y-coordinates is 


c 


© © 
27279 


But side OA also has slope 0, which proves that QR is parallel to OA. 
Applying the distance formula to QR, we have 


OR 


Since OA has length a, 


we have shown that OR is one-half of OA. 


PROGRESS CHECK 


Prove that the midpoint of the hypotenuse of a right triangle is equidistant from all 
three vertices. (Hint: Place the triangle so that two legs coincide with the positive 
x- and y-axes. Find the coordinates of the midpoint of the hypotenuse by the 
midpoint formula. Finally, compute the distance from the midpoint to each vertex 


by the distance formula 


) 


3. 
Ts 


EXERCISE SET 8.4 

In Exercises 1-12 find the midpoint of the line segment whose endpoints are given. 
(2, 6), (3, 4) 2 (Oy Vy G=255) 
(-2, 1), (-S, —3) 6. (2, 3), (-1, 3) 
(-1, 3), (1, 6) 10. (3, 2), (0, 0) 


14. 


Prove that the medians from the equal angles of an 
isosceles triangle are of equal length. (Hint: Place the 
triangle so that its vertices are at the points A(—a, 0), 
B(a, 0), and C(O, b).) 

Show that the midpoints of the sides of a rectangle are 
the vertices of a rhombus (a quadrilateral with four 
equal sides). (Hint: Place the rectangle so that its ver- 
tices are at the points (0, 0), (a, 0), (0, 5), and 
(a, 5).) 

Prove that a triangle with two equal medians is isos- 
celes. 


16. 


(2, 0), (0, 5) 4. (-3, 0), (-5S, 2) 
(0, —4), (0, 3) 8. (1, —3), (3, 2) 
ds =Wie(=1..4) 12. (274) (2,.=4) 


Show that the sum of the squares of the lengths of the 
medians of a triangle equals three-fourths the sum of 
the squares of the lengths of the sides. (Hint: Place the 
triangle so that its vertices are at the points (—a, 0), 
(b, 0), and (0, c).) 

Prove that the diagonals of a rectangle are equal in 


length. (Hint: Place the rectangle so that its vertices 
are at the points (0, 0), (a, 0), (0, b), and (a, b).) 


8.2 
THE CIRCLE 


Circle 


FIGURE 3 
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The conic sections provide us with an outstanding opportunity to illustrate the 
double-edged power of analytic geometry. We will see that a geometric figure 
defined as a set of points can often be described analytically by an algebraic 
equation; conversely, we can start with an algebraic equation and use graphing 
procedures to study the properties of the curve. 

First, let’s see how the term conic section originates. If we pass a plane 
through a cone at various angles, as shown in Figure 3, the intersections are 
called conic sections. In exceptional cases the intersection of a plane and a cone 
is a point, a line, or a pair of lines. 

Let’s begin with the geometric definition of a circle. 


LN 


Parabola Ellipse Hyperbola 


A circle is the set of all points in a plane that are at a given distance from a fixed 


point. The fixed point is called the center of the circle and the given distance is 
called the radius. 


Using the methods of analytic geometry, we place the center at a point (h, k) as in 
Figure 4. If P(x, y) is a point on the circle, then, by the distance formula, the 
distance from P to the center (h, k) is 


V(x — hy? + (y — k)? 
Since this distance is equal to the radius r, we can write 


Vix -h? +(y-kh? =r 
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FIGURE 4 


Squaring both sides provides us with an important fo: 
circle. 


Standard Form of the (x-—hy? +(y-—kP =r? 
Equation of a Circle 


is the standard form of the equation of the circle with center at (h, k) and 
radius r. 


EXAMPLE 4 
Write the equation of the circle with center at (2, —5) and radius 3. 


SOLUTION 
Substituting A = 2, k = —5, and r = 3 in the equation 
(x-hP? +(y-k? =P 
yields 
(x — 2)? +(y + 5)? =9 
EXAMPLE 2 
Find the center and radius of the circle whose equation is 
(x + 1)? + (y- 37 =4 
SOLUTION 
Since the standard form is 


(x -—h? + (y-kP =P 


GENERAL FORM 


8.2 THECIRCLE 349 


we must have 
x-h=xt+1l y-k=y-3 Pr=4 
Solving, we find that 
h=-1 k=3 r=2 
The center is at (—1, 3) and the radius is 2. 


PROGRESS CHECK 
Find the center and radius of the circle whose equation is 


1\2 
(x-3) +(y +5? = 15 


ANSWER 
center (5. -5), radius V 15 


When we are given the equation of a circle in the general form 
Ax? + Ay? +Dx+Ey+F=0, A#0 


in which the coefficients of x? and y? are the same, we may rewrite the equation in 
standard form. The process involves completing the square in each variable and is 
essentially the process we studied in Section 2.5. Recall that if we have the 
expression 


x? + bx 
we add (b/2)* to form 


2 2 
2 tprtF=(r+9) 


For example, starting with the expressions 
x?>+4x and y?— 10y 
we would complete the squares in this way: 
x+4x+4=(x+2)* and yr- 10y + 25 =(y — 5? 
After completing the squares, we can write the equation in standard form, deter- 


mine the center and radius, and easily sketch the graph. 


EXAMPLE 3 
Write the equation of the circle 2x? + 2y? — 12x + 16y — 31 =0 in standard 
form. 
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SOLUTION 
Grouping the terms in x and y and factoring produces 
2(x? — Gx) + Ay? + By) = 31 
Completing the square in both x and y, we have 
2(x? — 6x + 9) + Ay? + 8y + 16) = 31 + 18 + 32 
2(x — 3)? + Ay + 4)? = 81 


Note that the quantities 18 and 32 were added to the right-hand side because each 
factor is multiplied by 2. The last equation can be written as 


81 


3 +y+4e=F 


This is the standard form of the equation of the circle with center at (3, —4) and 
radius 9V/2/2. 


PROGRESS CHECK 
Write the equation of the circle 4x? + 4y* — 8x + 4y = 103 in standard form, and 
determine the center and radius. 


ANSWER 

2 
(x — 1)? + (» + 3) = 27, center (1. - 1), radius V 27 
EXAMPLE 4 


Write the equation 3x? + 3y? — 6x + 15 = 0 in standard form. 


SOLUTION 
Regrouping, we have 
3(x? — 2x) + 3y* = -15 
We then complete the square in x and y: 
3(x? — 2x + 1) + 3y?=-15 +3 
3(x — 1)? + 3y? = -12 
(x- 1)? +y=—-4 


Since r° = —4 isan impossible situation, the graph of the equation is not a circle. 
Note that the left-hand side of the equation in standard form is a sum of squares 
and is therefore nonnegative, while the right-hand side is negative. Thus, there 
are no real values of x and y that satisfy the equation. This is an example of an 
equation that does not have a graph! 


PROGRESS CHECK 
Write the equation x? + y? — 12y + 36 = 0 in standard form, and analyze its 


graph. ; 


EXERCISE SET 8.2 
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ANSWER 
The standard form is x7 + (y — 6)? = 0. The equation is that of a ‘‘circle’’ with 
center at (0, 6) and radius of 0. The ‘‘circle’’ is actually the point (0, 6). 


EXAMPLE 5 
Find an equation of the circle that has its center at C(—1, 2) and that passes 
through the point P(3, 4). 


SOLUTION 
Since the distance from the center to any point on the circle determines the radius, 
we can use the distance formula to find 


r= PC =V20 
Then we can write the equation of the circle in standard form as 


(x +12 + (y- 2% = 20 


In Exercises 1-8 write an equation of the circle with center at (h, k) and radius r. 


1. (A, k) = (2, 3), r= 2 


2. (h, k) = (-3, 0), r= 3 


3. (h, k) =(-2, -3), r= V5 4. (h,k) = (2, -4),r=4 


5. (h, k) = (0, 0), r =3 


6. (h,k)=(0, -3), r=2 


7. (h,k)=(-1, 4), r=2V2 8. (h, k) = (2, 2),r=2 


In Exercises 9-16 find the center and radius of the circle with the given equation. 


9. (x- 2) + (y - 3) = 16 


Il, (w@- 2% + (y+ 2? =4 


10. +2)?+y*=9 

1\2 
12. (x+3) +(y- 2)? =8 
14. x2 +(y-— 2? =4 


2 1\? 
16. (x- -.) = 
(x - 1) +( ;) 3 


In Exercises 17-24 write the equation of the given circle in standard form and determine its center and radius. 


17. x? +y?+ 4x -8y+4=0 


18. x*7+y?-2x+ 6y-15=0 


19. 2x2 + 2y?- 6x— 10y +6 =0 20. 2x? + 2y? +8x-12y-8=0 


21. 2x? + 2y?-4x-5=0 


22. 4x2 + 4 -2y-7=0 


23. 3x2 + 3y*- 12x + 18y +15 =0 24. 4x2 +4? +4x+ 4y-4=0 


In Exercises 25—36 write the given equation in standard form, and determine if the graph of the equation is a circle, a point, 


or neither. 


25. x?+y*-6x+ By +7=0 
27. x*+y?+3x-Sy+7=0 


29. 27+ 2y?- 12k -4=0 


26. x? +y?+4x+6y+5=0 
28. x*+y?- 4x - by - 13 =0 
30. 2x? + 2y? + 4x -4y + 25 =0 
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32) 
34. 
36. 
40. 


41. 


42. 


43. 


2x? + 2y? - 10y +6=0 

r+ytxty=0 

4x? + 4y? — 12x - 36 =0 

Find an equation of the circle that has its center at 
(3, —1) and that passes through the point (—2, 2). 
Find an equation of the circle that has its center at 
(—S, 2) and that passes through the point (—3, 4). 


The two points (—2, 4) and (4, 2) are the endpoints of 
the diameter of a circle. Write the equation of the cir- 
cle in standard form. 
The two points (3, 5) and (7, —3) are the endpoints of 
the diameter of a circle. Write the equation of the cir- 
cle in standard form. 


We begin our study of the parabola with the geometric definition. 


31. 2x2 + 2y?- 6x - 4y -2=0 
33. 3x2 + 3y?+ 12x - 4y — 20 =0 
35. 4x2 + 4y? + 12x — 20y + 38 =0 
37. Find the area of the circle whose equation is 
x+y?-2x+ 4y-4=0 
38. Find the circumference of the circle whose equation 
is 
x? + y?—6x+8=0 
39. Show that the circles whose equations are 
x+y? —4x+ 9y -3=0 
and 
3x? + By? — 12x + 27y - 27 =0 
are concentric. 
8.3 
THE PARABOLA 
eS eee 


Given a fixed point (called the focus) and a fixed line (called the directrix), a 


parabola is the set of all points each of which is equidistant from the point and 


from the line. 


In Figure 5 each point P on the parabola is equidistant from the focus F and the 
directrix L, that is, PF = PQ. The line through the focus that is perpendicular to 
the directrix is called the axis of the parabola (or simply the axis), and the 
parabola is seen to be symmetric with respect to the axis. The point V (Figure 5), 
where the parabola intersects its axis, is called the vertex of the parabola. The 
vertex, then, is the point from which the parabola opens. Note that the vertex is 
the point on the parabola that is closest to the directrix. 


FIGURE 5 


VERTEX AT ORIGIN 


Focus] F(0, p) 
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We can apply the methods of analytic geometry to find an equation of the parab- 
ola. We choose the y-axis as the axis of the parabola and the origin as the vertex 
(Figure 6). Since the vertex is on the parabola, it is equidistant from the focus and 
the directrix. Thus, if the coordinates of the focus F are (0, p), then the equation 
of the directrix is y = —p. We then let P(x, y) be any point on the parabola, and 
we equate the distance from P to the focus F and the distance from P to the 
directrix L. Using the distance formula, we find 


PF =PQ 
V(x — 0)? + (y =p)? = Vae- x)? + (y+ p)? 
Squaring both sides, we have 


x? + y? — py + p? = y? + 2py + p? 


x? = 4py 


Directrix L 


Directrix L 
y=-p Q(x, —p) 
(a)p >0 (b) p <0 
FIGURE 6 


Standard Form of the 
Equation of a Parabola 


We have obtained an important form of the equation of a parabola. 


x? = 4py 


is the standard form of the equation of a parabola whose vertex is at the origin, 


whose focus is at (0, p), and whose axis is vertical. 


Conversely, it can be shown that the graph of the equation x* = 4py is a parabola. 
Note that substituting —x for x leaves the equation unchanged, verifying sym- 
metry with respect to the y-axis. If p > O, the parabola opens upward as shown in 
Figure 6a; if p <0, the parabola opens downward as shown in Figure 6b. 
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EXAMPLE 4 
Determine the focus and directrix of the parabola r= 8y, and sketch its 
graph. 


SOLUTION 
The equation of the parabola is of the form 
x? = 4py = By 
so p = 2. The equation of the directrix is y = —p = —2, and the focus is at 


(0, p) = (0, 2). Since p > 0, the parabola opens upward. The graph of the parab- 
ola is shown in Figure 7. 


FIGURE 7 
PROGRESS CHECK 
Determine the focus and directrix of the parabola x7 = —3y. 
ANSWER 
focus at (0 -2) directrix = 
9 4 ’ y 4 
EXAMPLE 2 


Find the equation of the parabola with vertex at (0, 0) and focus at (0, —3). 


Directrix L 
(a)p>0 


FIGURE 8 


Standard Form of the 
Equation of a Parabola 
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SOLUTION 
Since the focus is at (0, p), we have p= —. The equation of the parabola is 
La 
x? = 4py=4 =) an 
PROGRESS CHECK 
Find the equation of the parabola with vertex at (0, 0) and focus at (0, 3 ). 
ANSWER 
xv = by 


If we place the parabola as shown in Figure 8, we can proceed as above to 
obtain the following result. 


| 


Directrix L 
(b)p <0 


y’ = 4px 


is the standard form of the equation of a parabola whose vertex is at the origin, 
whose focus is at (p, 0), and whose axis is horizontal. 


Note that substituting —y for y leaves this equation unchanged, verifying sym- 
metry with respect to the x-axis. If p > 0, the parabola opens to the right as shown 
in Figure 8a; if p < 0, the parabola opens to the left as shown in Figure 8b. 


356 ANALYTIC GEOMETRY: THE CONIC SECTIONS 


VERTEX AT (h, k) 


EXAMPLE 3 
Find the equation of the parabola with vertex at (0, 0) and directrix x = 4. 


SOLUTION 

The directrix is x = —p, so p = —4. The equation of the parabola is then 
y? = 4px = -2x 

EXAMPLE 4 


Find the equation of the parabola that has the x-axis as its axis, that has vertex at 
(0, 0), and that passes through the point (—2, 3). 


SOLUTION 

Since the axis of the parabola is the x-axis, the equation of the parabola is 
y* = 4px. The parabola passes through the point (—2, 3), so the coordinates of 
this point must satisfy the equation of the parabola. Thus, 


y? = 4px 
(3)? = 4p(—2) 
eee 

4p= 7 


and the equation of the parabola is 
9 
2.5 meee 
y 4px * 


PROGRESS CHECK 
Find the equation of the parabola that has the y-axis as its axis, that has vertex at 
(0, 0), and that passes through the point (1, —2). 


ANSWER 
sk 
eda 


It is also possible to determine an equation of the parabola when the vertex is at 
some arbitrary point (h, k). The form of the equation depends on whether the axis 
of the parabola is parallel to the x-axis or to the y-axis. The situations are sum- 
marized in Table |. Note that if the point (A, &) is the origin, then h = k = 0, and 
we arrive at the equations we derived previously, x* = 4py and y? = 4px. Thus, 
in all cases, the sign of the constant p determines the direction in which the 
parabola opens. An equation of a parabola can always be written in the standard 
forms shown in Table | by completing the square, as in Example 6. 
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DEVICES WITH A The properties of the parabola are used in the design of some important devices. 

PARABOLIC SHAPE For example, by rotating a parabola about its axis, we obtain a parabolic reflec- 
tor, a shape used in the headlight of an automobile. In the accompanying figure, 
the light source (the bulb) is placed at the focus of the parabola. The headlight is 
coated with a reflecting material, and the rays of light bounce back in lines that 
are parallel to the axis of the parabola. This permits a headlight to disperse light 
in front of the auto where it is needed. 

Areflecting telescope reverses the use of these same properties. Here, the 
rays of light from a distant star, which are nearly parallel to the axis of the parab- 
ola, are reflected by the mirror to the focus (see accompanying figure). The 
eyepiece is placed at the focus, where the rays of light are gathered. 


Headlight Telescope 


Standard Forms of the Equations of the Parabola 
Direction 


Up if p>0 
Down if p <0 


Right if p> 0 
Left if p<0 


Note that these changes in the equations of the parabola are similar to the 
change that occurs in the equation of the circle when the center is moved from the 
origin to a point (h, k). In both cases, x is replaced by x — h and y is replaced by 
y—k. 


EXAMPLE 5 
Determine the vertex, axis, and direction of the graph of the parabola 


(x-4)'= —3(y + 4) 
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SOLUTION 
Comparison of the equation with the standard form 


(x — A)? = 4ply — &) 


yields h = 3, k = —4, p = —}. The axis of the parabola is always found by set- 
ting the square term equal to 0. 
a 
(: 3) = 


] 
x=35 


2 


Thus, the vertex is at (h, k) = (4, —4), the axis is x = 4, and the parabola opens 
downward since p < 0. 


PROGRESS CHECK 
Determine the vertex, axis, and direction of the graph of the parabola 


yay 12(x = i) 


ANSWER 

vertex (3 - 1), axis y = —1, opens to the right 

EXAMPLE 6 

Locate the vertex and the axis of symmetry of each of the given parabolas. Sketch 
the graph. 

(a) x +2x-2y-3=0 (b) y>—4y+x+1=0 

SOLUTION 

(a) We complete the square in x: 


w+ 2x =2y +3 
ePt+2et+1=2y+34+1 
(x + 1)? = Ay + 2) 
The vertex of the parabola is at (—1, —2); the axis is x = —1. See Figure 9a. 
(b) We complete the square in y: 
y?—4y=-x-1 
y>—-4y+4=-x-14+4 
(y — 2)? = -(x — 3) 
The vertex of the parabola is at (3, 2); the axis is y = 2. See Figure 9b. 
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2 4 x 
-2+ ( — 2)? = -( - 3) 


(-1,-2)| («+ 1)? = 2—y + 2) 


(a) (b) 
FIGURE 9 


PROGRESS CHECK 
Write the equation of the parabola in standard form. Locate the vertex and the 
axis, and sketch the graph. 


(a) y—2y-2x-5=0 (b) x2-2x4+2y-1=0 


ANSWERS 
(a) (Qy- 1)? = 2(x + 3), vertex (—3, 1), axis y = 1, graph in Figure 10a 
(b) (x- 1? = —2(y — 1), vertex (1, 1), axis x = 1, graph in Figure 10b 


J. 


(x — 1)? =-2y - 1) 


( — 1) = 2x +3) 


(a) 
FIGURE 40 
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EXERCISE SET 8.3 


In Exercises 1—8 determine the focus and directrix of the given parabola, and sketch the graph. 


y=2& 4. gree, 
2 
y? — 12x=0 8. x7-9y=0 


In Exercises 9—20 determine the equation of the parabola that has its vertex at the origin and that satisfies the given 


focus at (0, —3) 
directrix y = 3 


Axis is the y-axis, and parabola passes through the 
point (4, —2). 


Axis is the y-axis, and p = 2. 
focus at (0, —3) and directrix y = 3 


Axis is the y-axis, and parabola passes through the 
point (2, 4). 


In Exercises 21—34 write the equation in standard form. Determine the vertex, axis, and direction of each parabola. 


et+4x+2y-2=0 
y? + 6y — 3x + 12=0 
y? + 2y-4x-3=0 
x? + 2x — Sy-19=0 
y+4y+x+3=0 


x? + 2x — 3y + 19 =0 
y?-6y+2r+17=0 
y>+2x-4y+6=0 


2x? -y+3=0 
y? + 3x-2y-5=0 


The geometric definition of an ellipse is as follows. 


Giventwo fixed points (called foci), an ellipse is the set of all points for which 


1 x7 =4y 2. x2 = —4y 3. 
5. x27 + 5y=0 6. 2y*-3x=0 I 
conditions. 

9. focus at (1, 0). 10. 
11. directrix x = —3 12. 
13. Axis is the x-axis, and parabola passes through the 14. 

point (2, 1). 
15. Axis is the x-axis, and p = —3. 16. 
17. focus at (—1, 0) and directrix x = 1 18. 
19. Axis is the x-axis, and parabola passes through the 20. 
point (4, 2). 
21. x7-2x-3y+7=0 22. 
23. y?-—8y+2xr+12=0 24. 
25. x27 -x+3yt+1=0 26. 
27. y?- 10y-3x+ 24=0 28. 
29. x7 -3x-3y+1=0 30. 
1 
at, eee eta 0 32. 
33. x7+2r+2y+3=0 34, 
In Exercises 35—40 determine the vertex, axis, and direction of each parabola. Sketch the graph. 
35. x*-4x-2y+2=0 36. 
37. 22+ lox +y+34=0 38. 
39. y?+2x+2=0 40. 
8.4 
THE ELLIPSE AND 
HYPERBOLA 
REIS AC 
THE ELLIPSE 


the sum of the distances from the fixed points is a constant. 


The ellipse is in standard position if the two fixed points are on either the x-axis or 
the y-axis and are equidistant from the origin. Thus, if F, and F2 are the foci of 
the ellipse in Figure I! and P and Q are points on the ellipse, then 


FiP+F,P=c and F,O+FQ=c 


where c is a constant. 
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FIGURE 14 


The equation of an ellipse in standard position can be shown to be as follows 
(see Exercise 35). 


Standard Form of the ae a 
Equation of an Ellipse 


Note that the equation indicates that the graph will be symmetric with respect to 
the x-axis, the y-axis, and the origin. 

If we let x = O in the standard form, we find y = +b; if we let y = 0, we find 
x = +a. Thus, the ellipse whose equation is 


has intercepts (+a, 0) and (0, +5). 


EXAMPLE 4 

Find the intercepts and sketch the graph of the ellipse whose equation is 
ae ae 
eae Ca 


SOLUTION 
Setting x = 0 and solving for y yields the y-intercepts +5; setting y= 0 and 
solving for x yields the x-intercepts +2. The graph is then easily sketched as in 
Figure 12. 
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FIGURE 412 
EXAMPLE 2 
Write the equation of the ellipse in standard form and determine the inter- 
cepts. 


(a) 4x7+3y2?=12 (b) 9x7 + y*=10 


SOLUTION 

(a) Dividing by 12 to make the right-hand side equal to 1, we have 
ae 
a. 


The x-intercepts are (+V3, 0); the y-intercepts are (0, +2). 
(b) Dividing by 10 we have 


But this is not standard form. However, if we write 


9x2 x 
i0 * 10 


then 
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is the standard form of an ellipse. The intercepts are 


(2¥10,) and (0, +V10) 


PROGRESS CHECK 

Write the equation of each ellipse in standard form and determine the inter- 
cepts. 

(a) 2° + 3y =6 (b) 3x7+y=5 

ANSWERS 


2 
(a) 5 + = = 1; (+V3, 0), (0, +V2) 


2 + 
(b) e4e= is (x5, 0), (0, +V5) 
3 


THE HYPERBOLA The hyperbola is the last of the conic sections we will study. 


Given two fixed points (called foci), a hyperbola is the set of all points for 


which the difference of the distances from the two fixed points is a constant. 


The hyperbola is in standard position if the two fixed points are on either the 
x-axis or the y-axis and are equidistant from the origin. The equations of the 
hyperbolas in standard position can be shown to be as follows (see Exercise 
36). 


Standard Forms of the 
Equation of a 
Hyperbola 


foci on the x-axis 


foci on the y-axis 


These equations indicate that the graphs are symmetric with respect to the x-axis, 
the y-axis, and the origin. 

Letting y = 0, we see that the x-intercepts of the graph of Equation (1) are 
x= +a. Letting x= 0, we find there are no y-intercepts since the equation 
y* = —b? has no real roots (Figure 13a). Similarly, the graph of Equation (2) has 
y-intercepts of +a and no x-intercepts (Figure 13b). 
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FIGURE 43 


EXAMPLE 3 

Find the intercepts and sketch the graph of each equation. 
Le ee rs 

(a) o 4 (b) 7 aoe ee 

SOLUTION 


(a) When y=0, we have x7 =9 or x = +3. The intercepts are (3, 0) and 
(—3, 0). With the assistance of a few plotted points, we can sketch the graph 
(Figure 14a). 

(b) When x =0, we have y* = 4 or y = +2. The intercepts are (0, 2) and 
(0, —2). Plotting a few points, we can sketch the graph (Figure 14b). 


FIGURE 14 


ASYMPTOTES OF THE 
HYPERBOLA 
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EXAMPLE 4 
Write the equation of the hyperbola 9x? — Sy? = 10 in standard form and deter- 
mine the intercepts. 


SOLUTION 
Dividing by 10, we have 
oP _, 
10 2 
Rewniting the equation in standard form, we have 
20g ke 
a ee 
10 2 
9 


The x-intercepts are + V 10/3; there are no y-intercepts. 


PROGRESS CHECK 
Write the equation of the hyperbola in standard form and determine the inter- 


(a) 2x* — Sy? =6 (b) 4y2-x= 


ANSWERS 
Sp Ea poe ( + 5) 
@ FET hEV3O  &) Fr FHh(a>Z 
5 4 


There is a way of sketching the graph of a hyperbola without having to plot any 
points on the curve itself. Given the equation of the hyperbola 


a 


oR. 
in standard form, we plot the four points (a, +b), (—a, +b) as in Figure 15 and 
draw the diagonals of the rectangle formed by the four points. The hyperbola 
opens from the intercepts (+a, 0) and approaches the lines formed by the diag- 
onals of the rectangle. We call these lines the asymptotes of the hyperbola. Since 
one asymptote passes through the points (0, 0) and (a, 5), its equation is 


= ae 
ya 
Similarly, the equation of the other asymptote is found to be 


See, 
y a 
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FIGURE 415 


Of course, a similar discussion can be carried out for the standard form 


In this case, the four points (+b, +a) determine the rectangle, and the equations 
of the asymptotes are 


EXAMPLE 5 


Using asymptotes, sketch the graph of the equation 


y 2, 
4 9 


SOLUTION 


The points (+3, +2) form the vertices of the rectangle. See Figure 16. Using the 
fact that (0, +2) are intercepts, we can sketch the graph opening from these 
points and approaching the asymptotes. 
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FIGURE 46 


EXERCISE SET 6.4 
In Exercises 1—6 find the intercepts and sketch the graph of the ellipse. 


ry 52 y2 ry ey 
+5 . +45 —— = a = 
log 4! a 16 ae ae Tg ig | 
ey Py 
— = SS 
2: 16 : 25 e 1 3 
In Exercises 7—16 write the equation of the ellipse in standard form and determine the intercepts. 
7. 4x? + 9y? = 36 8. 16x? + 9y? = 144 9. 4x? + l6y? = 16 10. 25x? + 4y? = 100 
ll. 4x2 + l6y? =4 12. 8x2 + 4y* = 32 13. 8x? + 6y? = 24 14. 5x2 + 6y? = 50 
15. 36x72 + 8y =9 16. 5x2 + dy? = 45 
In Exercises 17-22 find the intercepts and sketch the graph of the hyperbola. 
Ws ae = 1 18. = a1 oS = : - == 
25 16 9° 4 36 0. 9 28! 
2 2 2 2 
pier Se ea ee 
21. 6 8 1 22. 8 10 1 
In Exercises 23-28 write the equation of the hyperbola in standard form and determine the intercepts. 
23. 16x? — y* = 64 24. 4x? — 25y? = 100 
25. 4-47 =1 26. 2x7 -3y?=6 
27. 4x? — Sy? = 20 28. 25y? — 16x? = 400 
In Exercises 29-34 use the asymptotes and intercepts to sketch the graph of the hyperbola. 
29. 16x* — 9y? = 144 30. 16y? — 25x? = 400 
31. y~-x=9 32. 25x? — Gy? = 225 
2 
sg, 2% x1 34. y2—4y? =4 
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35. 


85 


IDENTIFYING THE 
CONIC SECTIONS 


Derive the standard form of the equation of the ellipse 
from the geometric definition of an ellipse. (Hint: In 
Figure 11, let P(x, y) be any point on the ellipse and let 
F\(—c, 0) and F>(c, 0) be the foci. Note that the point 
B(a, 0) lies on the ellipse and that BF, + BF, = 2a. 
Thus, the sum of the distances PF; + PF must also 


36. 


equal 2a. Use the distance formula, simplify, and sub- 
stitute b? = a2 — c?.) 

Derive the standard form of the equation of the hyper- 
bola from the geometric definition of a hyperbola. 
(Hint: Proceed in a manner similar to that of Exercise 
35.) 


Each of the conic sections we have studied in this chapter has at least one axis of 


symmetry. We studied circles and parabolas whose axes of symmetry were the 
coordinate axes or lines parallel to them. Although the only ellipses and hyper- 


as we have studied are ones that have the coordinate axes as their axes of 
symmetry, the method of completing the square, which we used for the circle and 
the parabola, allows us to transform the general equation of a conic section 


Ax? + Cy? + Dx + Ey+ F=0 


into standard form. This transformation is very helpful in sketching the graph of 
the conic. Identifying the conic section from the general equation is also easy (see 


Table 2). 


TABLE 2 


| a2 + cy? + Dr + Ey + F=0 


A= 


A= 


0orC =0 Parabola 


C (# 0) Circle 


Ellipse 


Conic Section 


Remarks 


Second degree in one variable, first degree 
in the other. 


Coefficients A and C are the same. 
Caution: Complete the square to obtain the 
standard form and check that radius r > 0. 


A and C are unequal but have the same sign. 
Caution: Complete the square and check 
that the right-hand side is a positive con- 
stant. 


A and C have opposite signs. 
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EXAMPLE 4 
Identify the conic section. 
(a) 3x2 + 3y?-2y=4 (b) 3x7 -9y? + 2x-4y=7 


(c) 2x? + 3y?-2e+6y+==0 (d) 3y*-—4x+ 17y=-10 


ul 
2 


SOLUTION 
(a) Since the coefficients of x? and y” are the same, the graph will be a circle if 
the standard form yields r > 0. Completing the square, we have 


1\? 13 
2: + ees — 
_ aly 3) 3 
which is the equation of a circle. 


(b) Since the coefficients of x? and y” are of opposite sign, the graph is a 
hyperbola. 


(c) The coefficients of x? and y are unequal but of like sign. We must complete 
the square in both x and y to obtain standard form. 


2x7 — x) + Hy? + 2y) = -5 


aye 2 meee 
a(x x+t) +39 H2yela=5t,* 3 


2 
2(x- 4) +564 12 = 3 


Since the right-hand side is positive, the graph is an ellipse. 


(d) The graph is a parabola since the equation is of the second degree in y and of 
the first degree in x. 


PROGRESS CHECK 
Identify the conic section. 


(a) © — ay? 2x + 2y-4=0 (b) x7-2y—-3x=2 


(c) 2 t+y?-4x-6y=-I1 (d) 4x? + 3y? + @x— 10=0 


ANSWERS 
(a) hyperbola (b) parabola (c) circle (d) ellipse 


A summary of the characteristics of the conic sections is given in Table 3. 
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TABLE 3 


Circle 

(x-hY +(y-k? =P (x — 2)? + (y + 4)? = 25 
Center: (h, k) Center: (2, —4) 
Radius: r Radius: 5 

Parabola 

(x — hy? = 4ply — &) (x + 1P = Ay — 3) 
Vertex: (h, k) Vertex: (—1, 3) 
Axis: x =h Axis: x = —1 
p> 0: Opens up Opens up 
p <0: Opens down 


(y — kK)? = 4p(x — h) (y + 4)? = -3(x + 5) 
Vertex: (h, k) Vertex: (—5, —4) 
Axis: y =k Axis: y= —4 
p > O: Opens right Opens left 
p <0: Opens left 


pe: 
4a 
Intercepts: (+a, 0), (0, +b) Intercepts: (+2, 0), (0, +V6) 


2 
pa 

+o= 
6 1 


ey, 
4 9 
Intercepts: (+a, 0) Intercepts: (+2, 0) 


Asymptotes: y= + x Asymptotes: y= + 3x 


Opens to left and right Opens to left and right 


2 
xT _ 
7a. 


Intercepts: (0, +a) Intercepts: (0, +3) 


she 
9 


Asymptotes: y= + a Asymptotes: y= + 3x 
Opens up and down Opens up and down 


EXERCISE SEY 6.5 


Identify the conic section. 

1 2x?+y—-x+3=0 

3. 4° + 47% -2r+ 3y-4=0 
5. 36x7-4y?+x-y+2=0 
7. 16x? + 4y? -2y+3=0 


4y —x7+2x-3y+5=0 
3x* + 6y? —- 2x +8 =0 

x? + y? -6x+4y + 13=0 
2y -3x+y+4=0 


oa kN 


9. x*+y2-4x-2y+8=0 
Il. 4x7 4+ D?-x+2=0 
13. 4x2 -9? +2x+y+3=0 
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10. x*+y?-2x-2y+6=0 
12. 3x7 + 3y?-3xty=0 
14. x2 +y?2+G6r—- 2y+ 10=0 


15. xt+y?-4x+4=0 


TERMS AND SYMBOLS 
analytic geometry (p. 343) 
midpoint formula (p. 344) 
conic sections (p. 347) 
circle (p. 347) 
center of a circle (p. 347) 
radius of a circle (p. 347) 
standard form of the equa- 
tion of a circle (p. 348) 


general form of the equa- 
tion of a circle (p. 349) 

parabola (p. 352) 

focus (p. 352) 

directrix (p. 352) 

axis of a parabola (p. 352) 

vertex (p. 352) 

parabolic reflector (p. 357) 


16. 42+ y = 32 


standard forms of the equa- 
tion of a parabola 
(p. 357) 
ellipse (p. 360) 
foci of an ellipse (p. 360) 
standard form of the equa- 
tion of an ellipse 
(p. 361) 


foci of a hyperbola 
(p. 363) 

standard forms of the equa- 
tion of a hyperbola 
(p. 363) 

asymptotes of a hyperbola 
(p. 365) 

general equation of a conic 


KEY IDEAS FOR REVIEW 
() The midpoint of the line segment joining the points 
P\(x1, y1) and P2(x2, y2) has coordinates 


(= +x2 y1 =22) 
2 2 


() Theorems from plane geometry can be proved using the 
methods of analytic geometry. In general, place the giv- 
en geometric figure in a convenient position relative to 
the origin and axes. The distance formula, the midpoint 
formula, and the computation of slope are the tools to 
apply in proving a theorem. 

() The conic sections represent the possible intersections of 
a plane and a cone. The conic sections are the circle, 
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hyperbola (p. 363) section (p. 368) 


parabola, ellipse, and hyperbola. ({n special cases these 
may be reduced to a point, a line, or two lines.) 


OO Each conic section has a geometric definition, which can 
be used to derive a second-degree equation in two vani- 
ables whose graph corresponds to the conic. 


C A second-degree equation in x and y can be converted 
from general form to standard form by completing the 
square in each variable. It is much simpler to sketch the 
graph of an equation when it is written in standard 
form. 


C1) tt is often possible to distinguish the various conic sec- 


tions even when the equation is given in general 
form. 


Solutions to exercises whose numbers are in color are in the Solutions section in the back of the book. 


8.1 In Exercises 1-3 find the midpoint of the line segment 
whose endpoints are given. 
1. (-5, 4), (3, -6) 2: 
3« (23 =7), (3; =2) 
4. Find the coordinates of the point P2 if (2, 2) are 
the coordinates of the midpoint of the line seg- 
ment joining P,(—6, —3) and Pp. 


(—2, 0), (—3, 5) 


5. Use the distance formula to show that P,(—1, 2), 
P2(4, 3), P3(1, —1), and P4(—4, —2) are the 
coordinates of a parallelogram. 


6. Show that the points A(—8, 4), B(5, 3), and 
C(2, —2) are the vertices of a right triangle. 


7. Find anequation of the perpendicular bisector of 
the line segment joining the points A(—4, —3) 
and B(1, 3). (The perpendicular bisector passes 
through the midpoint of AB and is perpendicular 
to AB.) 


Write an equation of the circle with center at 
(—5, 2) and a radius of 4. 


9. Write an equation of the circle with center at 
(-—3, —3) and a radius of 2. 


8.2 8. 
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In Exercises 10—15 determine the center and radius of 
the circle with the given equation. 


10. (x- 2)? + (y + 3)? =9 
11. (<+4) +(y-4y=4 
12. x+y? + 4x -6y = -10 
13. 2x2 + 2y? -— 4x + 4y = -3 
14. x +y?-6y+3=0 
15. e+y?-2k-2y=8 
8.3 In Exercises 16 and 17 determine the vertex and axis of 
the given parabola. Sketch the graph. 


16. y+ sr=a( -3) 


17. (x-1*%=2-y 

In Exercises 18-23 determine the vertex, axis, and 
direction of the given parabola. 

18. y+3x+9=0 

19. y+4y+x+2=0 


PROGRESS TEST 8A 

|. Find the midpoint of the line segment whose endpoints 
are (2, 4) and (—2, 4). 

2. Find the coordinates of the point P if (—3, 3) are the 
coordinates of the midpoint of the line segment joining 
P and Q(-S, 4). 

3. Bycomputing slopes, show that the points A(-3, — 1), 
B(—-5, 4), C(2, 6), and D(4, 1) determine a parallelo- 
gram. 

4. Write an equation of the circle of radius 6 whose cen- 
ter is at (2, —3). 

In Problems 5 and 6 determine the center and radius of the 
circle. 

5. x?+y?-2ke+4y=-] 

6. x*7-4x+y7=1 

In Problems 7 and 8 determine the vertex and axis of the 
parabola. Sketch the graph. 


PROGRESS TEST 8B 


1. Find the midpoint of the line segment whose endpoints 
are (—5, —3) and (4, 1). 


2. Find the coordinates of the point A if (—2, —}) are 


20. 2? -12x -y+ 166 =0 
21. x7+4x+2y+5=0 
22. y?-2y-4x+1=0 
23. xt+Oxt+4y+9=0 


8.4 In Exercises 24-29 write the given equation in stan- 
dard form and determine the intercepts. 


24. 9x? - 4y? = 36 25. 9x7 + y?=9 
26. 5x? +7y? = 35 27. 9x7 — 16y? = 144 
28. 3x2 + 4y? =9 29. 3y?-5x?= 20 


In Exercises 30 and 31 use the intercepts and asymp- 
totes of the hyperbola to sketch the graph. 


30. 4x7 -4y?=1 31. 9-4 = 36 
8.5 In Exercises 32-35 identify the conic section. 

32. 2y°+6y-3x+2=0 

33. 6x? -—7y*-5x+ by =0 

34. Uet+y? + x-2y+17=0 

35. 9x7 + 4y? = —36 


7, 2@+6rt+2y+7=0 

8. y—4x-4y+8=0 

In Problems 9 and 10 determine the vertex, axis, and direc- 
tion of the parabola. 

9. x?7-@r+2y+5=0 

10. y+8y—-x+14=0 

In Problems 11—13 write the given equation in standard 
form and detennine the intercepts. 


Il. x7 +4y?=4 12. 4y? — 9x? = 36 

13. 4x2-4y =1 

14. Use the intercepts and asymptotes of the hyperbola 
9x2 — y? = 9 to sketch its graph. 


In Problems 15 and 16 identify the conic section. 
15. x2 +y2+2x-2y-2=0 
16. °° +9y? - 4x + 6y+4=0 


the coordinates of the midpoint of the line segment 
joining A and B(3, —2). 


3. Show that the diagonals of the quadrilateral whose 
vertices are P(—3, 1), Q(—1, 4), R(5, 0), and 
S(3, —3) are equal. 


4. Write an equation of the circle of radius 5 whose cen- 
ter is at (—2, —5). 


In Problems 5 and 6 determine the center and radius of the 
circle. 


5. x+y? + 6x —4y = -4 

6. 4x2 + 4y? —4x- 8y = 35 
In Problems 7 and 8 determine the vertex and axis of the 
parabola. Sketch the graph. 

7. 2y?- 8y-x+30=0 

8. 9x? + 18y — 6x +7 =0 


In Problems 9 and 10 determine the vertex, axis, and direc- 
tion of the parabola. 
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9. y?-4y-3x+1=0 

10. 4x7 - 4x - 8y - 23 =0 

In Problems 11—13 write the given equation in standard 

form and determine the intercepts. 

11. 5x? + 9y? = 25 12. 

13. y?- 3x7 =9 

14. Use the intercepts and asymptotes of the hyperbola 
4y* — x* = | to sketch its graph. 


7x? + 6y = 21 


In Problems 15 and 16 identify the conic section. 
1S. Sy? - 47 -6x+2=0 
16. 3x2 — 5x + 6y =3 
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SYSTEMS OF EQUATIONS 
AND INEQUALITIES | 


Many problems in business and engineering require the solution of systems of 
equations and inequalities. In fact, systems of linear equations and inequalities 
occur with such frequency that mathematicians and computer scientists have 
devoted considerable energy to devising methods for their solution. With the aid 
of large-scale computers it is possible to solve systems involving thousands of 
equations or inequalities, a task that previous generations would not have dared 
tackle. 

We begin with the study of the methods of substitution and elimination, 
methods that are applicable to all types of systems. We then introduce graphical 
methods for solving systems of linear inequalities and apply these techniques to 
linear programming problems, a type of optimization problem. 


A pile of 9 coins consists of nickels and quarters. If the total value of the 
coins is $1.25, how many of each type of coin are there? 


This type of word problem was handled in earlier chapters by using one variable. 
A more natural way to approach this problem is to let 
x = the number of nickels 
and 
y = the number of quarters 
that is, to use two variables. The requirements can then be expressed as 
x+ y= 9 
5x + 25y = 125 


This is an example of a system of equations, and we seek values of x and y that 
satisfy both equations. An ordered pair (a, b) such that x = a, y = b satisfies both 
equations is called a solution of the system. Thus, 
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SOLVING BY GRAPHING 


x=5 y=4 
is a solution because substituting in the equations of the system gives 


5+ 4= 9 
5(5) + 25(4) = 125 


The coordinates of every point on the graph of an equation must satisfy the 
equation. If we sketch the graphs of a pair of equations on the same coordinate 
axes, it follows that the points of intersection must satisfy both equations. Thus 
we have a graphical means of solving a system of equations. 


EXAMPLE 4 

Solve the system of equations by graphing. 
xo a = 25 
x ty =-l 

SOLUTION 


The graphs of the equations are a circle and a line, as shown in Figure |. The 
points of intersection are seen to be (—4, 3) and (3, —4). The solutions of the 
system are x = —4, y=3 andx =3, y= —4. 


FIGURE 4 
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Consistent system, Inconsistent system, Consistent system, 
unique solution no solution infinite number of solutions 


(a) (b) (c) 
FIGURE 2 
It is possible for a system of equations to have no solutions. Surprisingly, a 


system of equations may even have an infinite number of solutions. The follow- 
ing terminology is used to distinguish these situations. 


Consistent and e A consistent system of equations has one or more solutions. 
Inconsistent Systems 


e An inconsistent system of equations has no solutions. 


A system consisting only of equations that are of the first degree in x and y is 
called a system of linear equations or simply a linear system. When we graph a 
linear system of two equations on the same set of coordinate axes, there are three 
possibilities: 


1. The two lines intersect at a point (Figure 2a). The system is consistent and has 
a unique solution, the point of intersection. 


2. The two lines are parallel (Figure 2b). Since the lines do not intersect, the 
linear system is inconsistent. 


3. The equations are different forms of the same line (Figure 2c). The system is 
consistent and has an infinite number of solutions, namely, all points on the 
line. 


The method of graphing has severe limitations since the accuracy of the 
solution depends on the accuracy of the graph. The algebraic methods that follow 
avoid this limitation. 


SOLVING BY If we can use one of the equations of a system to express one variable in terms of 
SUBSTITUTION the other variable, then we can substitute this expression in the other equa- 
tion. 
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EXAMPLE 2 

Solve the system of equations. 
rt+y?= 25 
x+y =-l 


SOLUTION 
From the second equation, we have 
y=-l-x 
Substituting for y in the first equation, we have 
x + (-1— x)? = 25 
we+14+2e4+37 = 25 
27 + 2x - 24=0 
xv+x-12=0 
(x + 4)(x — 3) = 0 


which yields x = —4 and x = 3. Substituting these values for x in the equation 


x + y = —1, we obtain the corresponding values of y. 
x=-4. -4+y=-l x= 3: 
y=2 


The solutions are the same as those obtained when we solved this same system by 


graphing (Example 1). 


PROGRESS CHECK 

Solve the system of equations. 

(a) x7 +3y?= 12 (b) x7 +? 
x +3y = 6 XY: 

ANSWERS 


(a) x=3,y=1,x=0,y=2 
(b) x=-3,y=-S;x=5, y=3 


WARNING The expression for x or y obtained from an equation must not be 
substituted in the same equation. From the first equation of the system 


x +2y=-1 
37+ y= 2 


we obtain 


x=-I1-2y 


3+y=-1 
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Substituting (incorrectly) in the same equation would result in 
(-—1 —2y) + 2y = -1 
-l=-1 


The substitution x = —1 — 2y must be made in the second equation. 


EXAMPLE 3 
Solve the system of equations. 


(a) x7-2x-y+3=0 (b) x+4y= 10 
x+y-1=0 —2x — 8y = —20 
SOLUTION 
(a) Solving the second equation for y, we have 
y=I1-x 
and substituting in the first equation yields 
r-2&-(l-xy+3=0 
r—x+2=0 
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Since the discriminant of this quadratic equation is negative, the equation has no 
real roots. But any solution of the system of equations must satisfy this quadratic 
equation. We can therefore conclude that the system is inconsistent. The graphs 
of the equations are a parabola and a line that do not intersect (see Figure 3). 


x2 —2x-y+3=0 


FIGURE 3 


(b) Solving the first equation for x, we have 


x= 10 - 4y 
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and substituting in the second equation gives 
—2(10 —4y) — 8y = —20 
—20 + 8y — 8y = —20 
—20 = -20 
The substitution procedure has resulted in an identity, indicating that any solution 
of the first equation will also satisfy the second equation. Since there are an 


infinite number of ordered pairs x = a, y = b satisfying the first equation, the 
system is consistent and has an infinite number of solutions. 


PROGRESS CHECK 

Solve by substitution. 

(a) 3x— yo 7 (b) —Sx+2y=—-4 
—9x + 3y = —22 5 


at y= 2 


ANSWERS 
(a) no solution (b) any point on the line —Sx + 2y = —4 


EXERCISE SET 9.4 
In Exercises 1-10 find approximate solutions of the given system by graphing. 
1. xt+y=l 2. x-y=l 3. 3x- y= 4 4. x? + 4y? = 32 
x-y=3 x+y=5 6x —2y= -8 x +2y = 0 
5. w=-4 6. 42 t+y?=4 7, 4x7 + 9y? =72 8. 2y?-x?=-1 
4ax-y= 8 r-ys= 4x —3y?= 0 4y?+x7= 25 
9 xtt+y?=1 10. 3x? + 8y? = 21 
y?- 3x7 =5 x? + 4y? = 10 
In Exercises 11-20 solve the system of equations by the method of substitution. 
Il. xt+y= 12, x+2y=8 13. x2+y?=13 14. x?+ 4y? = 32 
x-y=3 3x —4y =4 2 -y=4 x +2y = 0 
15. y- x= 0 16. w=-4 17, x2 —-ax+y? =3 18. 4x2 +y2= 
y —~4x=-3 4x-y= 8 ty =4 x -y =3 
19. x=! 20. tx-3y=4 
x-y+1=0 
ox + y=! 
9.2 When we solve a system of equations by graphing, we must estimate the coor- 
SOLVING BY dinates of the point of intersection. If we require the answers to be accurate to, 
ELIMINATION say, five decimal places, it is clear that graphing will not suffice. The method of 


substitution provides us with exact answers but suffers from the disadvantage that 
it is difficult to program for use in a computer. 
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The method of elimination overcomes these difficulties. The strategy of the 
method is to obtain an equation that has just one variable and is easily solved. The 
procedure is illustrated in the following example. 


EXAMPLE 4 
Solve by elimination. 


SOLUTION 


4x7 + 9y = 36 
—9x? + 18y2= 4 


Method of Elimination 


Step 1. Multiply each equation by a constant so that 


the coefficients of either x or y will differ only in 
sign. 


Step 2. Add the equations. The resulting equation 
will contain (at most) one variable. 


Step 3. Solve the resulting equation in one vari- 
able. 


Step 4. Substitute in either of the original equations 
to solve for the second variable. 


Step 5. Check in both equations. 


Step 1. Multiply the first equation by —2 and the sec- 
ond equation by | so that the coefficients of y will be 
—18 and 18: 


— 8x? — 18y? = -72 


- 92+ 18y= 4 
Step 2. -17x2 = -68 


Step 3. r=4 


x= +2 


Step 4. Substitute x = 2 in the first equation of the | 
original system: 


4x? + Qy? = 36 
4(2)? + 9y? = 36 
aye 

+3V5 


Substituting x = —2 yields the same values for y. 


Step 5. Verify that the solutions 


x=2, y=ivs 


x= > 2, y=-3V5 


| satisfy both equations. 
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FIGURE 4 


FIGURE 5 


Note that in Step 2 we have ‘‘eliminated’’ y, which is why we call this the method 
of elimination. The graphs are the hyperbola and ellipse shown in Figure 4. 


PROGRESS CHECK 
Find the real solutions of the system. 


e—4x+y?—4y= 1 
a dx + y=-5 


ANSWER 
x = 2, y= —1 (The parabola is tangent to the circle.) 


EXAMPLE 2 

Solve by elimination. 

(a) 2x —3y?=9 (b) Sx+ 6y= 4 
r+ y=4 —10x — 12y = -8 

SOLUTION 


(a) Adding —2 times the second equation to the first equation yields 
1 

-5 2— 1 2— __ 

y or y 5 


Since this equation has no solutions, the graphs of the given system do not 
intersect, and the system is inconsistent (see Figure 5). 


(b) Multiplying the first equation by 2, we have 


10x+12y= 8 
—10x — 12y = -8 
Ox+ Oy= 0 


We conclude that the equations represent the same line and that the solution set 
consists of all points on the line 5x + 6y = 4. 


PROGRESS CHECK 

Solve by elimination. 

(a) x- y= 2 (b) 4x+ 6y= 3 
3x — 3y = -6 -2x — 3y= -3 

ANSWERS 


(a) no solution (b) all points on the line 4x + 6y = 3 


1. 


3. 


7. 
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25y? — 16x? = 400 4, r-ye= 
Qy?— 4x7 = 36 Fe saa 
3c y= 4 8. wx+3y=-2 
6x — 2y = -8 —3x-Sy= 4 


EXERCISE SET 9.2 
In Exercises 1—10 solve the system of equations by the method of elimination. 
x+2y= 1 2: x-4y=-7 
Sx + 2y = 13 2x + 3y = -8 
4x? + Qy? = 72 6. rt+y+2y=9 
4x —3y= 0 y —2x=4 
ay -x= -1 10. x2 + 4y? = 25 
4y +22 = 25 472+ y?=25 


In Exercises 11—18 determine whether the system is consistent (C) or inconsistent (I). If the system is consistent, find all 


solutions. 

Il. 2¢+2y=6 12. 2x+y=2 
3x + 3y = 6 3x -y=8 
1S. 3x+3y= 9 16. x-4y=-7 

2x + 2y = -6 2x — By = —-4 


13. 


17. 


yy-82= 9 14. 4y? + 3x2 = 24 
y? + 3x2 = -31 By? — 2x? = 35 
3x - y= 18 18. 2x+ y=6 
3 lfeea ee 

a = 9 x+5y=3 


In Exercises 19—23 use a pair of equations to solve the given problem. 


22% 


23: 


A part of $8000 was invested at an annual interest of 
7% and the remainder at 8%. If the total interest 
received at the end of one year is $590, how much was 
invested at each rate? 


The sum of the squares of the sides of a rectangle is 
100 square meters. If the area of the rectangle is 48 
square meters, find the length of each side of the rect- 
angle. 


In earlier sections of this chapter we saw that many of the word problems we had 


19. A pile of 34 coins worth $4.10 consists of nickels and 
quarters. Find the number of each type of coin. 

20. Car A can travel 20 kilometers per hour faster than car 
B. If car A travels 240 kilometers in the same time that 
car B travels 200 kilometers, what is the speed of each 
car? 

21. How many pounds of nuts worth $2.10 per pound and 
how many pounds of raisins worth $0.90 per pound 
must be mixed to obtain a mixture of two pounds that 
is worth $1.62 per pound? 

9.3 

APPLICATIONS 


previously solved by using one variable could be recast as a system of linear 


equations. There are, in addition, many word problems that are difficult to handle 
with one variable but are easily formulated by using two variables. 


EXAMPLE 4 


If 3 sulfa pills and 4 penicillin pills cost 69 cents, whereas 5 sulfa pills and 2 
penicillin pills cost 73 cents, what is the cost of each type of pill? 


SOLUTION 


Using two variables, we let 


x = the cost of each sulfa pill 
y = the cost of each penicillin pill 
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Then 
3x + 4y = 69 
5x + 2y = 73 


We multiply the second equation by —2 and add to eliminate y: 


3x+4y= 69 
—10x — 4y = —146 
Tx S77 


x=I11 
Substituting in the first equation, we have 
3(11) + 4y = 69 
4y = 36 
y=9 


Each sulfa pill costs 11 cents and each penicillin pill costs 9 cents. (Could you 
have set up this problem using only one variable? Not easily!) 


EXAMPLE 2 

Swimming downstream, a swimmer can cover 2 kilometers in 15 minutes. The 
retum trip upstream requires 20 minutes. What is the rate of the swimmer and of 
the current in kilometers per hour? (The rate of the swimmer is the speed at which 
he would swim if there were no current.) 


SOLUTION 
Let 
x = the rate of the swimmer (in km per hour) 
y = the rate of the current (in km per hour) 
For swimming downstream, the rate of the current is added to the rate of the 
swimmer, so x + y is the rate downstream. Similarly, x — y is the rate for swim- 


ming upstream. We display the information we have, expressing time in 
hours. 


Distance 


Downstream 


Upstream 
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Since distance upstream = distance downstream = 2 kilometers, 


1 = 
qaty=2 


1 — 
z= 2 


or, equivalently, 
x+y=8 
x-y=6 
Solving, we have 
x=7 rate of the swimmer 


y=l1 rate of the current 


Thus, the rate of the swimmer is 7 kilometers per hour, and the rate of the current 
is | kilometer per hour. (The student is urged to verify the solution.) 


EXAMPLE 3 
The sum of a two-digit number and its units digit is 64, and the sum of the number 
and its tens digit is 62. Find the number. 


SOLUTION 
The basic idea in solving digit problems is to note that if we let 


t = tens digit 
and 
u = units digit 
then 
10¢ + u = the two-digit number 
Then ‘‘the sum of a two-digit number and its units digit is 64’’ translates into 
(10r+u)+u=64 or 10f+ 2u = 64 
Also, ‘‘the sum of the number and its tens digit is 62’’ becomes 
(10r+ u)+1=62 or Ilt+u=62 


Solving, we find that t= 5 and u=7 (verify this), so the number we seek 
is 57. 
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APPLICATIONS IN 
BUSINESS AND 
ECONOMICS: BREAK-EVEN 
ANALYSIS 


An important problem faced by a manufacturer is that of determining the level of 
production, that is, the number of units of the product to be manufactured during 
a given time period—a day, a week, or a month. Suppose that 


C = 400 + 2x (1) 


is the total cost (in thousands of dollars) of producing x units of the product and 
that 


R= 4x (2) 


is the total revenue (in thousands of dollars) when x units of the product are sold. 
In this example, after setting up production at a cost of $400,000, the manufac- 
turer has an additional cost of $2000 to make each unit [Equation (1)], and a 
revenue of $4000 is earned from the sale of each unit [Equation (2)]. If all units 
that are manufactured are sold, the total profit P is the difference between total 
revenue and total cost: 


P=R-C 
= 4x — (400 + 2x) 
= 2x — 400 


The value of x for which R = C, so that the profit is zero, is called the break-even 
point. When that many units of the product have been produced and sold the 
manufacturer neither makes money nor loses money. To find the break-even 


= a) 
1000 C = 400 + 2x 


800 (200, 800) 


600 


400 


Thousands of dollars 


Breakven point 


Zo 


200 400 600 x 


Number of units 
manufactured 


FIGURE 6 


APPLICATIONS IN 
BUSINESS AND 
ECONOMICS: SUPPLY 
AND DEMAND 


9.3. APPLICATIONS 387 


point, we set R = C. Using Equations (1) and (2), we obtain 
400 + 2x = 4x 
x = 200 


Thus, the break-even point is 200 units. 

The break-even point can also be obtained graphically as follows. Observe 
that Equations (1) and (2) are linear equations and therefore equations of straight 
lines. The break-even point is the x-coordinate of the point where the two lines 
intersect. Figure 6 shows the lines and their point of intersection (200, 800). 
When 200 units of the product are made, the cost ($800,000) is exactly equal to 
the revenue, and the profit is $0. If x > 200, then R > C, so the manufacturer is 
making a profit. If x < 200, R <C and the manufacturer is losing money. 


PROGRESS CHECK 

A producer of photographic developer finds that the total weekly cost of produc- 
ing x liters of developer is given (in dollars) by C = 550 + 0.40x. The manufac- 
turer sells the product at $0.50 per liter. 

(a) What is the total revenue received when x liters of developer are sold? 
(b) Find the break-even point graphically. 

(c) What is the total revenue received at the break-even point? 


ANSWERS 
(a) R=0.50x (b) 5500 liters (c) $2750 


A manufacturer of a product is free to set any price p (in dollars) for each unit of 
the product. Of course, if the price is too high, not enough people will buy the 
product; if the price is too low, so many people will rush to buy the product that 
the producer will not be able to satisfy demand. Thus, in setting price, the man- 
ufacturer must take into consideration the demand for the product. 

Let S be the number of units that the manufacturer is willing to supply at the 
price p; S is called the supply. Generally, the value of S will increase as p 
increases; that is, the manufacturer is willing to supply more of the product as the 
price p increases. Let D be the number of units of the product that consumers are 
willing to buy at the price p; D is called the demand. Generally, the value of D 
will decrease as p increases; that is, consumers are willing to buy fewer units of 
the product as the price rises. For example, suppose that S and D are given 
by 


S=2p+3 (3) 
D=-p+12 (4) 


Equations (3) and (4) are linear equations, so they are equations of straight lines 
(see Figure 7). The price at which supply S and demand D are equal is called the 
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equilibrium price. At this price, every unit that is supplied is purchased. Thus 
there is neither a surplus nor a shortage. In Figure 7 the equilibrium price is p = 
3. At this price, the number of units supplied equals the number of units demand- 
ed and is found by substituting in Equation (3): S = 2(3) + 3 = 9. This value can 
also be obtained by finding the ordinate at the point of intersection in Figure 7. 

If we are in an economic system in which there is pure competition, the law 
of supply and demand states that the selling price of a product will be its equi- 
librium price. That is, if the selling price were higher than the equilibrium price, 
consumers’ reduced demand would leave the manufacturer with an unsold sur- 
plus. To sell this surplus, the manufacturer would be forced to reduce the selling 
price. If the selling price were below the equilibrium price, the increased demand 
would cause a shortage of the product, leading the manufacturer to raise the 
selling price. Of course, in actual practice, the marketplace does not operate 
under pure competition. Also deeper mathematical analysis of economic systems 
requires the use of more sophisticated equations. 


EXAMPLE 4 

Suppose that supply and demand for ball-point pens are given by 
S=pt+s5 
D=-p+7 


Quantity 


FIGURE 7 
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(a) Find the equilibrium price. 
(b) Find the number of pens sold at that price. 


SOLUTION 

(a) Figure 8 illustrates the graphical solution. The equilibrium price is p = 1. 
Algebraic methods will, of course, yield the same solution. 

(b) When p = I, the number of pens sold is S = 1 + 5 = 6, the value of the 
ordinate at the point of intersection. 


PROGRESS CHECK 
Suppose that supply and demand for radios are given by 
S = 3p + 120 
= —-p + 200 


(a) Find the equilibrium price. 
(b) Find the number of radios sold at that price. 


ANSWERS 
(a) 20 (b) 180 


Quantity 


FIGURE 8 
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EXERCISE SET 9.3 


1. 


A pile of 40 coins consists of nickels and dimes. If the 
value of the coins is $2.75, how many of each type of 
coin are there? 


An automatic vending machine in the post office, 
which charges no more than a clerk, sells a packet of 
27 ten-cent and twenty-cent stamps for $3. How many 
of each type of stamp are in the packet? 


A photography store sells sampler A, consisting of 6 
rolls of color film and 4 rolls of black and white film 
for $21. It also sells sampler B, consisting of 4 rolls of 
color film and 6 rolls of black and white film for $19. 
What is the cost per roll of each type of film? 


A hardware store sells power pack A, consisting of 
four D cells and two C cells for $1.70, and power pack 
B, consisting of six D cells and four C cells for $2.80. 
What is the price of each cell? 


A fund manager invested $6000 in twotypes of bonds, 
A and B. Bond A, which is safer than bond B, pays 
annual interest of 8 percent, whereas bond B pays 
annual interest of 10 percent. If the total annual return 
on both investments is $520, how much was invested 
in each type of bond? 


A trash removal company carries waste material in 
sealed containers weighing 4 kilograms and 3 kilo- 
grams. On a certain trip the company carries 30 con- 
tainers weighing a total of 100 kilograms. How many 
of each type of container are there? 


A paper firm makes rolls of paper 12 inches wide and 
15 inches wide by cutting a sheet that is 180 inches 
wide. Suppose that a total of 14 rolls of paper are to be 
cut without any waste. How many of each type of roll 
will be made? 


An animal-feed producer mixes two types of grain, A 
and B. Each unit of grain A contains 2 grams of fat 
and 80 calories, and each unit of grain B contains 3 
grams of fat and 60 calories. If the producer wants the 
final product to provide 18 grams of fat and 480 cal- 
ories, how much of each type of grain should be 
used? 


A supermarket mixes coffee that sells for $1.20 per 
pound with coffee that sells for $1.80 per pound to 
obtain 24 pounds of coffee selling for $1.60 per 
pound. How much of each type of coffee should be 
used? 


10. 


An airplane flying against the wind covers a distance 
of 3000 kilometers in 6 hours. The return trip, with the 
aid of the wind, takes 5 hours. What is the speed of the 
airplane in still air, and what is the speed of the 
wind? 

A cyclist traveling against the wind covers a distance 
of 45 miles in 4 hours. The return trip, with the aid of 
the wind, takes 3 hours. What is the speed of the 
cyclist in still air, and what is the speed of the 
wind? 

The sum of a two-digit number and its units digit is 20, 
and the sum of the number and its tens digit is 16. Find 
the number. 


The sum of the digits of a two-digit number is 7. If the 
digits are reversed, the resulting number exceeds the 
given number by 9. Find the number. 


The sum of the units digit and three times the tens digit 
of a two-digit number is 14, and the sum of the tens 
digit and twice the units digit is 18. Find the num- 
ber. 


A health food shop mixes nuts and raisins into a snack 
pack. How many pounds of nuts, selling for $2.00 per 
pound, and how many pounds of raisins, selling for 
$1.50 per pound, must be mixed to produce a 50- 
pound mixture selling for $1.80 per pound? 


A movie theater charges $3.00 admission for an adult 
and $1.50 for a child. On a particular day 600 tickets 
were sold and the total revenue received was $1350. 
How many tickets of each type were sold? 


A moped dealer selling a model A and a model B 
moped has $18,000 in inventory. The profit on a mod- 
el A moped is 12%, and the profit on a model B 
moped is 18%. If the profit on the entire stock would 
be 16%, how much was invested in each model? 


The cost of sending a telegram is determined as fol- 
lows: there is a flat charge for the first 10 words and a 
uniform rate for each additional word. Suppose that an 
18-word telegram costs $1.94 and a 22-word telegram 
costs $2.16. Find the cost of the first 10 words and the 
rate for each additional word. 

A certain epidemic disease is treated by a combination 
of the drugs Epiline I and Epiline II. Suppose that each 
unit of Epiline I contains | milligram of factor X and 2 
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milligrams of factor Y, while each unit of Epiline II 22. (Supply and demand) A manufacturer of calculators 
contains 2 milligrams of factor X and 3 milligrams of finds that the supply and demand are given by 
factor Y. Successful treatment of the disease calls for S=0.5p + 0.5 
13 milligrams of factor X and 22 milligrams of factor 
Y. How many units of Epiline I and Epiline II should D=—2p+8 
be administered to a patient? (a) Find the equilibrium price. 
20. (Break-even analysis) An animal feed manufacturer (b) What is the number of calculators sold at this 
finds that the weekly cost of making x kilograms of price? 
feed is given (in dollars) by C = 2000 + 0.50x and 23. (Supply and demand) A manufacturer of mopeds 
that the revenue received from selling the feed is given finds that the supply and demand are given by 
(a) Find the break-even point graphically. n= an 
(b) What is the total revenue at the break-even =P 
point? (a) Find the equilibrium price. 
21. (Break-even analysis) A small manufacturer of a new (b) bas is the number of mopeds sold at this 
solar device finds that the annual cost of making x Bubee 
units is given (in dollars) by C = 24,000 + 55x. Each 24. Find the dimensions of a rectangle with an area of 30 
device sells for $95. square feet and a perimeter of 22 feet. 
(a) What is the total revenue received when x 25. Find twonumbers whose product is 20 and whose sum 
devices are sold? is 9. 
(b) Find the break-even point graphically. 26. Findtwo numbers the sum of whose squares is 65 and 
(c) What is the total revenue received at the break- whose sum is 11. 
even point? 
94 The method of substitution and the method of elimination can both be applied to 
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systems of linear equations in three unknowns and, more generally, to systems of 
linear equations in any number of unknowns. There is yet another method, ideally 
suited for computers, which we will now apply to solving linear systems in three 
unknowns. 


GAUSSIAN ELIMINATION 
AND TRIANGULAR FORM 


In solving equations, we found it convenient to transform an equation into an 
equivalent equation having the same solution set. Similarly, we can attempt to 
transform a system of equations into another system, called an equivalent sys- 
tem, that has the same solution set. In particular, the objective of Gaussian 
elimination is to transform a linear system into an equivalent system in triangular 
form, such as 


3x -y+3z=-lIl1 
2y+ z= 2 
2z= —4 


A linear system is in triangular form when the only nonzero coefficient of x 
appears in the first equation, the only nonzero coefficients of y appear in the first 
and second equations, and so on. 
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Note that when a linear system is in triangular form, the last equation imme- 
diately yields the value of an unknown. In our example, we see that 
2z= -4 
z=-2 
Substituting z = —2 in the second equation yields 
2y + (—2)=2 
ya 2 
Finally, substituting z= —2 and y = 2 in the first equation yields 
3x — (2) + 3(-2) = -11 
3x = -3 
x= -l 
This process of back-substitution thus allows us to solve a linear system quickly 
when it is in triangular form. 
The challenge, then, is to find a means of transforming a linear system into 


triangular form. We now offer (without proof) a list of operations that transform a 
system of linear equations into an equivalent system. 


1. Interchange any two equations. 
2. Multiply an equation by a nonzero constant. 


3. Replace an equation with the sum of itself plus a constant times another 
equation. 


Using these operations, we can now demonstrate the method of Gaussian elim- 
ination. 


EXAMPLE 4 
Solve the linear system: 
2y- z=-5 
x-—2y+2z= 9 
2x —3y+3z= 14 
SOLUTION 


Gaussian Elimination 


Step 1. (a) Interchanging the first two equations 
yields 


x-2y+2z= 9 
2y- z=-5 
2x — 3y +3z= 14 


(b) Replace the second equation with the sum of 
itself and an appropniate multiple of the first equa- 
tion, which will result in a zero coefficient for x. 
(c) Replace the third equation with the sum of 
itself and an appropriate multiple of the first equa- 
tion, which will result in a zero coefficient for x. 


Step 2. Apply the procedures of Step | to the sec- | 


ond and third equations. 


Step 3. The system is now in triangular form. The 
solution is obtained by back-substitution. 
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(b) The coefficient of x in the second equation is 
already 0. 


(c) Replace the third equation with the sum of itself | 
| and —2 times the first equation. 


x—-2y+2z= 9 
2 > 2=— 95 
i ai. 


Step 2. Replace the third equation with the sum of 
| itself and —} times the second equation. 


x-—2y+2z= 9 
2y ==) 
lis <3 
oe: 


Step 3. From the third equation, 


z=3 


| Substituting this value of z in the second equation, we 
| have 


| 2y - 3) =-5 
: ae 


Substituting for y and for z in the first equation, we 
| obtain 


x — 2(-1) + 2(3) =9 


x+8=9 
x=1 
The solution is x= 1, y= —1,z=3. 


PROGRESS CHECK 
Solve by Gaussian elimination. 


(a) 2x-4y+2z= 
3x+ y+3z= 


1 (b) -2x+ 3y— 12z=-17 
5 3x- y-I1Sz= I1 


x- y-2z=-8 =x Sy + 37=: =9 
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CONSISTENT AND 
INCONSISTENT SYSTEMS 


(a) 
FIGURE 9 


ANSWERS 


(a) x= ay a2 3 (b) x=S5,y=-l,z 3 


The graph of a linear equation in three unknowns is a plane in three-dimensional 
space. A system of three linear equations in three unknowns corresponds to three 
planes (Figure 9). If the planes intersect in a point P (Figure 9a), the coordinates 


[ -~\ 


(b) (c) 


of the point P are a solution of the system and can be found by Gaussian elim- 
ination. The cases of no solution and of an infinite number of solutions are 
signaled as follows. 


Consistent and 
Inconsistent Systems 


e If Gaussian elimination results in an equation of the form 
Ox+ Oy+0z=c, c#0 


then the system is inconsistent (Figure 9b). 


e If Gaussian elimination results in no equation of the type above but results in 
an equation of the form 


Ox + Oy + 0z =0 


then the system is consistent and has an infinite number of solutions (Figure 
9c). 


© Otherwise, the system is consistent and has a unique solution. 


EXAMPLE 2 


Solve the linear system: 
x—2y+ 2z= —-4 
x+ y-— 7z= 8 
—x — 4y + 16z = —20 
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SOLUTION 
Replacing the second equation with itself minus the first equation, and replacing 
the third equation with itself plus the first equation, we have 


x-2y+ 2z= -4 
3y- 9z= 12 
—6y + 18z = —24 


Replacing the third equation of this system with itself plus 2 times the second 
equation results in the system 


x—2y+2z=—-4 
3y-9z= 12 
Ox+O0y+0z= 0O 
in which the last equation indicates that the system is consistent and has an 


infinite number of solutions. If we solve the second equation of the last system for 
y, we have 


y=3z+4 


Then, solving the first equation for x, we have 


x=2y-—2z-4 
= 2(3z + 4) — 2z -—4 Substituting for y 
=47+4 
The equations 
x=427+4 
y=3z+4 


yield a solution of the original system for every real value of z. For example, if 
z= 0, then x = 4, y= 4, z=0 satisfies the original system; if z = —2, then 


x = —4, y= —2, z= —2 is another solution. 
PROGRESS CHECK 
(a) Verify that the linear system (b) Verify that the linear system 
xe 2y eS. 3 2x+ yt2z= | 
a+ y-2z=-] x—4y+7z2=-4 
—x—8y+7z= 5 x-— y+3z=-1 


iS consistent. has an infinite number of solutions. 
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EXERCISE SET 9.4 


In Exercises 1-18 solve by Gaussian elimination. Indicate if the system is inconsistent or has an infinite number of 


3. 


11. 


21. 


xty+ z=1 4. 2x- y+ z= 3 
x+y-2z=3 x-3y+ z= 4 
2xt+y+ z=2 —5Sx =22=-5 
x+2y+ z= 7 8. 44+2y- z=5 
x+2y + 3z=11 3x + 3y + 6z=1 
ax+ y+4z= 12 Sx + y—8z=8 
2x+y+3z= 8 12) 2x -—3z= 4 
—-xty+ z=10 x + 4y-5z=-6 


xt+y+ z=12 3x +4y- z=-2 
x—2y+3z=-2 16. x+2y-2z= 8 
x — Sy + 9z 4 Sy- z= 6 
2xk- y 6 —2x+ yt 3z 


Il 


I! 


Ml 
I 
N 


day, the staining bench 5 hours per day, and the var- 
nishing bench 6 hours per day. How many of each 
type of furniture can be made if all facilities are used 
to capacity? 

A manufacturer produces 12-inch, 16-inch, and 19- 
inch television sets that require assembly, testing, and 
packing. Each 12-inch set requires 45 minutes to 
assemble, 30 minutes to test, and 10 minutes to pack- 
age. Each 16-inch set requires | hour to assemble, 45 
minutes to test, and 15 minutes to package. Each 19- 
inch set requires 14 hours to assemble, | hour to test, 
and 15 minutes to package. If the assembly line oper- 
ates for 173 hours per day, the test facility is used 
for 124 hours per day, and the packing equipment is 
used for 3i hours per day, how many of each type of 
set can be produced? 


When we draw the graph of a linear equation, say 


solutions. 

1 x+2y+3z=-6 2. 2x+ 3y + 4z = -12 
2x — 3y —4z= 15 x-2y+ z= -5 
3x + 4y + 5z= -8 3x+ y+2z= 1 

5. ety 2=2 6. x+yt+z=0 
x- y+2z=3 x+y =3 
3x + Sy + 2z2=6 ytz= 

9. x+ ytz=2 10. x+ y- z=2 
xt+2y+z=3 x+2y+ z=3 
x+ y-z=2 x+ y+4z=3 

13. x«+3y+7z=1 14. 2x-y+ z= 2 
3x - y-—5z=9 3x t+ y+2z= 3 
2+ y+ z=4 sy SS 

17, x=—2y+2= —5 18. 2y- 3z= 4 
2x +z=-10 x AS De hae, 

y-z= 15 x—8y+ 14z=-18 

19. Aspecial low-calorie diet consists of dishes A, B, and 
C. Each unit of A has 2 grams of fat, 1 gram of car- 
bohydrate, and 3 grams of protein. Each unit of B has 
1 gram of fat, 2 grams of carbohydrate, and | gram of 
protein. Each unit of C has | gram of fat, 2 grams of 
carbohydrate, and 3 grams of protein. The diet must 
provide exactly 10 grams of fat, 14 grams of carbohy- 
drate, and 18 grams of protein. How much of each 
dish should be used? 

20. A furniture manufacturer makes chairs, coffee tables, 
and dining room tables. Each chair requires 2 minutes 
of sanding, 2 minutes of staining, and 4 minutes of 
varnishing. Each coffee table requires 5 minutes of 
sanding, 4 minutes of staining, and 3 minutes of var- 
nishing. Each dining room table requires 5 minutes of 
sanding, 4 minutes of staining, and 6 minutes of var- 
nishing. The sanding bench is available 6 hours per 
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y=2ce-1 


we can readily see that the graph of the line divides the plane into two regions, 
which we call half-planes (see Figure 10). If, in the equation y = 2x — 1, we 
replace the equals sign with any of the symbols <, >, =, or =, we have a linear 
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FIGURE 40 


inequality in two variables. By the graph of a linear inequality such as 
y<2e-1 
we mean the set of all points whose coordinates satisfy the inequality. Thus, the 
point (4, 2) lies on the graph of y < 2x — 1, since the substitution 
2 < (2)(4) - 1 
2<7 


shows that x = 4, y = 2 satisfies the inequality. The point (1, 5), however, does 
not lie on the graph of y < 2x — 1, because the statement 


5<(2)(1) - 1 
5<1 


is not true. Since the coordinates of every point on the line Z in Figure 10 satisfy 
the equation y = 2x — |, we readily see that the coordinates of those points in the 
half-plane below the line must satisfy the inequality y < 2x — 1. Similarly, the 
coordinates of those points in the half-plane above the line must satisfy the 
inequality y >2x— 1. This observation suggests that the graph of a linear 
inequality in two variables is a half-plane, and it leads to a straightforward meth- 
od for graphing linear inequalities. 


EXAMPLE 4 
Sketch the graph of the inequality x + y= 1. 
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SOLUTION 


Graphing Linear Inequalities 


Step I.x+y=1 


Step 2. Choose (0, 0) as a test point. 


Step 3. Substituting (0, 0) in 
xt+y2]1 
gives 
0+021 (?) 
021 
which is false. 


Since (0, 0) is in the half-plane below the line and 
does not satisfy the inequality, all the points above the 
line will satisfy the inequality. See Figure 11. 


EXAMPLE 2 
Sketch the graph of the inequality 2x — 3y > 6. 


SOLUTION 

We first graph the line 2x — 3y = 6. We draw a dashed or broken line to indicate 
that 2x — 3y = 6is not part of the graph (see Figure 12). Since (0, 0) is not on the 
line, we can use it as a test point: 


2x —3y>6 
FIGURE 44 2(0) — 3(0) > 6 = (?) 
0-0O>6 (?) 


0>6 


FIGURE 12 
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The last statement is false. Since (0, 0) is in the half-plane above the line, the 
graph consists of the half-plane below the line. 


PROGRESS CHECK 
Graph the inequalities. 
(a) yS2e+1 (b) y+3x>-2 (c) y2-x+1 


ANSWERS 


(a) (b) (c) 
a7 
-2 
1 1 
x 1 


EXAMPLE 3 
Graph the inequalities. 
(a) y>x (b) 2r25 


SOLUTION 

(a) Since the origin lies on the line y = x, we choose another test point, say 
(0, 1), which is above the line. Since (0, 1) does satisfy the inequality, the graph 
of the inequality is the half-plane above the line. See Figure 13a. 


(a) (b) 
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SYSTEMS OF LINEAR 
INEQUALITIES 


(b) The graph of 2x = S is a vertical line, and the graph of 2x = 5 is the half- 
plane to the right of the line and also the line itself. See Figure 13b. 


PROGRESS CHECK 
Graph the inequalities. 
(a) 2y2=7 (b) x<—-2 (c) lsy<3 


ANSWERS 
(a) (b) (c) 


227 


We can also consider systems of linear inequalities in two variables, x and y. 
Examples of such systems are 


2x — 3y > 6 2x — Sy = 12 
x+2y<2 2x+ y=l18 
x20 
y=0 


The solution of a system of linear inequalities consists of all ordered pairs (a, b) 
such that the substitution x = a, y = b satisfies all the inequalities. Thus, the 
ordered pair (2, 1) is a solution of the system 


20> 3y=2 
x+ ys6 


because the substitution x = 2, y = 1 satisfies both inequalities: 
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(2)(2) — (3)) = 1 s2 
2+1=3<6 
We can graph the solution set of a system of linear inequalities by graphing 


the solution set of each inequality and marking that portion of the graph that 
satisfies all the inequalities. 


EXAMPLE 4 
Graph the solution set of the system: 
2x -3ys2 
x+ y=x6 
SOLUTION 


In Figure 14 we have graphed the solution set of each of the inequalities. The 
cross-hatched region indicates those points that satisfy both inequalities and is 
therefore the solution set of the system of inequalities. 


FIGURE 14 
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EXAMPLE 5 
Graph the solution set of the system: 
x+ y<2 
2x + 3y2=9 
x21 
SOLUTION 


See Figure 15. Since there are no points satisfying all the inequalities, we con- 
clude that the system is inconsistent and has no solutions. 


FIGURE 45 


PROGRESS CHECK 
Graph the solution set of the given system. 


(a) x+ y23 (b) 2x+ys4 
x+2y<8 xt+tys3 
x20 


y2=0 
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(a) (b) 


EXAMPLE 6 

A dietitian at a university is planning a menu for a meal to consist of two primary 
foods, A and B, whose nutritional contents are shown in the table. The dietitian 
insists that the meal provide at most 12 units of fat, at least 2 units of carbohy- 
drate, and at least | unit of protein. If x and y represent the number of grams of 
food types A and B, respectively, write a system of linear inequalities expressing 
the restrictions. Graph the solution set. 


Nutritional Content in Units per Gram 


Carbohydrate Protein 
2 0 
! 1 


SOLUTION 
The number of units of fat contained in the meal is 2x + 3y, so x and y must 
satisfy the inequality 


2x +3y= 12 fat requirement 


Similarly, the requirements for carbohydrate and protein result in the inequali- 
ties 
2x + y=2 carbohydrate requirement 
y=1_ protein requirement 
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Of course, we must also have x = 0, since negative quantities of food type A 
would make no sense. The system of linear inequalities is then 


2x + 3y = 12 
ax+ y= 2 
x= 0 


y= 1 


and the graph is shown in Figure 16. 


FKGURE 16 


3. 
ik 
Il. 
15. 


yoxr-4 4. y<x-5 
y>x 8 ys2k 
x=4 12. 3x>-2 
x>0 16. y<0O 


EXERCISE SET 9.5 
Graph the solution set of the given inequality in the following exercises. 
ysxt2 2. y2x+3 
ys4-x 6. y2=2-x 
3x — Sy > 15 10. 2y-3x< 12 
y>-3 14. Sys25 
-25xs3 18. -6<y<-2 


A steel producer makes two types of steel, regular and 
special. A ton of regular steel requires 2 hours in the 
open-hearth furnace, and a ton of special steel requires 
5 hours. Let x and y denote the number of tons of 
regular and special steel, respectively, made per day. 
If the open-hearth furnace is available at most 15 
hours per day, write an inequality that must be satis- 
fied by x and y. Graph this inequality. 


20. 


A patient is placed on a diet that restricts caloric intake 
to 1500 calories per day. The patient plans to eat x 
ounces of cheese, y slices of bread, and z apples on the 
first day of the diet. If cheese contains 100 calories per 
ounce, bread 110 calories per slice, and apples 80 cal- 
ories each, write an inequality that must be satisfied 
by x, y, and z. 


Graph the solution set of the system of linear inequalities. 
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21). 2n= y=.-3 22.0 x= ys4 23. 3x-y2=-7 24. 3x-2y> | 
2x + 3y=-3 2k+y=6 3x + y= -2 2x + 3y = 18 
25. 3x-2y=-4 26. 2x-y=-3 27, 26— yss 28. -x+3ys 2 
20 ys 5 xa ys <5 x+2y2=]1 4x + 3y = 18 
y2 1 y= 1 x20 x= 0 
y=0 y= 0 
29. 3x+ y= 6 30. x-y=-2 31. 3x-2ys -6 32. 2x+3y2=18 
x-2y=s-l CVS =5 8x + 3y = 24 x+3y2=12 
x= 2 y= 0 5x + 4y = 20 4x + 3y = 24 
x= 0 x= 0 
y= 0 y= 0 
33. A farmer has 10 quarts of milk and 15 quarts of cream, ©@ No more than $35,000 may be invested in pre- 
which he will use to make ice cream and yogurt. Each ferred stocks. 
quart of ice cream requires 0.4 quart of milk and 0.2 © No more than $60,000 may be invested in all types 
quart of cream, and each quart of yogurt requires 0.2 of stocks. 
quart of milk and 0.4 quart of cream. Graph the set of : : 
: : : : . © The amount invested in common stocks may not 
points representing the possible production of ice : ; : 
be more than twice the amount invested in preferred 
cream and of yogurt. ae 
34. A coffee packer uses Jamaican and Colombian coffee : ; ee 
: Graphthe solution set representing the possible invest- 
to prepare a mild blend and a strong blend. Each Z 
: : : ments in common and preferred stocks. 
pound of mild blend contains 4} pound of Jamaican 
coffee and } pound of Colombian coffee, and each 36. An institution serves a luncheon consisting of two 
pound of the strong blend requires { pound of Jamai- dishes, A and B, whose nutritional oe in grams 
can coffee and 3? pound of Colombian coffee. The per unit served is given in the accompanying table. 
packer has available 100 pounds of Jamaican coffee 
and 125 pounds of Colombian coffee. Graph the set of Fat Protein 
points representing the possible production of the two : 
blends. . : 
: B 2 6 
35. A trust fund of $100,000 that has been established to 
provide university scholarships must adhere to certain The meal is to provide no more than 10 grams of fat, 
restrictions. no more than 7 grams of carbohydrate, and at least 6 
@ No more than half of the fund may be invested in grams of protein. Graph the solution set of possible 
common stocks. quantities of dishes A and B. 
9.6 Let’s pose the following problem: 
LINEAR 
PROGRAMMING A lot is zoned for an apartment building to consist of no more than 40 
(Optional) apartments, totaling no more than 45,000 square feet. A builder is planning 


to construct |-bedroom apartments, each of which will require 1000 square 
feet and will rent for $200 per month, and 2-bedroom apartments, each of 
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which will utilize 1500 square feet and will rent for $280 per month. If all 
available apartments can be rented, how many apartments of each type 
should be built to maximize the builder’s monthly rental revenue? 


If we let x denote the number of !-bedroom units and y denote the number of 
2-bedroom units, the accompanying table displays the information given in the 


problem. 
Number of Square 
units feet Rental 
1-bedroom x 1,000 $200 
2-bedroom y 1,500 280 
Total 40 45,000 z 


Using the methods of the previous section, we can translate the constraints 
or requirements on the variables x and y into a system of inequalities. The total 
number of apartments is x + y, so we have 


x +y<=40 number of units constraint 


Since each 1-bedroom apartment occupies 1000 square feet of space, x apart- 
ments-will occupy 1000x square feet of space. Similarly, the 2-bedroom apart- 
ments will require 1500y square feet of space. The total amount of space needed 
is 1000x + 1500y, so we must have 


1000x + 1500y = 45,000 square footage constraint 


Moreover, since x and y denote the number of apartments to be built, we must 
have x = 0, y= 0. Thus, we have obtained the following system of inequali- 
ties: 


x+ ys 40 number of units constraint 
1000x + 1500y = 45,000 square footage constraint 
x20 need for number of apartments 
y20 to be nonnegative 


We can graph the solution set of this system of linear inequalities as in Figure 
17. 


Linear Programming 
Problem 
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1000x + 1500y < 45,000 


FIGURE 47 


But the problem as stated asks that we maximize the monthly rental 
z = 200x + 280y 


a requirement that we have never before seen in a mathematical problem of this 
sort! It is this requirement to optimize, that is, to seek a maximum or a minimum 
value of a linear expression, that characterizes a linear programming problem. 


A linear programming problem seeks the optimal (either the largest or the 


smallest) value of a linear expression called the objective function while sat- 
isf ying constraints that can be formulated as a system of linear inequalities. 


Returning to our apartment builder, we can state the linear programming 
problem in this way: 


maximize z = 200x + 280y 


subject to x+ ys 40 
1000x + 1500y = 45,000 

x20 

y= 0 


Then the coordinates of each point of the solution set shown in Figure 17 are a 
feasible solution; that is, the coordinates give us ordered pairs (a, b) that satisfy 
the system of linear inequalities. But which points provide us with values of x and 
y that maximize the rental income z? For example, the points (40, 0) and (15, 20) 
are feasible solutions, yielding these results for z: 
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z = 200x + 280y 


Clearly, building 15 one-bedroom and 20 two-bedroom units yields a higher 
rental revenue than building 40 one-bedroom units, but is there a solution that 
will yield a still higher value for z? 

Before providing the key to solving linear programming problems, we first 
must note that the solution set is bounded by straight lines, and we use the term 
vertex to denote an intersection point of any two boundary lines. We are then 
ready to state the following theorem. 


Fundamental Theorem —_iIfa linear programming problem has an optimal solution, that solution occurs at | 

of Linear Programming a vertex of the set of feasible solutions. 
With this result, the builder need only examine the vertices of the solution set of 
Figure 17, rather than considering each of the infinite number of feasible solu- 
tions—a bewildering task! We then evaluate the objective function z = 200x + 
280y for the coordinates of the vertices (0, 0), (0, 30), (40, 0), and (30, 10). 


z = 200x + 280y 


Since the largest value of z is 8800 and this value corresponds to x = 30, y = 10, 
the builder finds that the optimal strategy is to build 30 one-bedroom and 10 
two-bedroom units. 

We can now illustrate the steps in solving a linear programming prob- 
lem. 


EXAMPLE 4 
Solve the linear programming problem 
minimize z = x — 4y 
subject to x+2y=10 
-x+4ys 8 
x2 0 


y= 1 
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SOLUTION 


Linear Programming 
ai ; Ts | =] 
| Step 1. Sketch the solution set of the system of | Step /. 

linear inequalities. 


| 


‘ FIGURE 46 


Step 2. Determine all vertices of the solution set. | Step 2. The vertices (0, I) and (0, 2) are the y-inter- 
cepts of the lines whose equations are y = | and —x + 
4y = 8, respectively. The vertex B in Figure 18 is the 
intersection of the lines y = 1 and x + 2y = 10 and is 
seen to be (8, 1). The vertex A of Figure 18 is the | 
intersection of the lines whose equations are 


—x+4y= 8 
and 
x + 2y = 10 
Solving the system of equations (try elimination) 
yields the vertex A(4, 3). 
Step 3. Evaluate the objective function for the | Step 3. 


coordinates of each vertex. Vertex 


(0, 1) 
(0, 2) 
(8, 1) 
(4, 3) 
Step 4. The point or points providing the optimal | Srep 4. The minimal value of the objective function is 
value of the objective function are solutions of the | —8, which occurs at the vertices (0, 2) and (4, 3). 
linear programming problem. | Thus, x = 0, y = 2 and x = 4, y = 3 are both solutions 
| of the linear programming problem. 


Linear programming problems occur in real-life situations with great fre- 
quency. In certain industries these problems can involve thousands of variables 
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and hundreds of constraints. Obviously, the method of graphical solution we 
presented for two variables cannot be used. A solution method known as the 
simplex algorithm was first devised by George Dantzig in 1947. Despite the 
sophistication of this approach, the number of calculations required becomes 
unmanageably large for hand computation for even relatively small numbers of 
constraints. Fortunately, the discovery of the simplex algorithm occurred at the 
time electronic computers made their initial appearance. Since then industries 
such as oil refining and steel production have used linear programming to deter- 
mine the optimum use of their facilities. 


EXERCISE SET 9.6 


In Exercises 1—8 find the minimum value and the maximum value of the linear expression, subject to the given constraints. 
Indicate coordinates of the vertices at which the minimum and maximum values occur. 


1 : 
1. x—3y subject to 5. 2x—y_ subject to 
3x -y21 ce ea. 
7=0 3x + 4y=>6 
pes x=4 
y20 
6. x+ 3y subject to 
2. 2x+y subject to a+ y= 2 
xty<4 4x + 5y = 40 
x21 x= 0 
y= 2, y= 
ys 6 
1 : : 
3. at — 2y subject to 7. 2x—y subject to 
x+2ys6 Ce. 
-2x+3y=2 Pan AS 
x20 peas 
x= 3 
y=0 
8. y-—x subject to 
4. 0.2x+0.8y subject to —5x + 2y< 10 
x+3y=8 5x + 6y = 50 
x-—4y21 sx+ y=20 
x=0 x= 0 
y2=0 y= 1 


9. A firm has budgeted $1500 for display space at a toy 
show. Two types of display booths are available: 
‘‘preferred space’’ costs $18 per square foot, with a 
minimum rental of 60 square feet, and ‘‘regular 
space’’ costs $12 per square foot, with a minimum 
rental of 30 square feet. It is estimated that there will 


be 120 visitors for each square foot of ‘‘preferred 
space’ and 60 visitors for each square foot of ‘‘regu- 
lar space.’’ How should the firm allot its budget to 
maximize the number of potential clients that will visit 
the booths? 


ll. 


A company manufactures an eight-bit computer and a 
sixteen-bit computer. To meet existing orders, it must 
schedule at least 50 eight-bit computers for the next 
production cycle and can produce no more than 150 
eight-bit computers. The manufacturing facilities are 
adequate to produce no more than 300 sixteen-bit 
computers, but the total number of computers that can 
be produced cannot exceed 400. The profit on each 
eight-bit computer is $310; on each sixteen-bit com- 
puter the profit is $275. Find the number of computers 
of each type that should be manufactured to maximize 
profit. 


Swift Truckers is negotiating a contract with Better 
Spices, which uses two sizes of containers: large, 4- 
cubic-foot containers weighing 10 pounds and small, 
2-cubic-foot containers weighing 8 pounds. Swift 
Truckers will use a vehicle that can handle a maxi- 
mum load of 3280 pounds and a cargo size of up to 
1000 cubic feet. The firms have agreed on a shipping 
rate of 50 cents for each large container and 30 cents 
for each small container. How many containers of 
each type should Swift place on a truck to maximize 
income? 

A bakery makes both yellow cake and white cake. 
Each pound of yellow cake requires } pound of flour 
and } pound of sugar; each pound of white cake 
requires 4 pound of flour and $ pound of sugar. The 
baker finds that 100 pounds of flour and 80 pounds of 
sugar are available. If yellow cake sells for $3 per 
pound and white cake sells for $2.50 per pound, how 
many pounds of each cake should the bakery produce 
to maximize income, assuming that all cakes baked 
can be sold? 


A shop sells a mixture of Java and Colombian coffee 
beans for $4 per pound. The shopkeeper has allocated 
$1000 for buying fresh beans and finds that he must 
pay $1.50 per pound for Java beans and $2 per pound 
for Colombian beans. In a satisfactory mixture the 
weight of Colombian beans will be at least twice and 
no more than four times the weight of the Java beans. 
How many pounds of each type of coffee bean should 
be ordered to maximize the profit if all the mixture can 
be sold? 


A pension fund plans to invest upto $50,000 in U.S. 
Treasury bonds yielding 12% interest per year and 
corporate bonds yielding 15% interest per year. The 
fund manager is told to invest a minimum of $25 ,000 


15. 


16. 


17. 
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in the Treasury bonds and a minimum of $10,000 in 
the corporate bonds, with no more than } of the total 
investment to be in corporate bonds. How much 
should the manager invest in each type of bond to 
achieve a maximum amount of annual interest? What 
is the maximum interest? 


A farmer intends to plant crops A and B on all or part 
of a 100-acre field. Seed for crop A costs $6 per acre, 
and labor and equipment costs $20 per acre. For crop 
B, seed costs $9 per acre, and labor and equipment 
costs $15 per acre. The farmer cannot spend more than 
$810 for seed and $1800 for labor and equipment. If 
the income per acre is $150 for crop A and $175 for 
crop B, how many acres of each crop should be 
planted to maximize total income? 


The farmer in Exercise 15 finds that a worldwide sur- 
plus in crop B reduces the income to $140 per acre 
while the income for crop A remains steady at $150 
per acre. How many acres of each crop should be 
planted to maximize total income? 


In preparing food for the college cafeteria, a dietitian 
will combine Volume Pack A and Volume Pack B. 
Each pound of Volume Pack A costs $2.50 and con- 
tains 4 units of carbohydrate, 3 units of protein, and 5 
units of fat. Each pound of Volume Pack B costs 
$1.50 and contains 3 units of carbohydrate, 4 units of 
protein, and | unit of fat. If minimum monthly 
requirements are 60 units of carbohydrates, 52 units of 
protein, and 42 units of fat, how many pounds of each 
food pack will the dietitian use to minimize costs? 


A lawn service uses a riding mower that cuts a 5000- 
square-foot area per hour and a smaller mower that 
cuts a 3000-square-foot area per hour. Surprisingly, 
each mower uses } gallon of gasoline per hour. Near 
the end of a long summer day, the supervisor finds that 
both mowers are empty and that there remains 0.6 
gallon of gasoline in the storage cans. To conclude the 
day at a sensible point, at least 4000 square feet of 
lawn must still be mowed. If the cost of operating the 
riding mower is $9 per hour and the cost of operating 
the smaller mower is $5 per hour, how much of the 
remaining gasoline should be allocated to each mower 
to do the job at the least possible cost? 
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TERMS AND SYMBOLS 
system of equations (p. 375) 
solution of a system of 

equations (p. 375) 
consistent system (p. 377) 
inconsistent system (p. 377) 
linear system (p. 377) 
method of substitution 

(p. 377) 


KEY IDEAS FOR REVIEW 


method of elimination 

(p. 381) 
equivalent system (p. 391) 
Gaussian elemination 

(p. 391) 
triangular form (p. 391) 
back-substitution (p. 392) 
half-plane (p. 396) 


C) The method of substitution involves solving an equation 
for one variable and substituting the result in another 


equation. 


OO The method of elimination involves multiplying an 
equation by a nonzero constant so that, when the equa- 
tion is added to a second equation, a variable drops 


out. 


CO A consistent system of equations has one or more real 
solutions; an inconsistent system has no real solu- 


tions. 


O The graph of a pair of linear equations in two variables is 
two straight lines, which may either (a) intersect in a 
point, (b) be parallel, or (c) be the same line. If the two 
straight lines intersect, the coordinates of the point of 
intersection are a solution of the system of linear equa- 
tions. If the lines do not intersect, the system is incon- 


sistent. 


REVIEW EXERCISES 


linear inequality in two 
variables (p. 397) 

graph of a linear inequality 
(p. 397) 

system of linear inequali- 
ties (p. 400) 

solution of a system of lin- 
ear inequalities (p. 400) 


constraints (p. 406) 

optimize (p. 407) 

linear programming prob- 
lem (p. 407) 

objective function (p. 407) 

feasible solution (p. 407) 

vertex (p. 408) 


C) With any method of solution, it is possible to detect the 
special cases when lines are parallel or reduce to the 


same line. 


CZ It is often easier and more natural to set up word prob- 
lems by using two or more variables. 


C) Gaussian elimination is a systematic way of transform- 
ing a linear system to triangular form. A linear system in 
triangular form is easily solved by back-substitution. 


O The solution of a system of linear inequalities can be 
found graphically as the region satisfying all the inequal- 


ities. 


O) To solve a linear programming problem, it is only nec- 
essary to consider the vertices of the region of feasible 


solutions. 


Solutions to exercises whose numbers are in color are in the Solutions section in the back of the book. 


9.1 In Exercises | and 2 solve the given system by graph- 


ing. 
1. 2x+3y=2 
4x + Sy =3 


In Exercises 3-8 solve the given system by the method 


of substitution. 


3. -x+6y=—-I1 
2x+S5y= 5 
5. 2x+ y=0 
7 
ae) eae 
Ve x —4P =9 


y-2=0 


2. yr=x-] 
xty=7 


4. 2x-4y=-14 


—-x-6y= -5 
6. x27 + y?=25 

x +3y = 5 
8. y7=4r 


9.2 In Exercises 9-14 solve the given system by the meth- 


od of elimination. 
9. x+4y= 17 


2x — 3y = -21 
Il. -3x+ y=-13 

2x—-3y= 21 
13. y2?=2e-1 

x-y=2 


9.3.15; 


10. Sx-2y=14 


-x-3y= 4 
12. 7x —2y = —-20 

3x- y= -9 
14. x+y?=9 

y=x27 +3 


The sum of a two-digit number and its tens digit 


is 49. If we reverse the digits of the number, the 
resulting number is 9 more than the original num- 
ber. Find the number. 


9.4 


16. 


19. 


20. 


The sum of the digits of a two-digit number is 9. 
The sum of the number and its units digit is 74. 
Find the number. 


Five pounds of hamburger and 4 pounds of steak 
cost $22, and 3 pounds of hamburger and 7 
pounds of steak cost $28.15. Find the cost per 
pound of hamburger and of steak. 


An airplane flying with a tail wind can complete a 
journey of 3500 kilometers in 5 hours. Flying the 
reverse direction, the plane completes the same 
trip in 7 hours. What is the speed of the plane in 
still air? 

A manufacturer of faucets finds that the supply S 
and demand D are related to price p as follows: 
S= 3p+ 2 
D=-2p+17 
Find the equilibrium price and the number of fau- 

cets sold at that price. 


An auto repair shop finds that its monthly expen- 
diture (in dollars) is given by C = 4025 + 9x, 
where x is the total number of hours worked by 
all employees. If the revenue received (in dollars) 
is given by R = 16x, find the break-even point in 
number of work hours, and the total revenue 
received at that point. 


In Exercises 21-24 use Gaussian elimination to solve 
the given linear system. 


2. 


22. 


23. 


—3x- y+ z= 12 
ax + Sy -2z=-9 
—x+4y+2z= 15 


3x+2y- z=-8 
2x +3z= 5 
x — 4y =-4 
Sx- y+2z= 10 
-2x+3y- z= -7 
3x +2z= 7 


9.5 


9.6 


24. 


25. 


2%. 


28. 
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x + 4y = 4 
—Xx +32 = —4 
2x + 2y — ze 
In Exercises 25-28 solve by any method. 
2x+3y= 6 26. x+2y=0 
3x- y=-13 —x+4y=5 
a+ 3y- z=-4 
x-—2y+2z=-6 
2 ~3z= 5 
dx + 2y — 3z = —4 
3y- z=-4 


> 
~ 
| 
< 

ae 
N 
iT 

p= 


In Exercises 29-34 graph the solution set of the linear 
inequality or system of linear inequalities. 


29. 
31. 


33. 


x-2ys5 30. 2x+y>4 
2x + 3y <2 32. x—2y24 
x- y2l ak- ys2 
2x +3ys6 34. 2xe+tys4 
x20 ~~ ys3 
y21 x20 
y2=0 


In Exercises 35 and 36 solve the given linear program- 
ming problem. 


35: 


36. 


maximize z = Sy — x 
subject to 8y — 3x = 36 
6x + y = 30 
y=1 
x20 
minimize z = x + 4y 
subject to 4x-y= 8 
4x+ys24 
Sy + 4x = 32 
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PROGRESS TEST 9A 
1. Solve the linear system by graphing: 
3x- y=-17 
x+2y= -1 


In Problems 2 and 3 solve the given system by the method of 
substitution. 


2. 2+ y= 4 
3x - 2y = -15 y-x=6 
In Problems 4 and 5 solve the given linear system by the 
method of elimination. 
4. x-2y= 7 5. x+y? =25 
3x + 4y = —9 4x? — y? = 20 
6. The sum of the digits of a two-digit number is 11. If 


the sum of the number and its tens digit is 41, find the 
number. 


7. An elegant men’s shop is having a post-Christmas 
sale. All shirts are reduced to one low price, and all 
ties are reduced to an even lower price. A customer 
purchases 3 ties and 7 shirts, paying $135. Another 
customer selects 5 ties and 3 shirts and pays $95. What 
is the sale price of each tie and of each shirt? 


8. A school cafeteria manager finds that the weekly cost 
of operation is $1375 plus $1.25 for every meal 
served. If the average meal produces a revenue of 
$2.50, find the number of meals served that results in 
zero profit and zero loss. 


9. Solve by Gaussian elimination: 
3x +2y- z= —-4 
x- y+3z= 12 
2x- y-—2z= —-20 
Solve Problems 10 and 11 by any method. 
10. -3x+2y=-1 ll. 3x+ y-2z= 8 
6x y=] 3y — 42 = 14 


3x + dy + z= 1 


In Problems 12 and 13 graph the solution set of the system of 
linear inequalities. 


12. x-2y <1 13. 2x+ ysl10 
3x+2y 24 -—x+3y=12 
x20 


y2=0 


PROGRESS TEST 98 
1. Solve the system by graphing: 
x? + 3y? = 12 
x+3y =6 


In Problems 2 and 3 solve the given linear system by the 


method of substitution. 
2. 3x+ y=] 3. 2x-3y=1 
nay aes 3x -2y=1 
x—3y 1 


In Problems 4 and S solve the given system by the method of 
elimination. 


4. -2x+4y=5 5. 
-—x+3y=2 


x2 = y? =9 

r+y=4i 

6. The sum of the digits of a two-digit numberis 14. The 
difference between the number and that obtained by 


reversing the digits of the number is 18. Find the num- 
ber. 


7. A motorboat can travel 60 kilometers downstream in 3 
hours, and the return trip requires 4 hours. What is the 
rate of the current? 


8. Suppose that supply and demand for a particular tennis 
racket is related to price p by 


S= Sp+1 
D=—2p + 43 
Find the equilibrium price and the number of rackets 
sold at this price. 
9. Solve by Gaussian elimination: 
x +22 = 7 
3y + 4z = -10 
—-2x+ y-2z=—-14 
In Problems 10 and 11 solve by any method. 
10. x-2y=1 Il. 3x+ y-7z=—-4 
3x+2y=1 2x-2y- z= 9 
-2x+ yt+3z=-4 
In Problems 12 and 13 graph the solution set of the system of 
linear inequalities. 


12. 2x-3y26 13. 2x+ ys4 
3x+ ys3 2x—-Sys5 
y2! 


10.1 
MATRICES AND LINEAR 


SYSTEMS 
RE a 


DEFINITIONS 


MATRICES AND 
DETERMINANTS 


The material on matrices and determinants presented in this chapter serves as an 
introduction to linear algebra, a mathematical subject that is used in the natural 
sciences, business and economics, and the social sciences. Since matrix methods 
may require millions of numerical computations, computers have played an 
important role in expanding the use of matrix techniques to a wide variety of 
practical problems. 

Our study of matrices and determinants will focus on their application to the 
solution of systems of linear equations. We will see that the method of Gaussian 
elimination studied in the previous chapter can be neatly implemented using 
matrices. We will show that matrix notation provides a convenient means for 
writing linear systems and that the inverse of a matrix enables us to solve such a 
system. Determinants will also provide us with an additional technique, known as 
Cramer’s rule, for the solution of certain linear systems. 

It should be emphasized that this material is a very brief introduction to 
matrices and determinants. Their properties and applications are both extensive 
and important. 


We have already studied several methods for solving a linear system such as 


ax + 3y=—-7 
3x- y= 17 


This system can be displayed by a matrix, which is simply a rectangular array of 
mn real numbers arranged in m horizontal rows and n vertical columns. The 
numbers are called the entries or elements of the matrix and are enclosed within 
brackets. Thus, 


2 30 -7T)<— 
A= rows 
3 -1 We 
(ae 
columns 
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SUBSCRIPT 
NOTATION 


is a matrix consisting of two rows and three columns, whose entries are obtained 
from the two given equations. In general, a matrix of m rows and n columns is 
said to be of dimension m by n, written m < n. The matrix A is seen to be of 
dimension 2 x 3. If the numbers of rows and columns of a matrix are both equal 
to n, the matrix is called a square matrix of order x. 


EXAMPLE 4 


—| 4 
(a) A= 

0.1 -—2 
is a 2 X 2 matrix. Since matrix A has two rows and two columns, it is a square 
matrix of order 2. 


4 -5 
(b) B= |-2 l 

3 0 
has three rows and two columns and is a 3 X 2 matrix. 
(c) C=([-8 6 1} 


is a 1 X 3 matrix and is called a row matrix because it has precisely one 
row. 


ae | |e 
= o= [4 


is a 2 X 1 matrix and is called a column matrix because it has precisely one 
column. 


There is a convenient way of denoting a general m X n matrix, using ‘‘double 
subscripts.”’ 


a1 Qy2 °° * ay ttt ainda <— first row 
ari a22 * Ay ttt Aan < second row 

A= ai @g "+ dy 8** ity < ith row 
ami One °** Gap =** iGrn_| <— mth row 
first second jth nth 


column column column column 


COEFFICIENT AND 
AUGMENTED 
MATRICES 
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Thus, a, is the entry in the ith row and jth column of the matrix A. It is customary 
to write A = [a,)] to indicate that a, is the entry in row i and column) of matrix A. 


EXAMPLE 2 
Let 


3 =2 4 5 
A=| 9 l 2 O 
—3 2 -4 8 


Matrix A is of dimension 3 X 4. The element aj2 is found in the first row and 


second column and is seen to be —2. Similarly, we see that a3; = —3, a33 = —4, 
and az, = 8. 
PROGRESS CHECK 
Let 

4 8 ] 

2°)" 53 

ai ae 
0 1 -1 


Find the following: 
(a) on (b) 623 (c) 63, (d) bs2 


ANSWERS 
(a) 4 (b) 3 (c) =8 (d) 1 


If we begin with the system of linear equations 
2x + 3y = -7 
3x - y= 17 


a 

3 -l 

in which the first column is formed from the coefficients of x and the second 
column is formed from the coefficients of y, is called the coefficient matrix. The 


3 1 | 1 7 


which includes a column consisting of the right-hand sides of the equations, 
separated from the other columns by a dashed line, is called the augmented 
matrix. 


the matrix 
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Elementary Row 


Operations 


GAUSSIAN 
ELIMINATION 


EXAMPLE 3 
Wnite a system of linear equations that corresponds to the augmented matrix 
=) 2 = 1 15 
QO =2 hi? 
: 1 -li 3 
SOLUTION 


We attach the unknown x to the first column, the unknown y to the second 
column, and the unknown z to the third column. The resulting system is 


—-S5x+2y-—z= 15 
-2y+z=-7 
jxt+ y-z= 3 


Now that we have seen how a matrix can be used to represent a system of 
linear equations, we next proceed to show how routine operations on that matrix 
can yield the solution of the system. These ‘‘matrix methods’’ are simply a clever 
streamlining of the methods already studied. 

In the previous chapter we used three elementary operations to transform a 
system of linear equations into triangular form. When applying the same proce- 
dures to a matrix, we speak of rows, columns, and elements instead of equations, 
variables, and coefficients. The three elementary operations that yield an equiv- 
alent system now become the elementary row operations. 


The following elementary row operations transform an augmented matnx into 
an equivalent system. 


1. Interchange any two rows. 


2. Multiply each element of any row by a constant k # 0. 


3. Replace eachelement of a given row with the sum of itself plus & times the 
corresponding element of any other row. 


The method of Gaussian elimination introduced in the previous chapter can now 
be restated in terms of matrices. By use of elementary row operations, we seek to 
transform an augmented matrix into a matrix for which a, = 0 when i > j. The 
resulting matrix will have the following appearance for a system of three linear 
equations in three unknowns. 
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Since this matrix represents a linear system in triangular form, back-substitution 
will provide a solution of the original system. We will illustrate the process with 
an example. 


EXAMPLE 4 
Solve the system 


x- y+4z= 4 
ax+2y-— z= 2 
3x —2y + 3z= —-3 


SOLUTION 
We describe and illustrate the steps of the procedure. 


Gaussian Elimination 


Step 1. The augmented matnix is 


1-1 414 

2.2 Sr) 2 

3 -2 31-3 
# 


Step 2. We see that a;; = 1 
ay, is Shown in color. 


0. The pivot element, 


Step 3. To make a2, = 0, replace row 2 with the sum 
of itself and —2 times row 1; to make a3, = 0, replace 
row 3 with the sum of itself and —3 times row |. 


1 -l 4{ 4 
0 4 -9} -6 
Oo 1 -9 {-15 


Step 4. Since a22 = 4 #0, it will serve as the next 
pivot element and is shown in color. To make a32 = 0, 
replace row 3 with the sum of itself and —j times 
row 2. 


=I 4 
0 4 -9,-6 
—# 
Step 5. The third row of the final matrix yields 
27 2 2T 
eta es 


4 2 
z=2 
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Substituting z = 2, we obtain from the second row of 
the final matrix 
4y -9z= -6 
4y — 9(2) = -6 
y=3 


Substituting y = 3, z = 2, we obtain from the first row 
of the final matrix 


x-yt4z=4 
x—3+ 42) =4 
x=-1 


The solution is x = —1, y=3, z=2. 


PROGRESS CHECK 
Solve the linear system by matrix methods. 


2k+4y- z= 0 
XK a2y= 22 SS 2 
—Sx — 8y + 3z= -2 


ANSWER 
x=6, y=-2, z=4 


Note that we have described the process of Gaussian elimination in a manner 
that will apply to any augmented matrix that is n X (n + 1); that is, Gaussian 
elimination may be used on any system of n linear equations in n unknowns that 
has a unique solution. 

It is also permissible to perform elementary row operations in clever ways to 
simplify the arithmetic. For instance, you may wish to interchange rows, or to 
multiply a row by a constant to obtain a pivot element equal to I. We will 
illustrate these ideas with an example. 


EXAMPLE 5 
Solve by matrix methods. 
2y + 3z = 4 
4x+ y+ 8z+ ISw=—-14 
x- yt2z = 9 


-x —2y-3z- 6w= 10 


SOLUTION 
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We begin with the augmented matrix and perform a sequence of elementary row 
operations. The pivot element is shown in color. 


0 2 3 0 
4 1 8 15 
I, =i 2 0 
1 +2 =3 =6 


1 -1 2 0 
4 1 8 15 
0 2 3 0 
=| “=2) 3 $6 
| ee | 2 0 
0 5 0 15 
0 2 3 0 
0 -3 -1 -6 
as | 7) 0 
0 ] 0 3 
| 0 2 3 0 
0. =3 =) -6 
1 -1 2 0 
0 1 0 3 
0 0 3 -6 
0 0 -i 3 
Sl 2 0 
0 1 0 3 
0 oO -!1 3 
0 0 3-6 
ee | 2 0 
0 1 0 3 
0 0 -!1 3 
0 0 3 


4 
-14 
9 

10 


EEE) 


——— ee a eee 


Augmented matrix. 
Note that a;; = 0. 


Interchanged rows | and 3 so that 
ay, = 1. 


To make a2; = 0, replaced row 2 with the 
sum of itself and —4 times row 1. 

To make a4, = 0, replaced row 4 with the 
sum of itself and row 1. 


Multiplied row 2 by } so that az2 = 1. 


To make a32 = 0, replaced row 3 with the 
sum of itself and —2 times row 2. 

To make a42 = 0, replaced row 4 with the 
sum of itself and 3 times row 2. 


Interchanged rows 3 and 4 so that the next 
pivot will be a33 = —1. 


To make a,43 = 0, replaced row 4 with the 
sum of itself and 3 times row 3. 


The last row of the matrix indicates that 


3w = -9 


w=-3 


The remaining variables are found by back-substitution. 
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Gauss—Jordan 
Elimination 


Third row of Second row of First row of 

final matrix final matrix final matrix 
—z+3w=-ll y + 3w = -10 x-y+2z=9 
—z+3(-3)=-I11l y+3(-3)=-10 x-(-1)+2(2)=9 
z=2 y=—-l x=4 


The solution is x = 4, y= —-1,2=2, w= -3. 


There is an important variant of Gaussian elimination known as Gauss—Jordan 
elimination. The objective is to transform a linear system into aform that yields a 
solution without back-substitution. For a3 X 3 system that has a unique solution, 
the final matrix and equivalent linear system will look like this. 

1 0 Oj¢ x+0y+0z=c, 

{ 

0 1 O!c2 Ox+ y+0z=c2 

0 O eae Ox+O0y+ z=c3 
The solution is then seen to be x = ci, y = c2, and z = c3. 


The execution of the Gauss—Jordan method is essentially the same as that of 
Gaussian elimination except that 


© the pivot elements are always required to be equal to |, and 
© all elements in a column, other than the pivot element, are forced to be 0. 


These objectives are accomplished by the use of elementary row operations, as 
illustrated in the following example. 


EXAMPLE 6 
Solve the linear system by the Gauss—Jordan method. 
x-3y+2z= 12 
2x+ y—4z=-1 
x+3y—2z= —-8 


SOLUTION 

We begin with the augmented matrix. At each stage, the pivot element is shown 
in color and is used to force all elements in that column (other than the pivot 
element itself) to be zero. 


1 -3 2; 12 
2 +I —-4 I =] Pivot element is a). 
| 3 =2 1-48 
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To make a2, = 0, replaced row 2 with the 


— 1 
ee) : ! ee sum of itself and —2 times row 1. 
0 7 —-8;-25 = : 
\ To make a3, = 0, replaced row 3 with the 
0 6 -4:-20 5 . 
sum of itself and —1 times row 1. 
1 —3 2, 12 Replaced row 2 with the sum of itself and 
0 1 -41] -5 —1 times row 3 to yield the next pivot, 
0 6 -4 1-20 Qo) = 1. 
; To make a) = 0, replaced row | with the 
1 0-10 ; -3 : : 
| sum of itself and 3 times row 2. 
Oo 1 -4;, -S5 a F 
0 0 2! 10 To make a32 = 0, replaced row 3 with the 
; sum of itself and —6 times row 2. 
1 0-10; -3 
0 1 -41] -5 Multiplied row 3 by 4 so that a33 = I. 
00 1! 3 
j To make a,3 = 0, replaced row | with the 
1 0 Oj; 2 : : 
0 1 0! -3 sum of itself and 10 times row 3. 
0 0 1 , To make a23 = 0, replaced row 2 with the 
7 sum of itself and 4 times row 3. 
We can see the solution directly from the final matrix: x= 2, y= —3, 
and z = }. 


EXERCISE SET 40.4 


In Exercises 1—6 state the dimension of each matrix. 


1. ' Bs 2. [1 2 3 —-I)j 3. 4 2 3 4. aa | 
2 4 § -l 4 3 
2 3 6 2 
-8 -l 2 
5 4 2 6 i —l 2. 4 
3 ] 5 2 8 4 | 
he Hoe - 05 
7. Given 8. Given 
3 -4 -2 5 —5 6 8 
A=18 7% & 2 i ee 
1 0 9 -3 0 2 -6 
find -3 9 7 
(a) aiz (b) azz (c) a23 (d) a4 find 


(a) by3 (b) bay (c) 533 (d) dap 
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In Exercises 9-12 write the coefficient matrix and the augmented matrix for the given linear system. 


9. 3x-2y= 12 10. 3x-4y= 15 Il. t+ yt z=4 12. 2x + 3y — 4z =10 
Sx+ y=-8 4x — 3y = 12 2x—- y—4z=6 —3x+ y =12 
4x + 2y —3z=8 Sx-2y+ z=-8 
In Exercises 13—16 write the linear system whose augmented matrix is given. 
13. 73 ale 14. 4 ae 
a3 je ~7 3/3 
15. 1 1 3 4 16. [4 8 3 | 12 
-3 4 0! 8 I S5 3 Pole 
2071 6 O 2 #71 #18 


In Exercises 17~—20 the augmented matrix corresponding to a linear system has been transformed to the given matrix by 
elementary row operations. Find a solution of the original linear system. 

| 3 20. |1l -4 

| 2 0 1 

1-4 0 O 1 


17. [1 2 0 3 18. [1 0 2 | =! 19. {1 -2 1 
0 I sd 4 0 1 3 2 0 1 3 
1 1 

In Exercises 21—30 solve the given linear system by applying Gaussian elimination to the augmented matrix. 


Wn 
ee 
Nn - 

[a | 


cheer eee eee 0 0 5 0 0 


21. x-2y=-4 22. &x+y=-l 23. x+ yt z= 4 24 x-yt z=-5 
2x + 3y = 13 3x -y=-7 2k- y+2z=11 3x + y+2z=—-5 
x+2y+ z= 3 2x-y- z=-2 
25; Qo y= z= 99 26. aet+ y- z=-2 27. -x- yt2z= 9 28. 4x+ y- z=-l 
x-2y+2z=-3 —2x-—2y+3z= 2 x+2y-2z=-7 x- yt2z= 3 
3x+3y+4z= 11 3x + y- z=-4 2x- y+ z=-9 -x+2y- z= 0 
29. x+ y- z+2dw= 0 30. 2x+ y -—3w=-7 
2x+ y - w=-2 3x +2z+ w= 0O 
3x + 2z =-3 —x+2y +3w= 10 
—x +2y +3w= 1 —2x-—3y+2z- w= 7 


31-40. Solve the linear systems of Exercises 21-30 by applying Gauss—Jordan elimination to the augmented matrix. 


40.2 After defining a new type of mathematical entity, it is useful to define operations 
MATRIX OPERATIONS using this entity. It is common practice to begin with a definition of equality. 
AND APPLICATIONS 

(Optional) 


Equality of Matrices Two matrices are equal if they are of the same dimension and their correspond- 


ing entries are equal. 


EXAMPLE 4 
Solve for all unknowns. 
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SOLUTION 
Equating corresponding elements, we must have 
—-2=2 or z=-2 
2x =6 or x=3 
y-l=-4 or y=—3 


3=r or r=3 


—4s=7 or s=-j 


Matrix addition can be performed only when the matrices are of the same 
dimension. 


Matrix Addition The sum of twom X n matrices A and B is the m X n matrix obtained by adding 
the corresponding elements of A and B. 


EXAMPLE 2 
Given the following matrices, 


A=[2 -3 4] B=[5 352] 


l 6 -1 16 2 9 
C= D= 
—2 4 5 tet ae 


find (if possible) 
(a) A+B (b) A+D (c) C+D 


SOLUTION 
(a) Since A and B are both | x 3 matrices, they can be added, giving 


A+B=([2+5 -3+3 4+2)=[7 0 6] 


(b) Matrices A and D are not of the same dimension and cannot be added. 
(c) Cand D are both 2 X 3 matrices. Thus, 


1+16 6+2 -1+9 ne: 
C+D= = 


-2+ 4  4+(-7) 5 +(-1) 2-3 4 


Matrices are a natural way of writing the information displayed in a table. 
Forexample, Table | displays the current inventory of the Quality TV Company 
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TABLE 4 


TV Sets Boston Miami Chicago | 


17” 140 84 25 | 


19” 62 17 48 


at its various outlets. The same data is displayed by the matrix 


140 84 25 
S= 


62 17 48 


in which we understand the columns to represent the cities and the rows to 
represent the sizes of the television sets. If the matrix 


30 46 15 
M= 


50 25 60 


specifies the number of sets of each size received at each outlet the following 
month, then the matrix 


170 130 40 
T=S+M= 
112 42 108 


gives the revised inventory. 

Suppose the salespeople at each outlet are told that half of the revised inven- 
tory is to be placed on sale. To determine the number of sets of each size to be 
placed on sale, we need to multiply each element of the matrix 7 by 0.5. When 
working with matrices, we call a real number such as 0.5 a scalar and define 
scalar multiplication as follows. 


Scalar Multiplication To multiply a matrix A by a scalar c, multiply each entry of A by c. 


EXAMPLE 3 
The matrix Q 


Regular Unleaded Premium 
| 130 250 ‘] City A 
Q= 


110 180 40 City B 


shows the quantities (in thousands of gallons) of the principal types of gasolines 
stored by arefiner at two different locations. It is decided to increase the quantity 
of each type of gasoline stored at each site by 10%. Use scalar multiplication to 
determine the desired inventory levels. 
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SOLUTION 
To increase each entry of matrix Q by !0%, we compute the scalar product 


1.19. 


110 180 40 
“ 1.1(250) Ve) "* 275 | 


130 250 60 
1.1Q=1.1 


1.1110) 1.1(180) 1.1(40) 121 198 44 


We denote A + (—1)B by A — B and refer to this as the difference of A 
and B. 


Matrix Subtraction The difference of two m X n matrices A and B is the m X n matrix obtained by 
subtracting each entry of B from the corresponding entry of A. 


EXAM PLE 4 
Using the matrices C and D of Example 2, find C — D. 


SOLUTION 
By definition, 


1-16 6-2 -1-9 -15 4 10 
C-D= . 
-2- 4 4-(-7) 5 -(-1) -6 ll 6] 


MATRIX MULTIPLICATION We will use the Quality TV Company again, this time to help us arrive at a 
definition of matrix multiplication. Suppose 


Boston Miami Chicago 


60 85 70 17’ 
S = 


40 100 20 19” 


is a matrix representing the supply of television sets at the end of the year. 
Further, suppose the cost of each 17-inch set is $80 and the cost of each 19-inch 
set is $125. To find the total cost of the inventory at each outlet, we need to 
multiply the number of 17-inch sets by $80, multiply the number of 19-inch sets 
by $125, and sum the two products. If we let 


C= [80 125] 


be the cost matrix, we seek to define the product 
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[80 125] | 


60 85 ‘] 
40 100 20 


so that the result will be a matrix displaying the total cost at each outlet. To find 
the total cost at the Boston outlet, we need to calculate 
(80)(60) + (125)(40) = 9800 


60 85 70 
[80 125] 
40 100 20 


At the Miami outlet, the total cost is 


(80)(85) + (125)(100) = 19,300 


60 85 70 
(80 125] 
40 100 20 


At the Chicago outlet, the total cost is 


(80)(70) + (125)(20) = 8100 


60 85 70 
[80 125] 
40 100 20 


The total cost at each outlet can then be displayed by the | x 3 matrix 
[9800 19,300 8100} 
which is the product of C and S. Thus, 


60 85 70 
CS = [80 125] 
40 100 20 
= [(80)(60) + (125)(40) (80)(85) + (125)(100) (80)(70) + (125)(20)] 
= [9800 19,300 8100} 
Our example illustrates the process for multiplying a matrix by arow matrix. 


If the matrix C had more than one row, we would repeat the process using each 
row of C. Here is an example. 


EXAMPLE 5 
Find the product AB if 
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SOLUTION 


ji + (1)(2) (2)(—6) + (10) (2)(—2) + (IC) (2)(4) + (A(—5) 
AB = 
(3)(4) + (S)(2)  (3)(—6) + (5)(0)  (3)(— 2) + (S)(1) (34) + (5)(-5) 


i =12. =3 J 
22 .-18 =-1 —-T3 
PROGRESS CHECK 

Find the product AB if 


5 -4 
=—2 =] 2 
A-| J aes 
4 | 1 
=I 0 


ANSWER 
-15 7 
AB = 
28 —13 
It is important to note that the product AB of anm X n matrix A and ann Xr 


matrix B exists only when the number of columns of A equals the number of rows 
of B (see Figure 1). The product AB will then be of dimension m x r. 


A B 
m X on NOK. oie 


To form the matrix product AB, 
these must be equal 


Dimension of the product AB 


FIGURE 4 


EXAMPLE 6 
Given the matrices 


(a) show that AB + BA; 
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MATRICES AND LINEAR 
SYSTEMS 


(b) determine the dimension of AC. 


SOLUTION 
ie +(=1)2) (1)(=3) + ) a 
(a) AB= = 
(2)(5) + (3)(—2) (2)(—3) + (3)(2) 4 0 
| (5)(1) + (—3)(2) (5)(—1) + oe . “ 
BA = = 
(—2)(1) + (2)(2) (—2)(— 1) + (2)(3) 2 
Since the corresponding elements of AB and BA are not equal, AB # BA. 
(b) The product of a 2 X 2 matrix and a 2 X 3 matrix is a 2 X 3 matrix. 


PROGRESS CHECK 
If possible, using the matrices of Example 6, find the dimension of the given 
product. 


(a) CD {b) CB 
ANSWERS 
(a) 2x1 (b) not defined 


We saw in Example 6 that AB # BA; that is, the commutative law does not 
hold for matrix multiplication. However, the associative law A(BC) = (AB)C 
does hold when the dimensions of A, B, and C permit us to find the necessary 
products. 


PROGRESS CHECK 
Verify that A(BC) = (AB)C for the matrices A, B, and C of Example 6. 


Matrix multiplication provides a convenient shorthand means of writing a linear 
system. For example, the linear system 


ae ye 2e= 3 
3x+2y+ z=-1 
x+ y—3z= 14 


can be expressed as 


2 -1 -2 x 3 
| a X=ly| B=|-1 
1 1 -3 z 14 


where 


10.2 MATRIX OPERATIONS AND APPLICATIONS (OPTIONAL) 


431 


To verify this, simply form the matrix product AX and then apply the definition of 


matrix equality to the matrix equation AX = B. 


EXAMPLE 7 
Write out the linear system AX = B if 
=) 63 x 
A= X= B= 
1 4 y 
SOLUTION 
Equating corresponding elements of the matrix equation AX = B yields 
—2x + 3y= 16 
x+4y=-3 


EXERCISE SET 10.2 


1. For what values of a, b, c, andd are the matricesA and 2. 


B equal? 
a b 3° =4 
A= B= 
6 -2 c d 


In Exercises 3-18 the following matrices are given. 


B equal? 


If possible, compute the indicated matrix. 


3. C+E 4. C-E 5. tA 36 6. 
1 AE 8. 2B-D 9. AB 10. 
ll. CB+D 12. EB-—FA 13. DF+AB 14 
15. DA+EB 16. FG+B 17. 2GE-—3A 18 
_f-2 3) ,_f-1 3 _[-4 -3 _ 
19. ra=| 2 aie 2 a}. and. c= | 0 ~3], show that AB = AC. 
20 a= |) | aa-| : I how that AB # BA 
5 = 3 2 an =a 4 » SNOW a e 


2. 3 _|3 6 _|0 0 
21. ira=| 2 | and B =|} ®], show that 4B = [° sk 


al 
B= 
5 


3G —4A 
BA 


AC + 2DG 


AB + FG 


For what values of a, b, c, and d are the matrices A and 


i 
10 
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22. 


23. 


24. 


_10 1 _ {1 0 
ra=[( j |: show that 4 a~|f i 


1 0 0 411 42 ay 
If7=]0 1 O| andA=J]a,, a@22 a3], show that AJ =A and/JA =A. 


0 0 1 


Pesticides are sprayed on plants to eliminate harmful 
insects. However, some of the pesticide is absorbed 
by the plant, and the pesticide is then absorbed by 
herbivores (plant-eating animals such as cows) when 
they eat the plants that have been sprayed. Suppose 
that we have three pesticides and four plants and that 
the amounts of pesticide absorbed by the different 
plants are given by the matrix 


43; 432 433 


Plant Plant Plant Plant 
1 2 3 4 
3 2 4 3 Pesticide 1 
A= |6 5 2 4 Pesticide 2 
4 3 1 5 Pesticide 3 


where aj; denotes the amount of pesticide i in milli- 
grams that has been absorbed by plant. Thus, plant 4 


25. 


has absorbed 5 mg of pesticide 3. Now suppose that 
we have three herbivores and that the numbers of 
plants eaten by these animals are given by the 
matrix 


Herbivore Herbivore Herbivore 
1 2 3 
18 30 20 Plant 1 
Be 12 15 10 Plant 2 
16 12 8 Plant 3 
6 4 12 Plant 4 


How much of pesticide 2 has been absorbed by herbi- 
vore 3? 

What does the entry in row 2, column 3, of the matrix 
product AB of Exercise 24 represent? 


In Exercises 26—29 indicate the matrices A, X, and B so that the matrix equation AX = B is equivalent to the given linear 
system. 


26. 


TIx-2y= 6 27. 
—2x + 3y = -2 


3x + 4y = -3 


3x- y= 5 


28. 


Sx+2y-3z= 4 29. 3x- yt4z= 5 


de -Syt z= 10 de + 2y tor = =I 


x+ y-Sz=-3 x-pt en 


In Exercises 30-33 write out the linear system that is represented by the matrix equation AX = B. 


30. 


32. 


34. 


35. 


al alee leg 


The m X n matrix all of whose elements are zero is 
called the zero matrix and is denoted by O. Show that 
A + O=A for every m X n matrix A. 


The square matrix of order n such that a;;= 1 and 
aj = 0 when i #j is called the identity matrix of 
order n and is denoted by /,. (Note: The definition 
indicates that the diagonal elements are equal to | and 


31. 


36. 


1.635 
A= Xx 
4 3 


i] 
| ree | 
ae: 
[ a | 
& 
ll 
ee ) 
N oe 
Sas | 


all elements off the diagonal are 0.) Show that A/,, = 
1,A for every square matrix A of order n. 


The matrix B, each of whose entries is the negative of 
the corresponding entry of matrix A, is called the 
additive inverse of the matrix A. Show that A + B = 
O where O is the zero matrix (see Exercise 34). 


10.3 
INVERSES OF 


MATRICES (Optional) 
(STEREO | 
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If a + O, then the linear equation ax = b can be solved easily by multiplying both 
sides by the reciprocal of a. Thus, we obtain x = (I/a)b. It would be nice if we 
could multiply both sides of the matrix equation AX = B by the ‘‘reciprocal of 
A."” Unfortunately, a matrix has no reciprocal. However, we shall discuss a 
notion that, for a square matrix, provides an analogue of the reciprocal of a real 
number and will enable us to solve the linear system in a manner distinct from the 
Gauss—Jordan method discussed earlier in this chapter. 

In this section we confine our attention to square matrices. The n Xn 
matrix 


1 00...0 

01 0...0 
1, = 

O70) Ons. 1 


which has Is on the main diagonal and Os elsewhere, is called the identity 
matrix. Examples of identity matrices are 


ofp] oefot es 
2 Ea 4= 
Oo} 001 


ooo = 
ooo 
or O° 
i) 


If A is any n X n matrix, we can show that 


Al, =1,A=A 


(see Exercise 35, Section 7.2). Thus, /, is the matrix analogue of the real 
number 1. 

An n Xn matrix A is called invertible or nonsingular if we can find an 
n X n matrix B such that 


AB = BA=1,, 


The matrix B is called an inverse of A. 


EXAMPLE 4 
Let 


Since 


434 MATRICES AND DETERMINANTS 


1 0 
AB = BA = | | (verify this) 


0 1 


we conclude that A is an invertible matrix and that B is an inverse of A. Of course, 
if B is an inverse of A, then A is an inverse of B. 


Itcan be shown that ifann X n matrix A has an inverse, it can have only one 
inverse. We denote the inverse of A by A~'. Thus, we have 


AA~'=1, and A'A=I, 


Note that the products AA~' and A~'A yield the identiry matrix, and that the 
products a(I/a) and (1/a)a yield the identity element. For this reason, A~ ' may be 
thought of as the matrix analogue of the reciprocal I/a of the real number a. 


PROGRESS CHECK 
Verify that the matrices 


4 5 -1 3 
A= and B= 
2 2 i =2 


are inverses of each other. 


a—'a=1. Since a~' = 1/a, we mayrefertoa ' as the inverse or reciprocal of a. 
However, the matrix A~! is the inverse of the n X n matrix A, since AA~! = 
A~'A = 1/,, but cannot be referred to as the reciprocal of A, since matrix division 
is not defined. 


x WARNING If a # Ois a real number, then a~! has the property that aa! = 


We now develop a practical method for finding the inverse of an invertible 
matrix. Suppose we want to find the inverse of the matrix 


> 


Let the inverse be denoted by 


Then we must have 


AB = 1, (1) 
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and 
BA =I, (2) 


Equation (1) now becomes 
SURG 
2.5 by bg 0 1 


eee een a i 
2b, +5b3 2b2 + 5b4 0 1 


or 


Since two matrices are equal if and only if their corresponding entries are equal, 
we have 


b, + 3b3 = 1 
2b, + 5bs = 0 ee 
and 
by + 3b4 =0 
2b> + 5by = 1 (4) 


We solve the linear systems (3) and (4) by Gauss—Jordan elimination. We begin 
with the augmented matrices of the linear systems and perform a sequence of 
elementary row operations as follows: 


(3) (4) 
b 3} 4 f a0} ‘| Augmented matrices of (3) 
2 5 oO a a ae! and (4). 
1 3/1 1 3/0 To make a2, = 0, replaced 
\ ! row 2 with the sum of itself 
QO Hh. =2 Qo -1! J] : 
and —2 times row 1. 
E a1 | F au °| Multiplied row 2 by —1 to 
C2 el 0 ti-l obtain az2 = |. 


\ To make a}2=0, replaced 

(= 12 ? 19) 

k H | E n ;] row | with the sum of itself 
| eae? 2 0 1 ,-1 


and —3 times row 2. 


Thus, b; = —5 and 63 = 2 is the solution of (3), and b2 = 3 and b, = —1 is the 
solution of (4). We can check that 


also satisfies the requirement BA = [2 of Equation (2). 
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Computing A~‘ 


Observe that the linear systems (3) and (4) have the same coefficient matrix 
(which is also the same as the original matrix A) and that an identical sequence of 
elementary row operations was performed in the Gauss—Jordan elimination. This 
suggests that we can solve the systems at the same time. We simply write the 
coefficient matrix A and next to it list the right-hand sides of (3) and (4) to obtain 


the matrix 
1 3;1 0 
(5) 
205000] 


Note that the columns to the right of the dashed line in (5) form the identity matrix 
/,. Performing the same sequence of elementary row operations on matrix (5) as 
we did on matrices (3) and (4) yields 


1 0;-5 3 
(6) 
oO 1, 2 =] 


Then A”! is the matrix to the right of the dashed line in (6). 

The procedure outlined for the 2 X 2 matrix A applies in general. Thus, we 
have the following method for finding the inverse of an invertible n X n matrix 
A. 


Step 1. Form the n X 2n matrix [A { /,] by adjoining the identity matrix /,, to the 
given matrix A. 


Step 2. Apply elementary row operations to the matrix [A | /,,] to transform the 
matrix A to /,. 


Step 3. The final matrix is of the form [/, ; B] where B is A~?. 


EXAMPLE 2 
Find the inverse of 


SOLUTION 
We form the 3 < 6 matrix [A! /3] and transform it by elementary row operations 
to the form [/3| A~']. The pivot element at each stage is shown in color. 


DOS PO 0 Matrix A augmented by /3. 
7 ee ey ar a 
(ene Ot Oe al 


D2 3 oo 
0 1 2 e. 

0 -1 -2:1-1 O 
1 O | 5 +2 
Oo ft die J 
0 oO -1!-3 1 
tO tt §-=2 
0 1 ‘2 J 
0 0 1! 3 -1 
bo OO 21 
0 1 Oi-5 2 
0 0 1:13 -1 
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To make a2, = 0, replaced row 2 with 
the sum of itself and —2 times row 1. 
To make a3, = 0, replaced row 3 with 
the sum of itself and —1 times row 1. 


To make a,2 = 0, replaced row | with 
the sum of itself and —2 times row 2. 
To make a32 = 0, replaced row 3 with 
the sum of itself and row 2. 


Multiplied row 3 by —1. 


To make a,3 = 0, replaced row 1| with 
the sum of itself and —1 times row 3. 
To make a23 = 0, replaced row 2 with 
the sum of itself and —1 times row 3. 


The final matrix is of the form [J | A~']; that is, 


2. °> 1 1 
5 2 1 


30h Sl 


We now have a practical method for finding the inverse of an invertible 
matrix, but we don’t know whether a given square matrix has an inverse. It can be 
shown that if the preceding procedure is carried out with the mat.ix [Aj /,,] and 
we arrive at a point at which all possible candidates for the next pivot element are 
zero, then the matrix is not invertible and we may stop our calculations. 


EXAMPLE 3 
Find the inverse of 


SOLUTION 

We begin with [A | /3). 
1 2 631 
0 0 210 
—-3 -6 -9!0 
1 2 611 
0 0 210 
0 0 9'3 


oer Oo Of CO 


To make a3, = 0, replaced row 3 by 
the sum of itself and 3 times row 1. 
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Note that a22 = a32 = 0 in the last matrix. We cannot perform any elementary 
row operations upon rows 2 and 3 that will produce a nonzero pivot element for 
az. We conclude that the matrix A does not have an inverse. 


PROGRESS CHECK 
Show that the matrix A is not invertible. 


SOLVING LINEAR SYSTEMS Consider a linear system of n equations in n unknowns. 


Qy1X1 + Ay2xX2 Ft > + AinXn = Dy 
Q12X2 + aa2X2 t + °: + A2,Xp = by 

(7) 
QniX1 + Gy2X2 + +++ + Ann Xn = Dy 


As has already been pointed out in Section 2 of this chapter, we can write the 
linear system (7) in matrix form as 


AX =B (8) 
where 
Qi, @i2 : Qin, Ea by 
421 422+ + * Arn X2 bz 
A= x= B= 
ant Qn2 °° * Ann Xn. LD, 


Suppose now that the coefficient matrix A is invertible so that we can compute 
A~!. Multiplying both sides of (8) by A~', we have 


A~'(AX) = A7'B 
(A~'A)X = A-'B Associative law 
LX=A'B A 'A=I, 
X=A’'B [,X=xX 


Thus, we have the following result. 
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—_—————— eee Ee a en eS ee ae 
CODED MESSAGES Cryptography is the study of methods for encoding and decoding messages. | 
One of the very simplest techniques for doing this involves the use of the inverse | 
of a matrix. 
First, attach a different number to every letter of the alphabet. For example, 
we can let A be 1, B be 2, and so on, as shown in the accompanying table. 
Suppose that we then want to send the message 


ALGEBRA WORKS 


A B C D E F @G_ Substituting for each letter, we send the message 
ce a ee a ee 
i, 2 4 4 5 6 7 We 126 79) 52) 18-14 23, 15; 18,11, 19 (1) 
H | J K LE MN Unfortunately, this simple code can be easily cracked. A better method involves 
t ¢ ¢ = F ¢ Ff Meuse of matrices. 
8 9 10 11 12 13 14 Break the message (1) into four 3 x 1 matrices: 
;O- PF ORs 7 1 5 1 18 
'f-2 2 7 4 X,;=]12] Xo=| 2] Xs=]23| X=] 11 
15 16 17 18 19 20 L 18 15 19 
‘ : is ; : : The sender and receiver jointly select an invertible 3 x 3 matrix such as 
|21 22 23 24 25 26 de lies? 
A=]1 1 1 
ea 


The sender forms the 3 x 1 matrices 


27 43 54 67 
AX, =|20] AXz2=[25| AX3=|39] AX,=] 48 
8 23 16 37 


and sends the message 
27, 20, 8, 43, 25, 23, 54, 39, 16, 67, 48, 37 (2) 


To decode the message, the receiver uses the inverse of matrix A, 


-1 11 
A't=!] 0 1 -1 
1 -1 0 
and forms 


27 43 54 67 
AT 2 =X, A~"|25| = X2 A-'| 39] = X3 At" a =X, 
8 23 16 37 

which, of course, is the original message (1) and which can be understood by 
using the accompanying table. 


If the receiver sends back the message 
46, 37, 29, 50, 39, 30, 75, 52, 37 


what is the response? 
ST eT CASES Oe NS) ST 
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If AX = B is a linear system of n equations in n unknowns and if the coefficient 
matrix A is invertible, then the system has exactly one solution, given by 


X=A™'B 


WARNING Since matrix multiplication is not commutative, you must be care- 
ful to write the solution to the system AX=B as X=A7'B and not 
X =BA"'. 

EXAMPLE 4 


Solve the linear system by finding the inverse of the coefficient matrix. 
x+ 2y + 3z= —3 
2x+S5y+7z= 4 
x+ yt z= 5 


I 23 
A=|2 53 7 
ee ee 


is the matrix whose inverse was obtained in Example 2 as 


2-1 1 
At=|-5 2 1 
3-1 -1 


SOLUTION 
The coefficient matrix 


Since 


we obtain the solution of the given system as 


2 1 Liss =5 
X=A'B=|-S 2 ! 4;=| 28 
30S] 21 5 —18 


Thus x = —5, y = 28, z= —18. 


PROGRESS CHECK 
Solve the linear system by finding the inverse of the coefficient matrix. 
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x-2y+ z= ] 
x+3y+2z= 2 
as +2511 


ANSWER 
x=T7T,y=1,z=-4 


The inverse of the coefficient matrix is especially useful when we need to 
solve a number of linear systems 


AX = B,, AX =B2,..., AX = By 


where the coefficient matrix is the same and the right-hand side changes. 


EXAMPLE 5 


A steel producer makes two types of steel, regular and special. A ton of regular 
steel requires 2 hours in the open-hearth furnace and 5 hours in the soaking pit; a 
ton of special steel requires 2 hours in the open-hearth furnace and 3 hours in the 
soaking pit. How many tons of each type of steel can be manufactured daily if 
(a) the open-hearth furnace is available 8 hours per day and the soaking pit is 
available 15 hours per day? 


(b) the open-hearth furnace is available 9 hours per day and the soaking pit is 
available 15 hours per day? 


SOLUTION 
Let 


x = the number of tons of regular steel to be made 


y = the number of tons of special steel to be made 
Then the total amount of time required in the open-hearth furnace is 
2x + 2y 
Similarly, the total amount of time required in the soaking pit is 
5x + 3y 


If we let b; and b2 denote the number of hours that the open-hearth furnace and 
the soaking pit, respectively, are available per day, then we have 


2x + 2y=d, 
5x + 3y=b> 


lk 


or 
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Then 


kt 


We find the inverse of the coefficient matrix to be 


2 2 | 3 3 
5 3 3 = 


(a) We are given b, = 8 and b2 = 15. Then 


laste 


That is, 3 tons of regular steel and 3 tons of special steel can be manufactured 
daily. 
(b) We are given b; = 9 and b, = 15. Then 


i ' | | | | 
y 3 —4SJLI5 B 
That is, 3 tons of regular steel and 'f tons of special steel can be manufactured 


daily. 


EXERCISE SET 10.3 


In Exercises 1—4 determine whether the matrix B is the inverse of the matrix A. 


1. 2 4 1 -1l 2. 3-1 404 
-1 3 = 2 4 —2 2 4 4 
12 2 3 2 —-6 1 0 -2 1 2. = 2 
3. A=|]-1 3 0 B= 1 1 -2 4. A=] 2 1 3 B=|-2 -4 1 
02 1 Sd S22 5 -4 l 2 0 1 -1 
In Exercises 5—10 find the inverse of the given matrix. 


nee ee ee alleys 
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In Exercises 11—18 find the inverse, if possible. 


ea a 
-1 4 


19. 2x+ y=5 
x-3y=6 


12. k | 13. 1 1 3 14. 8 7 -!l 
9 -6 2 -8 -4 -§ -5 1 
1 


=1 2 0 -4 -4 

16 -1 00 17. [1 0 -i 18. 1 0-3 0 

0 4 «0 2 1 0 0 1 0 0 

0 0 2 0 1 1 -!1 0 4 0 

2 0-6 1 

In Exercises 19—24 solve the given linear system by finding the inverse of the coefficient matrix. 

20. 2x-3y= -5 21. 3x+ y-z= 2 22. 3x+2y- z= 10 
3x + y=—13 x—2y = 8 a—- yt z=-1 
3y+z=-8 =V yo 22 = 5 


23. 2k-yt3z=-ll 


24. 2x + 3y -2z= 13 


Se yt 2S 5 4x+2y+ z= 3 
xty+ z= -l Vana 
25-34. Solve the linear systems of Section 1 of this chap- 37. Show that the matrix 
ter, Exercises 21-30, by finding the inverse of the hee 
coefficient matrix. ° 0 | 
35. Solve the linear systems AX = B, and AX = Bz, giv- def 
on is not invertible. 
a 3-2 I 4 38. A trustee decides to invest $30,000 in two mortgages, 
A= |2 -1 By=|-1] Ba=| 3 which yield 10% and 15% per year, respectively. How 
0 4 5 ~2 should the $30,000 be invested in the two mortgages if 
36. Solve the linear systems AX = B, and AX = Bo, giv- the total annual interest is to be 
en (a) $3600? (b) $4000? (c) $5000? 
1 0 2 4 (Hint: Some of these investment objectives cannot be 
At=| 1 2 B,=|-3| Bo=|-3 attained.) 
-1 -il 2 =H, 
10.4 In this section we will define a determinant and will develop manipulative skills 


DETERMINANTS AND 
CRAMER'S RULE 


for evaluating determinants. We will then show that determinants have important 
applications and can be used to solve linear systems. 

Associated with every square matrix A is a number called the determinant 
of A, denoted by IA|. If A is the 2 x 2 matrix 


ayy ay2 


a2; 422 


then IAl is said to be a determinant of second order and is defined by the 
rule 
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MINORS AND 
COFACTORS 


ai2 


= ay1422 — 421412 


a22 


EXAMPLE 4 
Compute the real number represented by 
4 -5 
3 =] 
SOLUTION 
We apply the rule for a determinant of second order: 
4 -S5 
=(4)(=1)—'G)(-5) = 1 
3 -l 
PROGRESS CHECK 
Compute the real number represented by the following. 
-6 2 
(a) wo |? 4 
ale 2 -4 -2 
ANSWERS 


(a) 14 (b) 0 


To simplify matters, when we want to compute the detenninant of a matrix 
we will say ‘‘evaluate the determinant.’” This wording is not technically correct, 
however, since a determinant is a real number. 


The rule for evaluating a determinant of order 3 is 


ayy 412° 413 


= G1 1422033 — 411432423 — 44221433 
+ 412031423 + 413421432 — 413431422 


az, 422 423 


a3; 432 433 
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The situation becomes even more cumbersome for determinants of higher order! 
Fortunately, we don’t have to memorize this rule; instead, we shall see that it is 
possible to evaluate a determinant of order 3 by reducing the problem to that of 
evaluating three determinants of order 2. 

The minor of an element a;,;is the determinant of the matrix remaining after 
deleting the row and column in which the element a, appears. Given the 
matrix 


r 4 0 -2) 
1 -6 7 
—3 2 5 


The cofactor of the element a,; is the minor of the element a, multiplied by 
(—1)' t+. Since (—1)'*/ is +1 if i +j is even and —1 if i + j is odd, we see that 
the cofactor is the minor with a sign attached. The cofactor attaches the sign to the 
minor according to this pattern: 


EXAMPLE 2 


Find the cofactor of each element in the first row of the matrix 


—-2 0 12 
=4.- 5. - 3 
7 8 —6 
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SOLUTION 
The cofactors are 


3) 
(-1)) * = -30-24= -54 
-6 
=2— 0-12 
-4 3 
(-1)'*2}-4 3/=- = -(24-21)=-3 
7 -6 
-—4 § 
(-1)'*+3/-4 = = —32 —35= -67 
7 8 


PROGRESS CHECK 
Find the cofactor of each entry in the second column of the matrix 


6 -9 3 

5 2 0 

3 4 -! 
ANSWER 


Cofactor of —9 is —5; cofactor of 2 is —7; cofactor of 4 is —15. 


The cofactor is the key to the process of evaluating determinants of order 3 
or higher. 


Expansion by To evaluate a determinant, form the sum of the products obtained by multiply- 


Cofactors ing each entry of any row or any column by its cofactor. This process is called 
expansion by cofactors. 


Let’s illustrate the process with an example. 


EXAMPLE 3 
Evaluate the determinant by cofactors. 
a2 7 fe? 
6 -6 O 


4 10 -3 
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SOLUTION 


Exponsion by Cofactors 


Step 1. We will expand about column 3. 


Step 2. The expansion about column 3 is 


6 -6 
Qi"? 


+(0)(= 1)? ** 
4 10 
-2 " 
4-3-1? 


6 -6| 


Step 3. Using the rule for evaluating a determinant of 
order 2, we have 


(2)(1)[(6)(10) — (4)(—6)] + 0 
+ (—3)()(— 2)(— 6) — (6)(7)] 
= 2(60 + 24) — 3(12 — 42) 
= 258 


Note that expansion by cofactors about any row or any column will produce 
the same result. This important property of determinants can be used to simplify 
the arithmetic. The best choice of a row or column about which to expand is the 
one that has the most zero entries. The reason is that if an entry is zero, the entry 
times its cofactor will be zero, so we don’t have to evaluate that cofactor. 


PROGRESS CHECK 
Evaluate the determinant of Example 3 by expanding about the second row. 


ANSWER 
258 


EXAMPLE 4 
Verify the rule for evaluating a determinant of order 3: 
Qiu 4120 413} _ 
= G1 1422033 — A, 1432023 — 412021433 
a2; 422 423 + + —_ 
2431423 TF 13421432 — 4)3431422 
a3, 432 433 
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SOLUTION 
Expanding about the first row, we have 


air 42 a3 

Q22 423 a2;  a23 42; 422 
421 A422 423/= ay; a, +a, 

432 433 a3, 33 a3; 32 
a3; 432 433 


= @11(422433 — 432423) — 41 2(421433 — 431423) + 43(421432 — 431422) 


= G4 1422033 — G1 1432423 — A12421433 + 12431423 + 413421432 — 413431422 


PROGRESS CHECK 
Show that the following determinant is equal to zero: 


a be 
a <b se 
def 


The process of expanding by cofactors works for determinants of any order. 
If we apply the method to a determinant of order 4, we will produce determinants 
of order 3; applying the method again will result in determinants of order 2. 


EXAMPLE 5 
Evaluate the determinant 


=3 5 Oa | 
1 2 3. =3 
0 4 -6 O 
On S=2 1 2 


SOLUTION 
Expanding about the cofactors of the first column, we have 
oo: PPS Pe Oeil 
2 3 =3 SOF =1 
1 2-35 3 
=-3}) 4 -6 Oj-l] 4 -6 O 
0 4 -6 O 
=2 1 2 -2 1 2 


0. -=2 ] 2 


2 3,3 Se i | 


—-3} 4 -6 O} =(—3)-24) -l| 4 -6 0} =(-—1)(-S2) 


CRAMER'S RULE 
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The original determinant has the value 72 + 52 = 124. 


PROGRESS CHECK 

Evaluate 
0 -!i 0 2 
3 0 4 0 
0 5 0 -3 
1 0 1 0 

ANSWER 

7 


Determinants provide a convenient way of expressing formulas in many areas of 
mathematics, particularly in geometry. One of the best-known uses of determi- 
nants is in solving systems of linear equations, a procedure known as Cramer’s 
rule. 

In 1 earlier chapter we solved systems of linear equations by the method of 
eliminatiun. Let’s apply this method to the general system of two equations in 
two unknowns, 


ayyx+ ayy =C (1) 
2X + Ar2y = C2 (2) 


If we multiply Equation (1) by a22 and Equation (2) by —aj2 and add, we will 
eliminate y. 


A11422X + G\2A22y = C122 


Qy122X — A21Q42X = CyA272 — C2Ay2 
Thus, 
X(@1 1422 — A2112) = C1A22 — C2442 
or 


— 61422 7 C2412 
411422 ~ 421412 


Similarly, multiplying Equation (1) by a2; and Equation (2) by —a,, and adding, 
we can eliminate x and solve for y: 
=, Gi — Cia _ 
411422 — 421812 
The denominators in the expressions for x and y are identical andcan be written as 
the determinant of the matrix 
a; a 
a= [ar a] 
421 22 
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If we apply this same idea to the numerators, we have 


C1 ay2 ay Cy 
C2 «A22 _ 1421 Cz 
pea’ es aT \Al#0 


What we have arrived at is Cramer’s rule, which is a means of expressing the 
solution of a system of linear equations in determinant form. 
The following example outlines the steps for using Cramer’s rule. 


EXAMPLE 6 
Solve by Cramer’s rule. 


3x- y= 9 
x+2y=—-4 


SOLUTION 


Cramer's Rule 
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PROGRESS CHECK 
Solve by Cramer’s rule. 
2x + 3y = -4 
3x + 4y=-7 
ANSWER 
x=-5,y=2 


The steps outlined in Example 6 can be applied to solve any system of linear 
equations in which the number of equations is the same as the number of variables 
and in which IAl #0. Here is an example with three equations and three 
unknowns. 


EXAMPLE 7 
Solve by Cramer’s rule. 


3x +2z=-2 


2x = y = 0 
2y + 6z= -1 
SOLUTION 
We form the determinant of coefficients: 
3 0 2 
IAl=]2 —-1l 0 
0 2 6 
Then 
_ |All — Ag! — |A3! 
*“al % wa 7 Al 


where A, is obtained from A by replacing the first column of A with the column of 
right-hand sides, A2 is obtained by replacing the second column of A with the 
column of right-hand sides, and A; is obtained from A by replacing the third 
column with the column of right-hand sides. Thus 


27 0, 2 = 3 = (0-22 
GO. =i "36 2 0 O le 
=1 2 6 =. 16 GP 

= Al = IAl aa IAl 


Expanding by cofactors, we calculate IAl = —10, !A,;| = 10, tAz| = 20, and 
\A3l = —S, obtaining 


pee eee 20 ere ees 


S07 
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PROGRESS CHECK 
Solve by Cramer’s rule. 
3x - z= | 
—6x + 2y =-5 
—4y+3z= 5 
ANSWER 
x= 2 = oh — 1 
3 ie y 2 ’ zZ 
WARNING 


(a) Each equation of the linear system must be written in the form 
ax + by +cz=k 


before using Cramer’s rule. 
(b) If ‘Al = 0, Cramer’s rule cannot be used. 


Determinants have significant theoretical importance but are not of much 
use for computational purposes. The matrix methods discussed in this chapter 
provide the basis for techniques better suited for computer implementation. 


EXERCISE SET 10.4 
In Exercises 1—6 evaluate the given determinant. 
he \|2e = 3 2.) 3: 4 3. |-4 1 4. |2 2 
4 4 E 2 | 0 | F | 
5. |0 0 6. |-4 -I 
3 Pan 
In Exercises 7-10 let 
Se] 2 
ie : | “i 
5 —2 0 
7. Compute the minor of each of the following ele- 9. Compute the cofactor of each of the following ele- 
ments. ments. 
(a) ay (b) a23 (c) a3 (d) a33 (a) an (b) a3 (c) a3, (d) a33 
8. Compute the minor of each of the following ele- 10. Compute the cofactor of each of the following ele- 
ments. ments. 
(a) ay2 (b) a2 (c) a3 (d) a32 (a) a2 (b) az2 (c) a3 (d) a32 
In Exercises 11—20 evaluate the given determinant. 
Ihe [4 -—2: 5 12. |4 1 2 13. |-1 2 0 14. |-1 3 2 
5 2 O 0 2 3 3.4 1 077 
2 0 4 0 oO -4 6 5 2 21 3 


15. [2 2 4 16. |0 l 3 
3 8 I 2 3 St 
Lt 1 2 4 2 =2 

19. [2 -3 2 -4 20 1 1 0 1 
O° 4 =I 9 OH) 4 41 
0 I 2 0 =2 3 1 -4 
0 l 3 -l O 2 10° 2 
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In Exercises 21-28 solve the given linear system by use of Cramer’s rule. 


21. 2x+ yt z=-! 
’&k- y+2z= 2 
xX+2y+ z=-4 
23: 2c yo z= 9 
x—2y+2z = -3 
3x + 3y + 4z= 11 
25. -x- y+2z= 7 
x+2y-—2z= -7 
2x- y+ z=-4 
27. x+ y- z+2w= 0 
2+ y - w=-2 
3x + 22 = =3 
—x + 2y +3w= 1 
29. Show that 
a+b, az+b2| fay az] |b, be 
= + 
c d c d c¢ od 

31. Prove that if a row or column of a square matrix con- 
sists entirely of zeros, the determinant of the matrix is 
zero. (Hint: Expand by cofactors.) 

32. Prove that if matrix B is obtained by multiplying each 
element of a row of a square matrix A by a constant k, 
then |B) = xiAl. 

TERMS AND SYMBOLS 


matrix (p. 415) 

entries, elements (p. 415) 
dimension (p. 416) 
square matrix (p. 416) 


augmented matrix (p. 417) 

elementary row operations 
(p. 418) 

pivot element (p. 419) 


17. 2 1 0 18. |-1 2 4 O 
-Il -3 -!1 0 3 -2 -3 0 
0 2 2 0 4 2 5 
a: ae Se 0-3 1 4 
22. x=yt 2=-5 
3x+y+2z=—-5 
nwory= 25-2 
24, a+ yo 2==2 
—-2x-2y+3z= 2 
3x+ y- z=-4 
26. 4x+ y- z=-I 
x- y+2z= 3 
—-x+2y- z= 0 
28. ty —3w=-7 
3x +2z2+ w=-l 
-x + 2y +3w= 0 
—2x -3y+2z- w= 8 
30. Show that 
Kay, kay2| |, ai2 a, a2 
— =k 
42, G22 | |kaz, + kap2 42; a2 
33. Prove thatifA isann X n matrix andB = kA, wherek 


34. 


scalar (p. 426) 

scalar multiplication 
(p. 426) 

zero matrix (p. 432) 


is a constant, then |B] = X“IAl. 


Prove that if matrix B is obtained from a square matrix 
A by interchanging the rows and columns of A, then 
IB] = lal. 


A~'(p. 434) 
determinant (p. 443) 
minor (p. 445) 
cofactor (p. 445) 


order (p. 416) 

row matrix (p. 416) 
column matnix (p. 416) 
(ay) (p. 417) 

coefficient matrix (p. 417) 


pivot row (p. 419) 

Gauss—Jordan elimination 
(p. 422) 

equality of matrices (p. 
424) 


identity matrix, /, (p. 432) 

additive inverse (p. 432) 

invertible or nonsingular 
matrix (p, 433) 

inverse (p. 433) 


expansion by cofactors 
(p. 446) 
Cramer's rule (p. 449) 
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KEY IDEAS FOR REVIEW 
OC A matrix is simply a rectangular array of numbers. 


L) Systems of linear equations can be conveniently handled 
in matrix notation. By dropping the names of the vari- 
ables, matrix notation focuses on the coefficients and the 
right-hand side of the system. The elementary row oper- 
ations are then seen to be an abstraction of the operations 
that produce equivalent systems of equations. 


CJ Gaussian elimination and Gauss—Jordan elimination 
both involve the use of elementary row operations on the 
augmented matrix corresponding to a linear system. In 
the case of a system of three equations with three 
unknowns, the final matrices will be of this form: 


* * » | + 1 0 0 Cy 
O + ete a és 
hea ane oe ae O00 i lee 
Gaussian elimination Gauss-Jordan elimination 


If Gauss—Jordan elimination is used, the solution can be 
read from the final matrix; if Gaussian elimination is 
used, back-substitution is then performed with the final 
matrix. 


CJ A linear system can be written in the form AX = B, 
where A is the coefficient matrix, X is a column matrix 
of the unknowns, and B is the column matrix of the 
right-hand sides. 


REVIEW EXERCISES 


C) The sum and difference of two matrices A and B can be 


formed only if A and B are of the same dimension. The 
product AB can be formed only if the number of columns 
of A is the same as the number of rows of B. 


OO Then X n matrix B is said to be the inverse of the n X n 


matrix A if AB = J, and BA = J,,. We denote the inverse 
of A by A~'. The inverse can be computed by using 
elementary row operations to transform the matrix 
[A | fn} to the form [/,, | BJ. Then B = AW. 


© If the linear system AX = B has a unique solution, then 


X=A™'B. 


©) Associated with every square matrix is a number called a 


determinant. The rule for evaluating a determinant of 
order 2 is 


CL) For determinants of order greater than 2, the method of 


expansion by cofactors may be used to reduce the prob- 
lem to one of evaluating determinants of order 2. 


© When expanding by cofactors, choose the row or col- 


umn that contains the most zeros. This will ease the 
arithmetic burden. 


0) Cramer’s rule provides a means for solving a linear sys- 


tem by expressing the value of each unknown as a quo- 
tient of determinants. 


Solutions to exercises whose numbers arc in color are in the Solutions section in the back of the book. 


10.1 Exercises 1-4 refer to the matrix 


| 4 2 0 8 
A=) 2. 0 =3' =] 5 
4 -6 9 1 =2 
1. Determine the dimension of the matrix A. 
2. Find az4. 3. Findas,;. 4. Find as. 
Exercises 5 and 6 refer to the linear system 


3x — Ty = 14 
x+4y= 6 
5. Write the coefficient matrix of the linear sys- 


tem. 


6. Write the augmented matnix of the linear sys- 
tem. 
In Exercises 7 and 8 write a linear system correspond- 
ing to the augmented matrix. 

7 14 -1 | 3 8 [=2 4 5 | 0 
2. 5.10 6-9 4 0 
3 2 -110 

In Exercises 9-12 use back-substitution to solve the 


linear system corresponding to the given augmented 
matrix. 


9. F 2) i] 10. E a 
0 11-4 04115 


11 1 -4 2 
joi = 

0 0 ! 

2 

3 

1 


1 -2 
12. |0 1 
0 oO 


In Exercises 13—16 use matrix methods to solve the 
given linear system. 


13. x+ y= 2 
2x —4y= -5 
1S. x+3y+2z= 0 
—2x +3z=-12 
2x-6y- z= 6 
16. 2x- yr2z=3 
—2x +3y+ z=3 
2y- z=6 


14. 3x- y=-17 
a+ 3y= -4 


10.2In Exercises 17 and 18 solve for x. 
li: . " 5 
3 2 3 -6 
18. [° sl | 6 ( 
4x -2 -12 -2 


Exercises 19-28 refer to the following matrices. 
2 =I -1 5 
A= B= 
32 4 -3 
=1! 0 l 3 4 
c=; 0 4 D= 
222 =! 0 -6 


If possible, find the following. 


19. A+B 20. B-A 21. A+C 
22. SD 23. CD 24. DC 


PROGRESS TEST 410A 
Problems | and 2 refer to the matrix 


-1 2 
A=|-2 4 
07 


1. Find the dimension of the matrix A. 
Find ay. 
3. Write the augmented matrix of the linear system 


N 
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25. BC 26. CB 27. A+2B 
28. —AB 
10.3In Exercises 29 and 30 find the inverse of the given 
matnix. 
29. ie | 30. 1 1 -4 
1 4 =S 2) —0 
4 2 -!1l 


In Exercises 31 and 32 solve the given system by find- 
ing the inverse of the coefficient matrix. 


31. 2x-y=1 32, x+2y-—2z=-4 
xt+y=5 3x- y =-2 
y+4z= 1 
10.4In Exercises 33-38 evaluate the given determinant. 
33; 3 1{ 34 [-1 2) 35. |]2 -1 
-4 2 0 6 6 -3 
36. | 1 0. =] 37 ll = 2 
2. 3 =5 0 5 4 
0 4 =O 2s oe.8 
38. {1 2 =] 
0 3 4 
0 oO =I 


In Exercises 39-44 use Cramer’s rule to solve the giv- 
en linear system. 


39. 2xe- y=-3 40. 3x- y= 7 
—2x+3y= 11 2x + Sy = -18 
41. x+2y= 2 
2x — Ty = 48 
42. 2x + 3y- z=-3 
—3x +4z7= 16 
2y+5z= 9 
43. 3x + z= 0 44 2+3y+ z=-5 
x+ y+ z= O 2y + 2z = -3 
— 3y+2z=-4 4x+ y-2z=-2 
-—7x +6z= 3 
2y- z=10 


x- y+ z= 5 
4. Write a linear system corresponding to the augmented 


matrix 
=§ 2 14 
3-414 
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5. Use back-substitution to solve the linear system corre- 
sponding to the augmented matrix 


1 Ilo 
o> Dis 


6. Solve the linear system 


—-x+2y= 2 
ae +2y=-7 
by applying Gaussian elimination to the augmented 


matrix. 
7. Solve the linear system 
2x~- y+3z=2 
x+2y- z=1 
—-x+ y+4z=2 
by applying Gauss—Jordan elimination to the aug- 


mented matrix. 
8. Solve for x. 


i -1 j j | 
1 -3 1 -3 
Problems 9—12 refer to the matrices 


Phe eal ee 
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Problems | and 2 refer to the matrix 


= 5 0 6 
B= 
B+ rd: Le 2. 


1. Determine the dimension of the matrix B. 


Find 3. 
Write the coefficient matrix of the linear system 
2x-6y= 5 
x+3y=-2 


If possible, find the following. 
9. C-2D 10. AC 11. CB 12. BA 


13. Find the inverse of the matrix 


-1 0 4 
2 1 ~1 
1 =3 2 


14. Solve the given linear system by finding the inverse of 
the coefficient matrix. 


3x—-—2y=-8 
2x +3y=-] 


In Problems 15 and 16 evaluate the given determinant. 


15. |-6 —2 16. |O0 -1 2 
2 | 2.-=2 3 
1 4 5 
17. Use Cramer’s rule to solve the linear system 
x+2y=-2 
-2x-3y= 1 


4. Write a linear system corresponding to the augmented 


matrix 
16 0 6| 10 
—-4 -2 5 | 8 
2 3 -l1I 


5. Use back-substitution to solve the linear system corre- 
sponding to the augmented matrix 


1 3 =F 0 
0 1 —2 | 5 
0 0 11-3 


6. Solve the linear system 


3x — 2y = 3 
by applying Gaussian elimination to the augmented 


matrix. 
7. Solve the linear system 
axt+ y-2z= 7 
—3x — Sy + 42 = -3 
5x + 4y = 17 


by applying Gauss—Jordan elimination to the aug- 
mented matrix. 
8. Solve for y. 


A ] _ 
-3 I-y 2 —3 6 2 


Problems 9-12 refer to the matrices 


_ 
a | 


2 —3 
A=|-1 0 B=[l -2 3] 
2 1 
0 -4 
C=| 3 l 
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If possible, find the following. 


9. BA 10. 2C+3A 11. CB 12. BC-A 
13. Find the inverse of the matrix 

Dei Se 2 

-1 3 0 

—2 0 4 


14. Solve the given linear system by finding the inverse of 
the coefficient matrix. 


Sx — 2y = -6 
-2x+2y= 3 
In Problems 15 and 16 evaluate the given determinant. 
15S. |-2 4 16. |-2 0O 1 
3 ¥ 1 2 O 
2 -=)]0 = 
17. Use Cramer’s rule to solve the linear system 
x+ y=-] 
ax -4y= -5 


THEORY OF 
POLYNOMIALS 


In Section 3.3 we observed that the polynomial function 
f(x) =ax+b (1) 
is called a linear function and that the polynomial function 
g(x) = ax? + bx +c, a#t0 (2) 


is called a quadratic function. To facilitate the study of polynomial functions in 
general, we will use the notation 


P(x) = a,x" + dy—jx" '+++-+ a,x + ao, a, #0 (3) 


to represent a polynomial function of degree m. Note that the subscript k of the 
coefficient a, is the same as the exponent of x in x“. In general, the coefficients a, 
may be real or complex numbers; our work in this chapter will focus on real 
values for a;, but we will indicate which results hold true when the coefficients a, 
are complex numbers. 

If a # 0 in Equation (1), we set the polynomial function equal to zero and 
obtain the linear equation 


ax+b=0 


which has precisely one solution, —b/a. If we set the polynomial function in 
Equation (2) equal to zero, we have the quadratic equation 


ar + bx+c=0 


which has the two solutions given by the quadratic formula. If we set the poly- 
nomial function in Equation (3) equal to zero, we have the polynomial equation 
of degree n 


GX" + px" | +--+ + ayx+a9=0 (4) 
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14 

POLYNOMIAL DIVISION 
AND SYNTHETIC 
DIVISION 


POLYNOMIAL DIVISION 


Any complex number satisfying Equation (4) is called a solution or root of the 
polynomial equation P(x) = 0. Such values are also called the zeros of the poly- 
nomial P(x). In short, a complex number satisfying P(x) = 0 is a root of the 
equation or a zero of the polynomial P(x). 

Here are some of the fundamental questions concerning zeros of a polyno- 
mial that have attracted the attention of mathematicians for centuries. 


e Does a polynomial always have a zero? 

e Including complex zeros, what is the total number of zeros of a polynomial of 
degree n? 

e How many of the zeros of a polynomial are real numbers? 


e If the coefficients of a polynomial are integers, how many of the zeros are 
rational numbers? 


e Is there a relationship between the zeros and the factors of a polynomial? 


e Can we find a formula for expressing the zeros of a polynomial in terms of the 
coefficients of the polynomial? 


Some of these questions are tough mathematical problems. We will explore 
them and provide the answers in the course of this chapter. 


To find the zeros of a polynomial, it will be necessary to divide the polynomial by 
a second polynomial. There is a procedure for polynomial division that parallels 
the long division process of arithmetic. In arithmetic, if we divide an integer p by 
an integer d # 0, we obtain a quotient g and a remainder r, so we can write 


p_ r 
“=q+- (1) 
gone 
where 
O=r<d (2) 
This result can also be written in the form 
p=qdtr, Osr<d (3) 
For example, 
7284 _ 4 
ie $60 + B 


or 
7284 = (560)(13) + 4 


In the long division process for polynomials, we divide the dividend P(x) by 
the divisor D(x) # 0 to obtain a quotient Q(x) and a remainder R(x). We then 
have 


2) R(x) 4 
pe ee (4) 
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where R(x) = 0 or where 
degree of R(x) < degree of D(x) (5) 
This result can also be written as 
P(x) = Q(x)D(x) + R(x) (6) 


Note that Equations (1) and (4) have the same form and that Equation (6) has the 
same form as Equation (3). Equation (2) requires that the remainder be less than 
the divisor, and the parallel requirement for polynomials in Equation (5) is that 
the degree of the remainder be less than that of the divisor. 

We illustrate the long division process for polynomials by an example. 


EXAMPLE 4 
Divide 3x? — 7x? + 1 by x — 2. 


SOLUTION 


Polynomial Division 


Step 1. x — 28x — 7x2 + Ox + 1 


Step 2. 


3x? 
x — 23x — 7x2 +0x+ 1 


Step 3. 3x2 
x— 238-7 + 0x41 
3x3 — 6x2 
-x7+0x+1 
3x7- x -2 = Q(x) 
x- 288-72 +4+0x4 1 
3x3 — 6x2 
—x7 + Ox+ 1 
—x2 + 2x 
—-2x+1 
—-2x+4 
—3 = R(x) 
P(x) = 3x? — 7x? + | 
= (3x = x= 2)(x— 2) =3 
a eee) — 
Ox) + D(x) + R(x) 


462 THEORY OF POLYNOMIALS 


SYNTHETIC DIMMISION 


PROGRESS CHECK 
Divide 4x7 — 3x + 6 by x + 2. 


ANSWER 
28 


= 4+ — 
4x- 11 rar 


Our work in this chapter will frequently require division of a polynomial by a 
first-degree polynomial x — r, where r is a constant. Fortunately, there is a short- 
cut called synthetic division that simplifies this task. To demonstrate synthetic 
division we will do Example | again, writing only the coefficients. 


3-1 -2 
=2)3 =7 0 1 
3-6 
-1 0 | 
ol 2 
—2 | 
-2 4 


=3 


Note that the boldface numerals are duplicated. We can use this to our advantage 
and simplify the process as follows. 


-2)3 -7 0 1 


—6 2 4 
5 =) —el=3 
ed 
coef ficients remainder 
of the 
quotient 


In the third row we copied the leading coefficient (3) of the dividend, multiplied it 
by the divisor (—2), and wrote the result (—6) in the second row under the next 
coefficient. The numbers in the second column were subtracted to obtain 
—7 — (—6) = —1. The procedure was repeated until the third row was of the 
same length as the first row. 

Since subtraction is more apt to produce errors than is addition, we can 
modify this process slightly. If the divisor is x — r, we will write r instead of —r 
in the box and use addition in each step instead of subtraction. Repeating our 
example, we have 

2030 30 1 
6 -2 -4 
3 Sl 2 <3 
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EXAMPLE 2 
Divide 42° — 2x + 5 by x + 2 using synthetic division. 


SOLUTION 


Synthetic Division 


PROGRESS CHECK 
Use synthetic division to obtain the quotient Q(x) and the constant remainder R 
when 2x* — 10x7 — 23x + 6 is divided by x — 3. 


ANSWER 
O(x) = 2 + 6x7 + 8x+1;R=9 


WARNING 

> (a) Synthetic division can be used only when the divisor is a linear factor. Don’t 
forget to write a zero for the coefficient of each missing term. 
(b) When dividing by x — r, place r in the box. For example, when the divisor 
is x + 3, place —3 in the box, since x + 3 = x — (—3). Similarly, when the 
divisor is x — 3, place +3 in the box, since x — 3 = x — (+3). 
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EXERCISE SET 411.1 


In Exercises 1-10 use polynomial division to find the quotient Q(x) and the remainder R(x) when the first polynomial is 
divided by the second polynomial. 


1. x?-7x4+12, x-5 2. x2 +3x+3, x+2 
3. 2-2, x7+2xr-1 4. 3x3-27 +4, x2-2 
5. 3x4-2r? +1, x43 6. 2 = 1, 2=1 

7. -3x?, +2 8. 3P-2e-1, x2-x 


9 xt- OP 4+2e2-xt 1, x2 41 10. 2x*-3x-x?-x-2, x-2 


In Exercises 11-20 use synthetic division to find the quotient Q(x) and the constant remainder R when the first polynomial is 
divided by the second polynomial. 


HW. 2x? -6x4+5, x42 12. 2? -3x2-4, x-2 

13. x4-81, x-3 14. x4-81, x+3 

15. 32—x7+8, x41 16. 2x*-3x37-4x-2, x-1 

17. »°+32, x+2 18. +32, x-2 

19. 6x4-22 +4, x-3 20. 8x7+4x?-x-5, x+3 

41.2 From our work with the division process we may surmise that division of a 


THE REMAINDER AND polynomial P(x) by x — r results in a quotient Q(x) and a constant remainder R 
FACTOR THEOREMS such that 
| SRS a PRIS SR BSS 


THE REMAINDER THEOREM PQ) == 7)° OG) +R 


Since this identity holds for all real values of x, it must hold when x = r. Con- 
sequently, 


P(r)=(r—r):Q(r) +R 
P(r) =0-Q(r) +R 


or 
P(r) = R 


We have proved the Remainder Theorem. 


| Remainder Theorem If a polynomial P(x) is divided by x — r, the remainder is P(r). | 


EXAMPLE 4 
Determine the remainder when P(x) = 2x? — 3x2 — 2x + 1 is divided by x — 3. 


SOLUTION 
By the Remainder Theorem, the remainder is R = P(3). We then have 
R = P(3) = 2(3)° — 3(3)? — 2(3) + 1 = 22 


We may verify this result by using synthetic division: 


| FERMAT'S LAST THEOREM 


Graphing P/x) 
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If you were asked to find natural numbers a, b, and c that satisfy the equation 
& + =c? 


you would have no trouble coming up with such “triplets” as (3, 4, 5) and 
(5, 12, 13). In fact, there are an infinite number of solutions, since any multiple of 
(3, 4, 5), such as (6, 8, 10), is also a solution. 

Generalizing the above problem, suppose we seek natural numbers a, b, 
and c that satisfy the equation 

a?+b°=c" 

for integer values of n > 2. Pierre Fermat, a great French mathematician of the 
seventeenth century, stated that there are no natural numbers a, b, and c that 
satisfy these conditions. This seductively simple conjecture is known as Fermat's 
Last Theorem. Fermat wrote in his notebook that he had a proof but that it was too 
long to include in the margin. 

A proof of this theorem or a counterexample has eluded mathematicians for 
three hundred years. In 1983 the German mathematician Gerd Faltings proved 
that the equation 


x74 y= 7 


has only a finite number of rational solutions. This proof may well be a significant 
step in establishing Fermat's Last Theorem. 


3}2 -3 -2 1 
6 9 21 


2s 7 [22 


The number in boldface is the remainder, so we have verified that R = 22. 


PROGRESS CHECK 
Determine the remainder when 3x? — 2x — 6 is divided by x + 2. 


ANSWER 
10 


We can use the Remainder Theorem to tabulate values of a polynomial function 
from which we can sketch the graph. Recall that if a polynomial P(x) is divided 
by x — r, the remainder is P(r). Thus, the point (r, P(r)) lies on the graph of the 
function P(x). 

An efficient scheme for evaluating P(r) is a streamlined form of synthetic 
division in which the addition is performed without writing the middle row. 
Given the polynomial P(x) of Example 1, 


P(x) = 23 — 3x? -2x4+1 
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FACTOR THEOREM 


we can find P(3) by synthetic division without writing the middle line: 
PEC ao? Same 
a) 2 30 Fh 2e= PG) 
so the point (3, 22) lies on the graph of P(x). Repeating this procedure for a 


number of values of r will provide a table of values for plotting. 


EXAMPLE 2 
Sketch the graph of P(x) = 2° — 3x7 — 2x + 1. 


SOLUTION 

For each value r of x, the point (r, P(r)) lies on the graph of y = P(x). We will 
allow x to assume integer values from —3 to +3 and will find P(x) by using 
synthetic division. 


=3 -2 1 (x, y) = (x, P(x)) 
(—3, —74) 
(—2, —23) 
(=1.=2) 


(0, 1) 
(1, —2) 


(2, 1) 
(3, 22) 


The ordered pairs shown at the right of each row are the coordinates of points on 
the graph shown in Figure 1. 


Let’s assume that a polynomial P(x) can be written as a product of polynomials, 
that is, 


P(x) = Di(x)D2(x) - > > Dr) 


where D,(x), D2(x), . . . , D,(x) are polynomials each of degree greater than zero. 
Then D,(x), D2(x), . . . , D,(x) are called factors of P(x). If we focus on D(x) 
and let 


Q(x) = D2(x)D3(x) - + + Dye) 
then 
P(x) = Di(x)Q(x) 


This equation suggests the following formal definition: 
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FIGURE 4 
The polynomial D(x) is a factor of a polynomial P(x) if division of P(x) by D(x) 
results in a remainder of zero. 


We can now combine this rule and the Remainder Theorem to prove the 
Factor Theorem. 


Factor Theorem A polynomial P(x) has a factor x — r if and only if P(r) = 0. 


If x — risa factor of P(x), then division of P(x) by x — r must result in a remain- 
der of 0. By the Remainder Theorem, the remainder is P(r), and hence P(r) = 0. 
Conversely, if P(r) = 0, then the remainder is 0 and P(x) = (x — r) Q(x) for some 
polynomial Q(x) of degree one less than that of P(x). By definition, x — r is then a 
factor of P(x). 


EXAMPLE 3 
Show that x + 2 is a factor of 


P(x) =P - x - 2+ 8 
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SOLUTION 
By the Factor Theorem, x + 2 is a factor if P(—2) = 0. Using synthetic division 
to evaluate P(—2), 


=2| 1 =1 —2 8 


—-2 6 -8 
1 -3 4] 0 
we see that P(—2) = 0. Alternatively, we can evaluate 
P(-2) = (-2)7 — (-2)? — 2(-2) + 8 =0 
We conclude that x + 2 is a factor of P(x). 


PROGRESS CHECK 
Show that x — 1 is a factor of P(x) = 3x® — 3x5 — 4x4 + 6° — 2 -—x+4+1. 


SUMMARY We can summarize our work thus far in this neat way. 


The following are equivalent statements: 
r is a zero of P(x). 
r is a root of the equation P(x) = 0. 
P(r) = 0. (Remainder Theorem) 
x — risa factor of P(x). (Factor Theorem) 


Dividing P(x) by synthetic division with r as the divisor will result in a 
remainder of zero. 


EXERCISE SET 11.2 

In Exercises 1—6 use the Remainder Theorem and synthetic division to find P(r). 

1. Pid = xt ~-474+1, r=2 2 P(x) =x4- 3x7 - 5x, r= -l 

3. Px) = 29-2, r=-2 4. P(x) = 24-3346, r=2 

5. P(x) = x8 — 3x4 4244, r=-1 6. P(x) =x®-2, r= 

In Exercises 7—12 use the Remainder Theorem to determine the remainder when P(x) is divided by x — r. 
7. PQ) = - 2? +x-3, x-2 8. PXx)= 2 4+x7-5, x42 

9. P(x) = —4° + 6r-2, x-1 10. P(x) = 6° — 3x4 +2x7+7, x41 
Il. Pi) =2° - 30, x42 12. P(x) =x+- 16, x-2 


In Exercises 13~18 use the Remainder Theorem and synthetic division to sketch the graph of the given polynomial for 
=3= x7 53; 


13. Pw=Haxttxrrtx41 14. Pix) = 3x4 +5442 4+ 5x -2 
15. P(x) = 2x3 + 3x? — 5x -—6 16. P(x) =x3 + 3x2 — 4x — 12 
17.) P(x) = 2x4 -3x3 4+ 1 18. Pix) =4x44+ 43 - 9x2? -x +2 
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In Exercises 19—26 use the Factor Theorem to decide whether or not the first polynomial is a factor of the second 
polynomial. 


19; x= 2; xx? - 5x +6 20. x—-1, x°+ 4x? -3x+1 
21. x+2, x4-3x-5 22, xt], 2-3x7+x+6 
OR kay eT 24. x42, 3°16 
25. x+2, x*- 16 26. x—-3, x°+27 


In Exercises 27—30 use synthetic division to determine the value of k or r as requested. 


27. Determine the values of r for which division of 29. Determine the values of k for which x — 2 is afactor of 


x? — 2x — | by x — r has a remainder of 2. x*— 3x? + ke — 1. 
28. Determine the values of r for which 30. Determine the values of k for which 2k?x? + 3kx? — 2 
2 is divisible by x — 1. 
x“ -6x- 1 
x-r 


has a remainder of —9. 


31. Use the Factor Theorem to show that x — 2 is afactor 33. Use the Factor Theorem to show that x — y is a factor 
of P(x) = x® — 256. of x” — y", where n is a natural number. 

32. Use the Factor Theorem to show that P(x) = 2x7 + 
3x* + 2 has no factor of the form x — r, where r is a 
real number. 


11.3 We introduced the complex number system in Section 1.8 and then used this 
FACTORS AND ZEROS number system in Section 2.5 to provide solutions to quadratic equations. Recall 
that a + bi is said to be a complex number where a and bare real numbers and the 
COMPLEX NUMBERS AND imaginary unit i = V=1 has the property that i? = —1. We defin 4 fundamental 
THEIR PROPERTIES operations with complex numbers in the following way. 


Equality: at+bi=ct+diifa=candb=d 
Addition: (a + bi) + (c + di) = (a +c) + (6+ d)i 


Multiplication: (a+ bi)(c + df) = (ac — bd) + (ad + be)i 


With this background, we can now explore further properties of the complex 
number system. 

The complex number a — bi is called the complex conjugate (or simply the 
conjugate) of the complex number a + bi. For example, 3 — 2 is the conjugate 
of 3 + 2i, 4/ is the conjugate of —4/, and 2 is the conjugate of 2. Forming the 
product (a + bila — bi), we have 


(a + bila — bi) = a? — abi + abi — b?i? 
=@f+Ph Since i? = -1 


Because a and » are real numbers, a? + b? is also a real number. We can sum- 
marize this result as follows. 
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The product of a complex number and its conjugate is a real number: 


(a + bila - bi) = a2 + BD 


We can now demonstrate that the quotient of two complex numbers is also a 
complex number. The quotient 
qtri 
St ti 
can be written in the form a + bi by multiplying both numerator and denominator 
by s — ti, the conjugate of the denominator. We then have 
qtri_qtri s—ti_(qstrt)+(rs— qti 
stti stti s-ti see 


_gstrt . (rs — qt), 
rae? og +P 


which is a complex number of the form a + bi. Of course, the reciprocal of the 
complex number s + fi is the quotient 1/(s + ti), which can also be written as a 
complex number by using the same technique. In summary: 


© The quotient of two complex numbers is a complex number. 


© The reciprocal of a nonzero complex number is a complex number. 


EXAMPLE 41 


24+ 31. ’ 
3 2 in the form a + bi. 


(b) Write the reciprocal of 2 — Si in the form a + bi. 


(a) Write the quotient 


SOLUTION 
(a) Multiplying numerator and denominator by the conjugate 3 + 2i of the 
denominator, we have 


a0 HP a Oa Or OO or a) 


3-2 3-21 342i) 32 + 22 9+4 
=12+5 12, 5. 
an Cac: 


(b) The reciprocal is 1/(2 — 5i). Multiplying both numerator and denominator 
by the conjugate 2 + 5i, we have 


1 24+5' 2+51 2+5' 2, 5. 


3 Ire ese (De | Is 


Verify that (2 — s(% + >i) = |, 


Properties of Complex 
Numbers 
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PROGRESS CHECK 
Write the following in the form a + bi. 

4-2i 1 —3i 
5207 0 pea 3 si 
ANSWERS 

16 18 2, 3. 153429) 
3 oe a oe 


If we let z = a + bi, it is customary to write the conjugate a — bi as z. We 
will have need to use the following properties of complex numbers and their 
conjugates. 


If z and w are complex numbers, then 


= w if and only if z = w; 
=Zzi if and only if z is a real number; 


l 
2: 
3. 
4 
5 


To prove Properties 1-5, letz = a + biand w = c + di. Properties | and 2 follow 
directly from the definition of equality of complex numbers. To prove Property 3, 
we note that z + w = (a+ c) + (b+ d)i. Then, by the definition of a complex 
conjugate, 


z+w=(at+c)—-(b+d)i 
= (a — bi) + (c — di) 
=zZ+w 
Properties 4 and 5 can be proved in a similar manner, although a rigorous proof of 


Property 5 requires the use of mathematical induction, a method we will discuss 
in a later chapter. 


EXAMPLE 2 
If z= 1 + 2i and w = 3 — i, verify the following statements. 
zi 


fo 
w (cc) 2=72 


(a) zt+w=z+wh (b) z-w= 


SOLUTION 
(a) Adding, we get z+ w=4+ i. Therefore z+ w= 4-1. Also, 


Z+w=(1-2/)+3+0)=4-i 


Thus, z+w=Zz+w. 
(b) Multiplying, we get z-w = (1 + 2/)(3 — i) =5 + Si. Therefore 


z-w=5-5i 


Also, 
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Zz-w=(1- 203 +0=5 — Si 


Thus, z-w =Z-w. 
(c) Squaring, we get 


z7=(1 + 2i(1 + 2i) = -3 + 4 
Therefore z? = —3 — 4i. Also, 
7 = (1 —2i)(1 — 2i) = -3 - 43 


Thus, 2? = 7”. 
PROGRESS CHECK 
If z= 2 + 3i and w = § — 2i, verify the following statements. 
(a) zt+w=Z+W (ob) z-w=2-W 
(c) 2=7? (4) w=w 
FACTOR THEOREM We are now in a position to answer some of the questions posed in the introduc- 


tion to this chapter. By using the Factor Theorem we can show that there is a close 
relationship between the factors and the zeros of the polynomial P(x). By defi- 
nition, r is a zero of P(x) if and only if P(r) = 0. But the Factor Theorem tells us 
that P(r) = 0 if and only if x — r is a factor of P(x). This leads to the following 
alternative statement of the Factor Theorem. 


| Factor Theorem A polynomial P(x) has a zero r if and only if x — r is a factor of P(x). | 


EXAMPLE 3 
Find a polynomial P(x) of degree 3 whose zeros are —1, 1, and —2. 


SOLUTION 
By the Factor Theorem, x + 1, x — 1, and x + 2 are factors of P(x). The prod- 
uct 


P(x) = (x + Ix - I(x + 2) =P 4+2P2-2x-2 


is a polynomial of degree 3 with the desired zeros. Note that multiplying P(x) by 
any nonzero real number results in another polynomial that has the same zeros. 
For example, the polynomial 


5+P(x) = 5x3 + 10x? — 5x — 10 
also has —1, 1, and —2 as its zeros. Thus, the answer is not unique. 


PROGRESS CHECK 
Find a polynomial P(x) of degree 3 whose zeros are 2, 4, and —3. 


The Fundamental 
Theorem of Algebro— 


Part 4 


Linear Factor Theorem 
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ANSWER 
x — 3x2 — 10x + 24 


We began this chapter with the question, Does a polynomial always have a 
zero? The answer was supplied by Carl Friedrich Gauss in his doctoral disserta- 
tion in 1799. Unfortunately, the proof of this theorem is beyond the scope of this 
book. 


Every polynomial P(x) of degree n = | has at least one zero among the complex 
numbers. 


Note that the zero guaranteed by this theorem may be a real number since the real 
numbers are a subset of the complex number system. 

Gauss, who is considered by many to have been the greatest mathematician 
of all time, supplied the proof at age 22. The importance of the theorem is 
reflected in its title. We now see why it was necessary to create the complex 
numbers and that we need not create any other number system beyond the com- 
plex numbers in order to solve polynomial equations. 

How many zeros does a polynomial of degree n have? The next theorem will 
bring us closer to an answer. 

A polynomial P(x) of degree n = 1 can be written as the product of n linear 
factors: 


P(x) = a(x — ri )(X — r2) + + (Xn) 


Note that a is the leading coefficient of P(x) and that r,, r2,... , 7, are, in 
general, complex numbers. 

To prove this theorem, we first note that the Fundamental Theorem of Alge- 
bra guarantees us the existence of a zero r,. By the Factor Theorem, x — r, is a 
factor, and, consequently, 


P(x) = (« — 7) Qi) () 


where Q(x) is a polynomial of degree n — 1. If n — 1 = 1, then Q(x) must have 
a zero r2. Thus 


Q1(x) = (« — r2)Q2(x) (2) 


where Q2(x) is of degree n — 2. Substituting in Equation (1) for Q,(x) we 
have 


P(x) = & — ri) — 12)Q2(x) (3) 
This process is repeated n times until Q,(x) = a is of degree 0. Hence, 


P(x) = a(x — ry)(x— 2) (x 1) (4) 
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The Fundamental 


Theorem of Algebra— 
Part Il 


Since a is the leading coefficient of the polynomial on the right side of Equation 
(4), it must also be the leading coefficient of P(x). 


EXAMPLE 4 
Find the polynomial P(x) of degree 3 that has the zeros —2, i, and —i and that 
satisfies P(1) = —3. 


SOLUTION 
Since —2, i, and —i are zeros of P(x), we may write 
P(x) = a(x + 2) — I(x + dD 
To find the constant a, we use the condition P(1) = —3: 
PQ) = -3 = a(1 + 2). — D1 + 3) = 6a 
1 


a=-- 


2 
So 


P(x) = Sx + 2\(x — i)(x + i) 


Recall that the zeros of a polynomial need not be distinct from each other. 
The polynomial 


P(x) = x* —2x+1 
can be written in the factored form 
P(x) = (x — 1)(x- 1) 


which shows that the zeros of P(x) are 1 and 1. Since a zero is associated with a 
factor and a factor may be repeated, we may have repeated zeros. If the factor 
xX — r appears k times, we say that r is a zero of multiplicity k. 

It is now easy to establish the following, which may be thought of as an 
alternative form of the Fundamental Theorem of Algebra. 


If P(x) is a polynomial of degree n = 1, then P(x) has precisely n zeros among 
the complex numbers when a zero of multiplicity k is counted & times. 


We may prove this theorem as follows: If we write P(x) in the form of 


Equation (4), we see that rr}, r2, . . . , 7, are zeros of the polynomial P(x) and that 
hence there exist n zeros. If there is an additional zero r that is distinct from the 
zerOS Tr}, ’2, ---57n, thenr—7ry,r—r2,...,r—r, are all different from 0. 


Substituting r for x in Equation (4) yields 
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P(r) = a(r—ry)(r— re)... (r— ry) (5) 
which cannot equal 0, since the product of nonzero numbers cannot equal 0. 
Thus, r;, 2, ... 7, are zeros of P(x) and there are no other zeros. We conclude 


that P(x) has precisely 7 zeros. 


EXAMPLE 5 
Find all zeros of the polynomial 


P(x) = (x — $)°(x + (x — 5)* 
SOLUTION 


The distinct zeros are }, —i, and 5. Further, } is a zero of multiplicity 3; —i is a 
zero of multiplicity 1; 5 is a zero of multiplicity 4. 


If we know that r is a zero of P(x), we may write 
P(x) = (x — r)Q(x) 
If r, is a zero of Q(x), then Q(r,) = 0 and 
P(ri) = (r1 — r)Q(n) = (7, — vr) 0 = 0 


which shows that r; is also a zero of P(x). We call Q(x) =0 the depressed 
equation, since Q(x) is of lower degree than P(x). In the next example we illus- 
trate the use of the depressed equation in finding the zeros of a polynomial. 


EXAMPLE 6 


If 4 is a zero of the polynomial P(x) = x° — 8x7 + 21x — 20, find the other 
zeros. 


SOLUTION 
Since 4 is a zero of P(x), x — 4 is a factor of P(x). Therefore, 


P(x) = (x — 4)Q(x) 
To find the depressed equation, we compute Q(x) = P(x)/(x — 4) by synthetic 
division. 


4) 1 -8 21 -20 


4 -16 20 
1 -4 5 0 
ene geetamene! 
coefficients remainder 
of Q(x) 


The depressed equation is 


x2—-4x+5=0 
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Using the quadratic formula, we find the roots of the depressed equation to be 
2 +i and 2 — i. The zeros of P(x) are then seen to be 4, 2 + i, and 2 — i. 


PROGRESS CHECK 
If —2 is a zero of the polynomial P(x) = x° — 7x — 6, find the remaining 
zeros. 


ANSWER 
=,.3 


EXAMPLE 7 
If —1 is a zero of multiplicity 2 of P(x) = x* + 4x° + 2x? — 4x — 3, find the 
remaining zeros and write P(x) as a product of linear factors. 


SOLUTION 
Since —1 is a double zero of P(x), then (x + 1)? is a factor of P(x). There- 
fore, 


P(x) = (x + 1)°Q(x) 
or 
P(x) = (x? + 2x + 1)Q(x) 


Using polynomial division, we can divide both sides of the last equation by 
x? + 2x + | to obtain 


4 3 ae ee 
oe + 4x? + 2x* —4x- 3 


r+2e+ 1 
=x°+ 2y=3 
= (x — 1)(x + 3) 


The roots of the depressed equation Q(x) = 0 are | and —3, and these are the 
remaining zeros of P(x). By the Linear Factor Theorem, 


P(x) = (x + 1)2(x — 1)(x + 3) 


PROGRESS CHECK 
If —2 is a zero of multiplicity 2 of P(x) = x4 + 4° + 5x? + 4x + 4, write P(x) as 
a product of linear factors. 


ANSWER 
P(x) = (x + 2)(x + 2)(x + Dx - 


We know from the quadratic formula that if a quadratic equation with real 
coefficients has a complex roota + bi, then the conjugate a — bi is the other root. 
The following theorem extends this result to a polynomial of degree 7 with real 
coefficients. 


Conjugate Zeros 


Theorem 


PROOF OF CONJUGATE 
ZEROS THEOREM 
(Optional) 
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If P(x) is a polynomial of degree n = | with real coefficients, and if a + bi, 
b # 0, is a zero of P(x), then the complex conjugate a — bi is also a zero of 
P(x). 


To prove the Conjugate Zeros Theorem, we let z = a + bi and make use of the 
properties of complex conjugates developed earlier in this section. We may 
write 


P(x) = ay" + ayy 1 +--+ > + ayx + ao (6) 
and, since z is a zero of P(x), 
Anz" + Ay—-\z" 1} ++-+>++a,2 +a, =0 (7) 


But if z = w, then z = w. Applying this property of complex numbers to both 
sides of Equation (7), we have 


An2" + dy—\z" 1 +--+ +ayz+a9=0=0 (8) 


We also know that z + w=2z+ w. Applying this property to the left side of 
Equation (8) we see that 


nz" + An—y2" +++ + +ayz+a9=0 (9) 
Further, 77+" = Zw, so we may rewrite Equation (9) as 

az" + G,aiz” 1 +-++-+a,z7+a=0 (10) 
Since do, a;, . . . , G, are ali real numbers, we know that do = do, 4; = ay, 


. , d, = G,. Finally, we use the property z” = 2” to rewrite Equation (10) as 
Anz" + An—\Z" |} +--+ +a\Z+ao-9 


which establishes that z is a zero of P(x). 


EXAMPLE 8 
Find a polynomial P(x) with real coefficients whose degree is 3 and whose zeros 
include —2 and | — i. 


SOLUTION 
Since | — i is a zero, it follows from the Conjugate Zeros Theorem that | + i 
is also a zero of P(x). By the Factor Theorem, (x + 2), [x — (1 —)], and 
[x — (1 + i] are factors of P(x). Therefore, 
P(x) = (x + 2)[x -— (1 -— ))[x - 1 + 9] 
= (x + 2)(x? — 2x + 2) 
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PROGRESS CHECK 


Find a polynomial P(x) with real coefficients whose degree is 4 and whose zeros 
include i and —3 + i. 


ANSWER 
P(x) = x* + 6x3 + Lx? + 6x + 10 


The following is a corollary of the Conjugate Zeros Theorem. 


A polynomial P(x) of degree n = 1 with real coefficients can be written as a 


product of linear and quadratic factors with real coefficients so that the quadratic 
factors have no real zeros. 


POLYNOMIALS WITH 
COMPLEX COEFFICIENTS 


By the Linear Factor Theorem, we may write 
Pix Sen rye) a Ia) 


where r}, r2,.. . , “, are the n zeros of P(x). Of course, some of these zeros may 
be complex numbers. A complex zero a + bi, b # 0, may be paired with its 
conjugate a — bi to provide the quadratic factor 


[x — (a + bi)\lx — (a — bi] = x? — 2ax+ a? + b* (11) 


which has real coefficients. Thus, a quadratic factor with real coefficients results 
from each pair of complex conjugate zeros; a /inear factor with real coefficients 
results from each real zero. Further, the discriminant of the quadratic factor in 
Equation (11) is —4b* and is therefore always negative, which shows that the 
quadratic factor has no real zeros. 


Although the definition of a polynomial given in Section 3.1 permits the coeffi- 
cients to be complex numbers, we have limited our examples to polynomials with 
real coefficients. To round out our work, we point out that both the Linear Factor 
Theorem and the Fundamental Theorem of Algebra hold for polynomials with 
complex coefficients. 

On the other hand, the Conjugate Zeros Theorem may not hold if the poly- 
nomial P(x) has complex coefficients. To see this, consider the polynomial 


P(x) =x — (2 + i) 


which has a complex coefficient and has the zero 2 + i. Note that the complex 
conjugate 2 — i is nor a zero of P(x) and that, therefore, the Conjugate Roots 
Theorem fails to apply to P(x). 


EXAMPLE 9 
Find a polynomial P(x) of degree 2 that has the zeros —1 and | — i. 
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SOLUTION 
Since —1 is a zero of P(x), x + 1 is a factor. Similarly, [x — (1 — i)] is also a 
factor of P(x). We can then write 
Pix) = (e+ DEX- CU — 9) 
=x +ix-1 +i 
which is a polynomial of degree 2 (with complex coefficients) that has the desired 
zeros. 


EXERCISE SET 41.3 
In Exercises 1—6 multiply by the conjugate and simplify. 


ke 24 2 St 3. 34+4i 4. 2-3) 
5. 4 = 21 6 5+ 2i 
In Exercises 7-15 perform the indicated operations and write the answer in the form a + bi. 
2+ Si 1 + 3i 3-4i 4 - 3i 
te 1- 3i RS 2- Si 2 3+ 4i e 4+ 3i 
3 2i 23k 2+ Si 5 -2i 
Il. aa 12. i 13. 3 14. ae 
4i 
15. Fas 
In Exercises 16—21 find the reciprocal and write the answer in the form a + bi. 
16. 3+ 2i 17. 443i 18. 3-i 19. Soil 
20. —-7i 21. —Si 


22. Prove that the multiplicative inverse of the complex 24. If z is a complex number, verify that 7 = 7 and 
number a + bi (a and 6 not both 0) is P=P, 


a b_., 
e+e ath 
23. If z and w are complex numbers, prove that 
ZWw=7:W 
In Exercises 25-30 find a polynomial P(x) of lowest degree that has the indicated zeros. 
25. 2,-4,4 96, S =o. 1,=4 27. —1, -2, -3 28. -3, V2, -V2 
29. 4,12 V3 30, 1, 2.22 V2 


In Exercises 31—34 find the polynomial P(x) of lowest degree that has the indicated zeros and satisfies the given condi- 
tion. 


31. 4,4, —2; P(2) =3 32. 3,3, —2, 2; P(4) = 12 
33. V2, -V2, 4; P(-1) =5 34. 4, -2, 5; P(0) =5 

In Exercises 35—42 find the roots of the given equation. 

35. (x— 3)(x+ I(x - 2) =0 36. (x — 3)(x? -3x- 4) =0 


37. (x + 2)? — 16) =0 38. (x2 — x(x? — 2x + 5) =0 
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39. (x2 +3x + 2)(2r? + x) =0 40. (x7 +x+4+ 4)(x - 3)? =0 


41. (x—5)(x+ 5)? =0 


42. (x + 1)°(x + 3)*(x — 2) =0 


In Exercises 43-46 find a polynomial that has the indicated zeros and no others. 


43. —2 of multiplicity 3 


44. 1 of multiplicity 2, —4 of multiplicity | 


4S, 3 of multiplicity 2, —1 of multiplicity 2 46. —1 of multiplicity 2, 0 and 2 each of multiplicity | 


In Exercises 47-52 use the given root(s) to help in finding the remaining roots of the equation. 


47. -—3x-2=0;-1 
48. x3 - 7x7 + 4x + 24=0;3 
49. x3 — 8x7 + 18x —15=0; 


50. x7 -2x7-7x-4=0; -1 
S51. x4 4+x°- 12x? — 28x — 16 = 0; -2 
5 52. x4 ~2x? + 1 =0: 1 (double root) 


In Exercises 53-58 find a polynomial that has the indicated zeros and no others. 


53: 14:38) =2 5 


4.0 Wel, 2a 55: le, 2S 56: 25-3; Pe 2r 


57. —2 is a root of multiplicity 2, 3 — 2i 58. 3 is atriple root, —/ 


In Exercises 59-64 use the given root(s) to help in writing the given equation as a product of linear and quadratic factors 


with real coefficients. 


59. x°-—7x2+ lox —-10=0;3-i 60. x 4+x2-—7x + 65 =0;2 +31 

61. x44 4° + 13x? + 18x + 20 = 0; -1—- 27 62. x4 + 3x° — 5x* — 29x — 30 =0; -2 + i 

63. x + 3x* — 12x° — 42x? + 32x + 120 = 0; 64. x = 8x? + 29x? — 54x? + 48x ~— 16 = 0; 2 + 21, 2 
3, = 2 

65. Write a polynomial P(x) with complex coefficients coefficients has 4 real roots, 2 real roots, or no real 
that has the zero a + bi, b # O, and that does not have roots 
a — bi as a zero. 67. Prove that a polynomial equation of odd degree with 

66. Prove that a polynomial equation of degree 4 with real real coefficients has at least one real root. 

11.4 In this section we will restrict our investigation to polynomials with real coeffi- 


REAL AND RATIONAL 


ZEROS 
Tar es ears 


cients. Our objective is to obtain some information concerning the number of 
positive real zeros and the number of negative real zeros of such polynomials. 

If the terms of a polynomial with real coefficients are written in descending 
order, then a variation in sign occurs whenever two successive terms have oppo- 
site signs. In determining the number of variations in sign, we ignore terms with 
zero coefficients. The polynomial . 


has two variations in sign. The French mathematician René Descartes (1596-— 
1650), who provided us with the foundations of analytic geometry, also gave us a 
theorem that relates the nature of the real zeros of polynomials to the variations in 
sign. The proof of Descartes’s theorem is outlined in Exercises 39—44. 


Descartes’s Rule of 
Signs 
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If P(x) is a polynomial with real coefficients, then 

e the number of positive zeros either is equal to the number of variations in 
sign of P(x) or is less than the number of variations in sign by an even number, 
and 


© the number of negative zeros either is equal to the number of variations in 
sign of P(—x) or is less than the number of variations in sign by an even 
number. 


If it is determined that a polynomial of degree 7 has r real zeros, then the remain- 
ing m — r zeros must be complex numbers. 
To apply Descartes’s Rule of Signs to the polynomial 


— 40 = 
Pa) = 30 tats a $2453 
we first note that there are 3 variations in sign as indicated. Thus, either there are 
3 positive zeros or there is 1 positive zero. Next, we form P(— x), 
P(—x) = 3(-x)° + 2(=—x)* — (=x)? + 2(—x) — 3 
= -394+24+r-2r-3 
SS SZ 


which can be obtained by changing the signs of the coefficients of the odd-power 
terms. We see that P(—.x) has two variations in sign and conclude that P(x) has 
either 2 negative zeros or no negative zeros. 


EXAMPLE 4 
Use Descartes’s Rule of Signs to analyze the roots of the equation 


2 + 7x4 + 3x7 — 2 =0 


SOLUTION 
Since 


P(x) = 20° + 7x4 + 3x7 — 2 


has | variation in sign, there is precisely | positive zero. The polynomial P(—x) is 
formed— 


P(—x) = —20 + 7x4 + 3x7 —2 
SS SS 


and is seen to have 2 variations in sign, so P(—x) has either 2 negative zeros or no 
negative zeros. Since P(x) has 5 zeros, the possibilities are 


1 positive zero, 2 negative zeros, 2 complex zeros 
1 positive zero, 0 negative zeros, 4 complex zeros 
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Rational Zero Theorem 


PROGRESS CHECK 
Use Descartes’s Rule of Signs to analyze the nature of the roots of the equa- 
tion 


x° + 5x4 — 4.7 -3 =0 


ANSWER 
1 positive root, | negative root, 4 complex roots 


When the coefficients of a polynomial are all integers, a systematic search for the 
rational zeros is possible by using the following theorem. 


If the coefficients of the polynomial 


P(x) =a,X' + a,— 1X" ' + +--+ ax t+ ag, a, #0 


are all integers and p/q is a rational zero in lowest terms, then 
(a) p is a factor of the constant term dg, and 
(b) q is a factor of the leading coefficient a,,. 


PROOF OF RATIONAL 
ZERO THEOREM 
(Optional) 


Since p/q is a zero of P(x), then P(p/q) = 0. Thus, 


a2)" +a, (2) +--+ +a,(2) +ay=0 (1) 
q q q 
Multiplying Equation (1) by q”, we have 

Qf” + Gy=1p" gt + apa”) +a6g? = 0 (2) 
or 

Gyp" + dnp" 'q + >> + aypq"” | = —aq" (3) 

Taking the common factor p out of the left-hand side of Equation (3) yields 

p(a,p" | + an—\p""-2q + +++ + ayq"—") = —aoq" (4) 
Since a), a2, . . -, Gn, p, and q are all integers, the quantity in parentheses in the 


left-hand side of Equation (4) is an integer. Division of the left-hand side by p 
results in an integer, and we conclude that p must also be a factor of the right- 
hand side, —aoq". But p and gq have no common factors since, by hypothesis, p/q 
is in lowest terms. Hence, p must be a factor of ao; thus we have proved part a of 
the Rational Zero Theorem. 

We may also rewrite Equation (2) in the form 


(Gn 1p"! + an-2p""2q + - - - + aypq"? + agq"”') = —a,p" — (5) 


An argument similar to the preceding one then establishes part b of the theo- 
rem. 


SOLVING POLYNOMIAL 
EQUATIONS 


Cardan's Formula 


Cardano provided this for- 
mula for one root of the cubic 
equation x* + bx +c =0: 


Try it for the cubics 


x-x=0 
x3-1=0 
x3 = 3x+2=0 
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The quadratic formula provides us with the solutions of a polynomial equation of 
second degree. How about polynomial equations of third degree? of fourth 
degree? of fifth degree? 

The search for formulas expressing the roots of polynomial equations in 
terms of the coefficients of the equations intrigued mathematicians for hundreds 
of years. A method for finding the roots of polynomial equations of degree three 
was published around 1535 and is known as Cardan’s formula despite the pos- 
sibility that Girolamo Cardano stole the result from his friend Nicolo Tartaglia. 
Shortly afterward a method that is attributed to Ferrari was published for solving 
polynomial equations of degree four. 

The next 250 years were spent in seeking formulas for the roots of polyno- 
mial equations of degree five or higher—without success. Finally, early in the 
nineteenth century, the Norwegian mathematician N. H. Abel and the French 
mathematician Evariste Galois proved that no such formulas exist. Galois’s work 
on this problem was completed a year before his death in a duel at age 20. His 
proof, using the new concepts of group theory, was so advanced that his teach- 
ers wrote it off as being unintelligible gibberish. 


EXAMPLE 2 
Find the rational roots of the equation 


8x4 -— 23+ 72 -2r-1=0 


SOLUTION 


If p/q is a rational root in lowest terms, then p is a factor of 1 and q is a factor of 8. 
We can now list the possibilities: 


possible numerators: +1 (the factors of 1) 
possible denominators: +1, +2, +4, +8 (the factors of 8) 
possible rational roots: +1, +4, +4, +4 


Synthetic division can be used to test whether these numbers are roots. Trying 
x = | and x = —], we find that the remainder is not zero and they are therefore 
not roots. Trying 3, we have 


48 S25 a2 || 


i ee | 
, 2 & 8. 0 


which demonstrates that } is a root. Similarly, 
=| 8 -2 7 -2 -! 
=—2 L=2 1 
8 -4 8 -4 0 
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which shows that —4 is also a root. The student may verify that none of the other 
possible rational roots will result in a zero remainder when synthetic division is 
employed. 


PROGRESS CHECK 
Find the rational roots of the equation 
Ox* — 12x3 + 13x27 - 12x +4=0 


ANSWER 
22 
ar3 
We can combine the Rational Zero Theorem and the depressed equation to 
give us even greater power in Seeking the zeros of a polynomial. 


EXAMPLE 3 
Find the rational roots of the polynomial equation 


8x + 12x4 + 140° + 13x? + 6x + 1=0 


SOLUTION 
Since the coefficients of the polynomial are all integers, we may use the Rational 
Zero Theorem to list the possible rational roots: 


possible numerators: +1 (factors of 1) 
possible denominators: +1, +2, +4, +8 (factors of 8) 
possible rational roots: +1, +3, +4, +8 


Trying +1, —1, and +4, we find that they are not roots. Testing —} by syn- 
thetic division results in a remainder of zero. 


-1j8 12 144 13 6 1 
-4 -4 -5 -4 -] 
#18 0 8 21-0 


coefficients of depressed equation 


Rather than return to the original equation to continue the search, we will use the 
depressed equation 


8x4 + 8x? + 10x? + 8x +2=0 


The values +1, —1, and +3 have been eliminated, but the value —} must be 
tried again: 
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-1)8 8 10 8 2 
-4 -2 -4 -2 


8 4 8 4 0 


eS 
coefficients of depressed equation 


Since the remainder is zero, —4 is again a root. This illustrates an important 
point: A rational root may be a multiple root! Applying the same technique to the 
resulting depressed equation 


BP + 4x27 + 8x4+4=0 


we see that —4 is once again a root: 


-3}8 4 8 4 


-4 0 -4 
8 0 810 
nd 


coefficients of depressed equation 
The final depressed equation 
8x7 +8=0 or r+1=0 


has the roots +i. Thus, the original equation has the rational roots 


PROGRESS CHECK 
Find all zeros of the polynomial 


P(x) = 9x* — 3x3 + 162 — 6x - 4 


ANSWER 


2 -}. +V2i 


EXAMPLE 4 
Use Descartes’s Rule of Signs, the Rational Zero Theorem, and the depressed 
equation to write 


P(x) = 3x4 + 2° 4+ 2242-1 


as a product of linear and quadratic factors with real coefficients such that the 
quadratic factors have no real zeros. 
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SOLUTION 
We first use the Rational Zero Theorem to list the possible rational zeros. 


possible numerators: +1 (factors of 1) 
possible denominators: +1, +3 (factors of 3) 
possible rational roots: +1, +4 


Next, we note that P(x) has real coefficients and that Descartes’s Rule of Signs 
may therefore be employed. Since P(x) has | variation in sign, there is precisely 1 
positive real zero. If this real zero is a rational number, it must be either +1 or 
+\. Trying +1, we quickly see that P(1) = 8 and that +1 is not a zero. Using 
synthetic division, 


+] 3 2 2 22! 
] 


3. 3). 3. 310 


————— 
coefficients of depressed equation 


we see that 4 is a zero and the depressed equation is 
Q\(x) = 3x3 + 3x7 + 3x+3=0 
which has the same roots as 
A(xy=rP+x27+x+1=0 


Since any root of Q2(x) is also a zero of P(x) and since we have removed the only 
Positive zero, we know that Q2(x) cannot have any positive zeros. (Verify that 
Q(x) has no variations in sign!) However, forming 


OX—x) = —- +P —xt+1 


we see that Q>(x) has at least | negative zero. By the Rational Zero Theorem, the 
only possible rational zeros of Q(x) are +1. Using synthetic division, 


=I} 1 l 1 | 


-1 0 -i 
1 0O 1 lo 


Ce 
coefficients of depressed equation 


we verify that —1 is indeed a zero. Finally, we note that the depressed equation 
x? + 1 =0 has no real roots, since the discriminant is negative. Thus, 


P(x) = 3x4 +20 4274+2r-1 =3(x-S)o+ I(x? + 1) 


TRANSCENDENTAL 
NUMBERS : 
Theorem: Every rational 
number p/q is algebraic. 
Proof: The number p/q is a 
root of the equation 


gx -p=0 


2) p=p-p=0 


Further, by definition of a 
rational number, q and p are 
integers and q # 0. So p/q is 
a root of a polynomial equa- 
tion with integer coeftlicients 
and is therefore algebraic. 


EXERCISE SET 44.4 
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Areal number that is a root of some polynomial equation with integer coefficients 
is said to be algebraic. We see that @ is algebraic since it is the root of the 
equation 3x — 2 =0; V2 is also algebraic, since it satisfies the equation 
x?-2=0. 

Note that every real number a satisfies the equation x — a = 0; that is, it 
satisfies a polynomial equation with real coefficients. But to be algebraic the 
number a must satisfy a polynomial equation with integer coefficients. To show 
that a real number a is not algebraic we must demonstrate that there is no 
polynomial equation with integer coefficients that has a as one of its roots. 
Although this appears to be an impossible task, it was performed in 1844 when 
Joseph Liouville exhibited specific examples of such numbers, called transcen- 
dental numbers. Subsequently, Georg Cantor (1845-1918), in his brilliant work 
on infinite sets, provided a more general proof of the existence of transcendental! 
numbers. 

You are already familiar with a transcendental number: the number zr is not 
a root of any polynomial equation with integer coefficients. 


In Chapter 1 we discussed number systems and said that numbers such as 
V2 and V3 were irrational. The Rational Zero Theorem provides a direct means 
of verifying that this is indeed so. 


EXAMPLE 5 
Prove that V3 is not a rational number. 


SOLUTION 

If we let x = V3, then x2 = 3 or x2 —3 = O. By the Rational Zero Theorem, the 
only possible rational roots are +1, +3. Synthetic division can be used to show 
that none of these are roots. However, V3 is aroot of x —3=0. Hence, V3 is 
not a rational number. 


In Exercises 1-12 use Descartes’s Rule of Signs to analyze the nature of the roots of the given equation. List all possi- 


bilities. 


1. 3x4- 223 + 67 + 5x-2=0 


3. x©4+2c44+47+1=0 
5. 2° -434+7x-4=0 
7, 52427 +7x-1=0 


2x° + 5x5 +x3-6=0 
3x3 - 2x +2=0 

2 — 5x7 + 8k -2=0 
x9 + 6x4 - xP - 2x -3 =0 


Cor Oe es 


488 


9. 
11. 
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xt — 203 + 5x7 +2=0 
x8 4+ 713+ 3x-5=0 


10. 
12. 


3x4 - 2x7 -1=0 


x oe 2" e420 


In Exercises 13-22 use the Rational Zero Theorem to find all rational roots of the given equation. 


19. 
21. 


x - 2x? - 5x + 6=0 

6x4 — 7x3 — 13x27 + 4x +4=0 

5x6 — 9 — 5x4 + 6 - x? ~ 5x +1=0 
4x* — 3 + 5x? - 2x -6=0 

2x5 — 13x4 + 26x3 — 22x? + 24x-9 =0 


14. 
16. 
18. 
20. 
22. 


3x3 -— x7 - Se + 1 =0 

36x* — 15x* — 26x27 + 3x + 2 =0 
16x* — 16x* — 29x? + 32x -6 =0 
6x4 + 2+ We? +4+2=0 

8x5 — 4x4 + 67 — 3x? - 2x + 1=0 


In Exercises 23—30 use the Rational Zero Theorem and the depressed equation to find all roots of the given equation. 


23. 
25. 


27. 


29. 


At ar ae ta Se 3S 0 
5x° — 3x4 — 10x? + 6x? — 40x + 24 =0 


6x4 — x - 5x2 +2x=0 


2x4 — x3 — 28x? + 30x —8 =0 


24. 
26. 


28. 


30. 


xa + x34 x72 + 3x-6=0 
12x4 — 52x7 + 75x? — 16x -5=0 


2x4 — = 


12x4 + 4x7 -— 17x? + 6x =0 


In Exercises 31—34 find the integer value(s) of k for which the given equation has rational roots, and find the roots. (Hint: 
Use synthetic division.) 


31. 
33. 


35. 


36. 


37. 
38. 


39. 


40. 


e+k? +ke+2=0 
x4 - 3x3 + kb? -4x-1=0 


If P(x) is a polynomial with real coefficients that has 
one variation in sign, prove that P(x) has exactly one 
positive zero. 


If P(x) is a polynomial with integer coefficients and 
the leading coefficient is +I or —1, prove that the 
rational zeros of P(x) are all integers and are factors of 
the constant term. 


Prove that V5 is not a rational number. 


If p is a prime, prove that Vp is not a rational num- 
ber. 


Prove that if P(x) is a polynomial with real coefficients 
and r is a positive zero of P(x), then the depressed 
equation 

O09) =o 

x—r) 

has at least one fewer variations in sign than P(x). 
(Hint: Assume the leading coefficient of P(x) to be 
positive, and use synthetic division to obtain Q(x). 
Note that the coefficients of Q(x) remain positive at 
least until there is a variation in sign in P(x).) 


Prove that if P(x) is a polynomial with real coeffi- 
cients, the number of positive zeros is not greater than 
the number of variations in sign in P(x). (Hint: Let ry, 


32. 
34. 


41. 


42. 


43. 


x4 — 407 — ke? + 6kr +: 9 =0 
x - 3k? +x+4=0 


r2, °° * , Ty be the positive zeros of P(x), and let 
P(x) = (« — ry(x — 72) + + + & = re) Q(x) 


Use the result of Exercise 39 to show that Q(x) has at 
least k fewer variations in sign than does P(x).) 


Prove that if rj, rm, ... 
then 


, ', are positive numbers, 


P(x) = (& — ri)Qx — r2) + TK) 


has alternating signs. (Hint: Use the result of Exercise 
40.) 


Prove that the number of variations in sign of a poly- 
nomial with real coefficients is even if the first and last 
coefficients have the same sign and is odd if they are 
of opposite sign. 


Prove that if the number of positive zeros of the poly- 
nomial P(x) with real coefficients is less than the num- 
ber of variations in sign, it is less by an even number. 
(Hint: Write P(x) as a product of linear factors corre- 
sponding to the positive and negative zeros, and of 
quadratic factors corresponding to complex zeros. 
Apply the results of Exercises 41 and 42.) 

Prove that the positive zeros of P(—x) correspond to 
the negative zeros of P(x); that is, prove that if a > 0 is 
a zero of P(—x), then —a is a zero of P(x). 


1.5 
RATIONAL FUNCTIONS 


AND THEIR GRAPHS 
PEI 


ASYMPTOTES 
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A function f of the fonn 


where P(x) and Q(x) are polynomials and Q(x) # 0, is called a rational function. 
We will study the behavior of rational functions with the objective of sketching 
their graphs. 

We first note that the polynomials P(x) and Q(x) are defined for all real 
values of x. Since we must avoid division by zero, the domain of the function f 
will consist of all real numbers except those for which Q(x) = 0. 


EXAMPLE 4 
Detennine the domain of each function. 


o+ 
@ f=) gx =5? : 


2 
©) Wx= a> 


SOLUTION 

(a) We must exclude all real values for which the denominator x — | = 0. 
Thus, the domain of f consists of all real numbers except x = 1. 

(b) Since x* — 4 = Owhenx = +2, the domain of g consists of all real numbers 
except x = +2. 

(c) Since x? + | = Ohas no real solutions, the domain of h is the set of all real 
numbers. 


PROGRESS CHECK 
Determine the domain of each function. 

x = -1 
OS" rag ag | IO eae 


ANSWERS 


(a) x# -}. 2 (b) all real numbers 


Let’s first consider rational functions for which the numerator is a constant, for 
example, 


1 1 
SX) = e and g(x) = Zz 
The domain of both f and g is the set of all nonzero real numbers. Furthermore, 
the graph of f is symmetric with respect to the origin, since the equation y = I/x 
remains unchanged when x and y are replaced by —x and —y, respectively. 
Similarly, the graph of g is symmetric with respect to the y-axis, since the equa- 
tion y = 1/x? is unchanged when x is replaced by —x. We therefore need plot only 
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those points corresponding to positive values of x (see Table 1) and can utilize 
symmetry to obtain the graphs of Figure 2. 


TABLE 4 


When a graph gets closer and closer to a line, we say that the line is an 
asymptote of the graph. Note the behavior of the graphs of fand g (Figure 2) as x 
gets closer and closer to 0. We say that the line x = 0 is a vertical asymptote for 
each of these graphs. Similarly, we note that the line y = 0 is a horizontal 
asymptote in both cases. We will later show that the x-axis is a horizontal 
asymptote for any rational function for which the numerator is a constant and the 
denominator is a polynomial of degree one or higher. 

The determination of asymptotes is extremely helpful in the graphing of 
rational functions. The following theorem provides the means for finding all 
vertical asymptotes. 


FIGURE 2 


Vertical Asymptote 
Theorem 
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The graph of the rational function 


has a vertical asymptote at x = r if r is a real root of Q(x) but not of Px). 


EXAMPLE 2 
Determine the vertical asymptotes of the graph of the function 


ce eee ee, 
bo Rae Bea, Se 


SOLUTION 
Factoring the denominator, we have 


as 2 
a= x(x + 1)(x — 3) 
and we conclude that x = 0, x = —1, and x = 3 are vertical asymptotes of the 


graph of T. 


Let’s examine the behavior of the function T(x) of Example 2 when x is in 
the neighborhood of +3. When x is slightly more than +3, x — 3 is positive, as 
are x and x + 1; therefore, 7(x) is positive and growing larger and larger as x gets 
closer and closer to +3. When x is slightly less than +3, x — 3 is negative, but 
both x and x + | are positive; therefore, T(x) is negative and growing smaller and 
smaller as x gets closer and closer to +3. This reasoning leads to the portion of 
the graph of T(x) shown in Figure 3c. Similarly, when x is slightly more than 0, 
T(x) is negative, and when x is slightly less than 0, T(x) is positive (Figure 3b). 
The behavior of T(x) when x is close to —1 is shown in Figure 3a. Since the 
numerator of T(x) is constant, T(x) # O for any value of x and the graph of 7(x) 
does not cross the x-axis. Moreover, since 7(x) is of the form k/Q(x), where k is a 
constant, the x-axis is a horizontal asymptote. Combining these observations with 
the portions of the graph of 7(x) sketched in Figure 3 leads to the graph of T(x) 
sketched in Figure 4. 
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FIGURE 3 


(b) (c) 


5 
rt I)(x — 3) 


FIGURE 4 
EXAMPLE 3 
Sketch the graphs of the rational functions. 
a = 
(a) F(x)= 4 (b) G(x) = PEST: 
SOLUTION 


The graphs are shown in Figure 5. Note that the graphs are identical to those of 
Figure 2 with all points moved right one unit in the case of F and moved left two 
units in the case of G. In both cases we say that the y-axis has been transtat- 
ed. 


FIGURE 5 


(a) 
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The x-axis is a horizontal asymptote for each of the rational functions 
sketched in Figures 2, 4, and 5. In general, we can determine the existence of a 
horizontal asymptote by studying the behavior of a rational function as x 
approaches +0 and —o, that is, as ll becomes very large. Recall that the expres- 
sion 


La 
x 


where n is a positive integer and k is a constant, will become very small as Lx 
becomes very large; that is, k/x” approaches 0 as |x| approaches +0. The proce- 
dure for determining horizontal asymptotes employs the technique, used earlier, 
of factoring out the highest power of x to determine the behavior of the function as 
ix becomes large. 


EXAMPLE 4 
Determine the horizontal asymptote of the function 


| 2-5 
f= FF 4 
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SOLUTION 
We illustrate the steps of the procedure. 


Horizontal Asymptotes 


Step 3. The terms —5/x?, 2/x, and — 4/x? approach 0 as 
lxl approaches +0, 


Step 4. Discarding these terms, we have y = 3 as the 
horizontal asymptote. 


EXAMPLE 5 
Determine the horizontal asymptote of the function 
_ 2+ 3x-2 
fe) xt+ 5 


if there is one. 


SOLUTION 
Factoring, we have 


W2+3-5 
fx) = x :) 


wy 


+ 

32 

AM2+3>S 

Ber, ar 
1 


5 
+? 


As Ll increases, the terms 3/x?, —2/x*, and 5/x? approach zero and can be dis- 


Horizontal Asymptote 
Theorem 


SKETCHING GRAPHS 
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carded. What remains is 2x, which becomes larger and larger as lt increases. 
Thus, there is no horizontal asymptote, and lyl becomes larger and larger as Ix! 
approaches infinity. 


The following theorem can be proved by utilizing the procedure of Exam- 
ple 4. 


The graph of the rational function 


— P(x) 
AM = 6) 


has a horizontal asymptote if the degree of P(x) is less than or equal to the 
degree of Q/x). 


Note that the graph of a rational function may have many vertical asymptotes but 
at most one horizontal asymptote. 


PROGRESS CHECK 
Determine the horizontal asymptote of the graph of each function. 
ee ae = 3e Fl 
I aio ay eG ee aa 
3x3 —xtl 


(c) h(x) = 9,2] 
ANSWERS 
(ad y=O (b) y= -$ (c) no horizontal asymptote 


We now summanize the information that can be gathered in preparation for 
sketching the graph of a rational function: 


© symmetry with respect to the axes and the ongin 

© x-intercepts 

© vertical asymptotes 

© horizontal asymptotes 

© brief table of values including points near the vertical asymptotes 


EXAMPLE 6 
Sketch the graph of 


f= a 
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SOLUTION 

Symmetry. Replacing x with —x results in the same equation, establishing sym- 
metry with respect to the y-axis. 

Intercepts. Setting the numerator equal to zero, we see that the graph of fcrosses 
the x-axis at the point (0, 0). 

Vertical asymptotes. Setting the denominator equal to zero, we find that x = | 
and x = —| are vertical asymptotes of the graph of f. 

Horizontal asymptotes. We note that 


x? ! 


[= ’ 
(i -4) (== 


As ll gets larger and larger, 1/x? approaches 0 and the values of f(x) approach 1. 
Thus, y = | is the horizontal asymptote. Plotting a few points, we sketch the 
graph of Figure 6. 


FIGURE 6 


PROGRESS CHECK 
Sketch the graph of the function 


Pe ae 
(=a 
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ANSWER 


FIGURE 7 


We conclude this section with an example of a rational function that is not in 
reduced form, that is, one in which the numerator and denominator have a com- 
mon factor. 


EXAMPLE 7 


Sketch the graph of the function 


r-) 
x-l 


Kx) = 


SOLUTION 
We observe that 


x—-] x71 


fos Ges) oe!) ara 


Thus, the graph of the function f coincides with the straight line y = x + I, with 
the exception that fis undefined when x = | (Figure 8). 
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FIGURE 8 
PROGRESS CHECK 
Sketch the graph of the function 
_$-22 
fay= x+2 
ANSWER 
FIGURE 9 

EXERCISE SET 41.5 
In Exercises 1—6 determine the domain of the given function. 


z= 5 ee ins ae tl _x<4+2 
=I Ie 1. Gabe arenas 3. 8) = oI 4. x) = 3T5 


I. Ax) = 
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5 sa ___ 3aet2 

5. F(x)= 43 6 T(x)= a ae 
In Exercises 7-21 determine the vertical and horizontal asymptotes of the graph of the given function. Sketch the 
graph. 

~—! 8. fix) = — %. fem 10. fa) = — 
a 1) = Fea » fx a) me E42 ks ( 1)? 

= _x+2 ee 
11 f- Gai 12. 1G healt Breer 13. f= 14. $9 = 5 
2? +1 _ x + eee ie _v-1 
15 Le aa 16. fix)= i495, —3 17 aa ar 18. f(x) = +2 
x? 2 eel _e+424+3x 

19. fix) er 20. SX) = S39 21. (1) === 35 75 
In Exercises 22—27 determine the domain and sketch the graph of the reducible function. 

_x-25 _ 2x? -8 _ 22% +2x-12 _ xe +2x-8 
22. AY = 10 23. fix) = oa 3 24. 1 os er ae aa 25 fl) = 53 T ar 8 

eet. ona __& 
26. tae cena ear 27. 9 eae ara 
TERMS AND SYMBOLS 
polynomial function of de- zeros of a polynomial Z(p. 471) rational function (p. 489) 

gree n(p. 459) (p. 460) zero of multiplicity k vertical asymptote (p. 490) 
polynomial equation of de- _ synthetic division (p. 462) (p. 474) horizontal asymptote 
gree n(p. 459) complex conjugate (p. 469) depressed equation (p. 490) 
(p. 475) 


KEY IDEAS FOR REVIEW 

O) Polynomial division results in a quotient and a remain- 
der, both of which are polynomials. Either the remain- 
der is zero or its degree is less than the degree of the 
divisor. 

L) Synthetic division is a quick way to divide a polynomial 
by a first-degree polynomial x — r, where r is a real 
constant. 

) The zeros of the polynomial P(x) are the roots of the 
equation P(x) = 0. 

(1 The following are the primary theorems concerning 
polynomials and their roots: 

Remainder Theorem 
If a polynomial P(x) is divided by x — r, the remainder is 
P(r). 
Factor Theorem 


A polynomial P(x) has a zero r if and only ifx —risa 
factor of P(x). 


variation in sign (p. 480) 


Linear Factor Theorem 


A polynomial P(x) of degree n = | can be written as the 
product of 7 linear factors, 


P(x) = a(x — ri)(x — 72) + + + (X— Fy) 
where r1, F2,..., 7, are the complex zeros of P(x) and a 
is the leading coefficient of P(x). 

Fundamental Theorem Of Algebra 


If P(x) is a polynomial of degree n = 1, then P(x) has 
precisely n zeros among the complex numbers when a 
zero of multiplicity k is counted k times. 


Conjugate Zeros Theorem 


If a + bi, b #0, is a zero of the polynomial P(x) with 
teal coefficients, then a — bi is also a zero of P(x). 


Rational Zero Theorem 


If p/q is a rational zero (in lowest terms) of the polyno- 
mial P(x) with integer coefficients, then p is a factor of 
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the constant term do of P(x), and q is a factor of the 
leading coefficient a, of P(x). 


C) If ris areal zero of the polynomial P(x), the roots of the 
depressed equation are the other zeros of P(x). The 
depressed equation can be found by using synthetic divi- 
sion. 


C1) Descartes’s Rule of Signs tells us the maximum number 
of positive zeros and the maximum number of negative 
zeros of a polynomial P(x) with real coefficients. 


REVIEW EXERCISES 


LC If P(x) has integer coefficients, the Rational Zcro Theo- 


rem enables us to list all possible rational zeros of P(x). 
Synthetic division can then be used to test these potential 
rational zeros, since r is a Zero if and only if the remain- 
der is zero, that is, if and only if P(r) = 0. 


C1) Always determine the vertical and horizontal asymp- 


totes of a rational function before attempting to sketch 
its graph. 


Solutions to exercises whose numbers are in color are in the Solutions section in the back of the book. 


11.1 In Exercises 1 and 2 use synthetic division to find the 
quotient Q(x) and the constant remainder R when the 
first polynomial is divided by the second polynomial. 

1. 2+6r-4, x-1 

2. x4-3x34+2r-5, x42 
In Exercises 3 and 4 use synthetic division to find P(2) 
and P(—1). 

3. 7x3 - 3x7 +2 4. 8-44 2x 

11.2 In Exercises 5 and 6 use the Factor Theorem to show 
that the second polynomial is a factor of the first poly- 
nomial. 

5. 2x4+ 4x3 + 3x7 + 5x-2, x+2 


6. 2 — 5x7 +6x- 2, gel 


2 
11.3 In Exercises 7—9 write the given quotient in the form 
at bi. 
3-2i 2+i 9 —-5 
4+ 3i *-=5i “+i 


In Exercises 10—12 write the reciprocal of the given 
complex number in the form a + bi. 


10. 1+ 3i ll. 4 12. 2-Si 


In Exercises 13—15 find a polynomial of lowest degree 
that has the indicated zeros. 


13. -3, -2, -1 14, 3,4 V-3 
15. -2,+ V3,1 


In Exercises 16—18 find a polynomial that has the indi- 
cated zeros and no others. 


16. 4 of multiplicity 2, —1! of multiplicity 2 


17. i, i, each of multiplicity 2 
18. —1 of multiplicity 3, 3 of multiplicity 1 


In Exercises 19—21 use the given root to assist in find- 
ing the remaining roots of the equation. 


19. 2? -—x?-13x-6=0; -2 
20. P-27°-9x+4=0; 4 
21. 2x4 — 15x3 + 34x? -— 19x — 20=0; I] 


11.4 In Exercises 22-25 use Descartes’s Rule of Signs to 


determine the maximum number of positive and nega- 
tive real roots of the given equation. 


22. x4-2x-1=0 
23. P-—x4+3P-42%42x-5=0 
24. YP -5=0 25. 3x4-2+1=0 


In Exercises 26-28 find all the rational roots of the 
given equation. 


26. 6x° — 5x7 — 33x— 18 =0 

27. 6x4 — 7x3 — 19x? + 32x — 12 =0 

28. x44+3P4+27+%x-1=0 

In Exercises 29 and 30 find all roots of the given equa- 
tion. 

29. 6x? + 15x2?-x- 10=0 

30. 2x*-3x - 107° + 19x-6=0 


11.5 In Exercises 31 and 32 sketch the graph of the given 


function. 


x 2 


31. fixy= 


x+/ oe array 


PROGRESS TEST 144 
1. Find the quotient and remainder when 2x* — x* + 1 is 
divided by x? + 2. 
2. Use synthetic division to find the quotient and remain- 
der when 3x4 — x? — 2 is divided by x + 2. 


3. If P(x) =x? — 2x? + 7x + 5, use synthetic division to 
find P(—2). 


4. Determine the remainder when 4x° — 2x* — 5 is divid- 
ed by x + 2. 


5. Use the Factor Theorem to show that x — 3 is a factor 
of 2x4 — 9x3 + 9x? + x -— 3, 
In Problems 6 and 7 find a polynomial of lowest degree that 
has the indicated zeros. 
6. -2,1,3 7. -1,1,3+V2 
In Problems 8 and 9 find the roots of the given equation. 
8. Ot I) -— 2) =0 
9. (xt 1)?Q? - 3x -2)=0 


In Problems 10-12 find a polynomial that has the indicated 
zeros and no others. 


10. —3 of multiplicity 2, 1 of multiplicity 3 
11.  —4 of multiplicity 2, i, -i, 1 
12, i 1t+i 


PROGRESS TEST 118 
1. Find the quotient and remainder when 3x° — x* — 
5x° — x + 1 is divided by x? — x- 1. 
2. Use synthetic division to find the quotient and remain- 
der when — 2x? + 3x? — 1 is divided by x — 1. 


3. If P(x) = 2x4 - 2x3 + x — 4, use synthetic division to 
fied P(-1). 

4. Determine the remainder when 3x* — 5x3 + 3x2 + 4 
is divided by x — 2. 

5. Use the Factor Theorem to show that x + 2is a factor 
of x° — 4x2 - 9x + 6. 


In Problems 6 and 7 find a polynomial of lowest degree that 
has the indicated zeros. 
2,1+V3 


GSH! 7. 
In Problems 8 and 9 find the roots of the given equation. 
8. (x2 —3x+ 2)(x - 2)? =0 

9. (x2 + 3x- I - 2)(x + 3)? =0 
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In Problems 13 and 14 use the given root to help in finding 
the remaining roots of the equation. 


13. 4°-3x+1=0; -1 
14. x+-x2?-2x+2=0; 1 
15. If 2+iisa root of x° — 6x2 + 13x — 10 =0, write 


the equation as a product of linear and quadratic fac- 
tors with real coefficients. 


In Problems 16 and 17 determine the maximum number of 
roots, of the type indicated, of the given equation. 


16. 2° — 3x4 + 1 =0; positive real roots 
17. 3x4 + 2x3 — 2x? — 1 = 0; negative real roots 


In Problems 18 and 19 find all rational roots of the given 
equation. 


18. 6x3 — 17x? + 14x +3 =0 
19. 2x5 — x4 -— 413 + 2x? + 2x -1 =0 
20. Find all roots of the equation 
3x4 + 7x3 ~— 3x2 + 7x -6=0 


eee: x27 +2 
21. Sketch the graph of the function f(x) = Sy 


In Problems !0—12 find a polynomial tha: .ias the indicated 
zeros and no others. 


10. 4 of multiplicity 3, —2 

11. —3 of multiplicity 2, 1+¢1-i 

12. 3+ V=1, —1 of multiplicity 2 

In Problems 13 and 14 use the given root(s) to help in find- 
ing the remaining roots of the equation. 

13. x2-x?-8x-4=0; -2 

14. x4 — 3x9 — 22x? + 68x - 40=0; 2, 5 


15. If 1 —iis a root of 2x+- x3 — 4x7 + 10x-4=0, 
write the equation as a product of linear and quadratic 
factors with real coefficients. 


In Problems 16 and 17 determine the maximum number of 
roots, of the type indicated, of the given equation. 


16. 3x4 + 3x — 1 =0; positive real roots 


17. 2x4 + x3 — 3x2 + 2x + 1 = 0; negative real roots 
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In Problems 18 and 19 find all rational roots of the given 


20. Find all roots of the equation 
equation. nt — 8-42 4+ 2x =0 
18. 3x°+7x27-4=0 
19. 444-42 4+7?-4,-3=0 21. 


Sketch the graph of the function f(x) = =. 


TOPICS IN ALGEBRA 


The topics in this chapter are related in that they all involve the set of natural 
numbers. As you might expect, despite our return to a simpler number system, 
the approach and results will be more advanced than in earlier chapters. For 
example, in discussing sequences, we will be dealing with functions whose 
domain is the set of natural numbers. Yet, sequences lead to considerations of 
series, and the underlying concepts of infinite series can be used as an introduc- 
tion to calculus. 

Another of the topics, mathematical induction, provides a means of proving 
certain theorems involving the natural numbers that appear to resist other means 
of proof. As an example, we will use mathematical induction to prove that the 
sum of the first n consecutive positive integers is n(n + 1)/2. 

Yet another topic is the binomial theorem, which gives us a way to expand 
the expression (a + b)” where n is a natural number. One of the earliest results 
obtained in a calculus course requires the binomial theorem in its derivation. 

Probability theory, a very useful topic in algebra, enables us to state the 
likelihood of occurrence of a given event and has obvious applications to games 
of chance. The theory of permutations and combinations, which enables us to 
count the ways in which we can arrange a set of objects or select a subset of the 
original set, is necessary background to a study of probability theory. 
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12.1 
SEQUENCES AND 
SIGMA NOTATION 


INFINITE SEQUENCES 


——_, 


Can you see a pattern or relationship that describes this string of numbers? 
1,4, 9516, 25% 23.4 

If we rewrite this string as 
gr oP oe ot eae 


it is clear that these are the squares of successive natural numbers. Each number 
in the string is called a term. We could write the nth term of the list as a function 
a defined by 


a(n) = n? 


where n is a natural number. Such a string of numbers is called an infinite 
sequence, since the list is infinitely long. 


An infinite sequence (often called simply a sequence) is a function whose 
domain is the set of all natural numbers. 


The range of the function a is 
a(1), a(2), a(3),..., a(n)... 
which we write as 
@\, 2, @3,.-- Any... 


That is, we indicate a sequence by using subscript notation rather than function 
notation. We say that a is the first term of the sequence, a is the second term, 
and so on, and we write the nth term as a,, where a,, = a(n). 


EXAMPLE 4 
Write the first three terms and the tenth term of each of the sequences whose nth 
term is given. 


n 
(a) a,=n?+1 (b) a, =—— (c) a,=2"-1 
n+] 
SOLUTION 
The first three terms are found by substituting n = 1, 2, and 3 in the formula for 
a,. The tenth term is found by substituting n = 10. 
(a2) ap=l?+1=2 a2 =274+12=5 a =3*+1= 10 
aio = 10? + 1 = 101 


SUMMATION NOTATION 
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(c) a =2'-1=1 a =22-1=3 a,=2-1=7 
aio = 210 — 1 = 1023 


PROGRESS CHECK 
Write the first three terms and the twelfth term of each of the sequences whose 


nth term is given. 
(a) a,=3(1—n) (b) a,=n?+n+1 (c) a,=5 
ANSWERS 
(a) a, =0, a2 = -3, a3 = —6, ay2 = —33 
(b) a; = 3, a2 = 7, a3 = 13, ay2 = 157 
(c) a, = az = a3 =a,2=5S 
An infinite sequence is often defined by a formula expressing the nth term 
by reference to preceding terms. Such a sequence is said to be defined by a 
recursive formula. 


EXAMPLE 2 
Find the first four terms of the sequence defined by 


a, =a,-; +3 with aj=2 and n22 


SOLUTION 
Any terin of the sequence can be obtained if the preceding term is known. Of 


course, this recursive formulation requires a starting point, and we are indeed 
given a,. Then 

a, =2 

ag =a, +3=27+3=5 

a3 =a2+3=5+3=8 
a3+3=8+3=11 


a4 


PROGRESS CHECK 
Find the first four terms of the infinite sequence 


a, =2a,-,- 1 with a =—-1 and n=2 


ANSWER 
= =o 12-9 


In the following sections of this chapter, we will seek the sum of terms of a 
sequence such as 


a, t+a,tayt+* +am, 


Since sums occur frequently in mathematics, a special notation has been devel- 
oped that is defined in the following way. 
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Summation Notation m 
pS a =a, + az+ aqzt++"* +a, 
k=1 


This is often referred to as sigma notation, since the Greek letter & indicates a 
sum of terms of the form a,. The letter k is called the index of summation and 
always assumes successive integer values, starting with the value written under 
the > sign and ending with the value written above the > sign. 


EXAMPLE 3 


3 4 
Evaluate (a) > 2*(k + 1) (b) y (i? + 2). 


k=1 i=2 


SOLUTION 
(a) The terms are of the form 


a, = 2k + 1) 


and the sigma notation indicates that we want the sum of the terms a through a3. 
Forming the terms and adding, 


3 


> Hk+ I) =2'0 + 1+ 224+ D+ 2341) 


k=1 
=4+124+32=48 


(b) Any letter may be used for the index of summation. Here, the letter i is 
used, and 


4 
XY @4+0=(272494+624+94+(8+2) 


i=2 
=6+ 11+ 18 = 35 


Note that the index of summation can begin with an integer value other than 1. 


EXAMPLE 4 
Write each sum using summation notation. 


1 l 2 3 4 5 
+— — ®) ~+—+—4+ > 
3 4 5 6 


l l 
+ —— +—+ 
272 233 294 2°5 


os 
ae 
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SOLUTION 
(a) The denominator of each term is of the form 2 - k, where k assumes integer 
values from | to 5. Then 


> l 
k=1 an 


expresses the desired sum. 
(b) If the value of the numerator of a term is k, then the denominator is k + 1. 
Letting k range from 2 to 5, 


expresses the desired sum. 


PROGRESS CHECK 
Write each sum using summation notation. 
(a) xatxptxgt---+x3p  (b) 22+ 344+ 45456 


ANSWERS 
20 5 

(a) Dx (bo) Dd et! 
ks) k=2 


If a sequence is defined by a, = c, where c is a real constant, then 


r 
> a =o +t Ha, 
k=! 


=ctet te 
=A0G. 


This leads to the rule: 


For any real constant c, 


EXAMPLE 5 


20 4 
Evaluate (a) > 5 (b) p> (i? ~ 2). 


j=l k=] 
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SOLUTION 
20 
(a) >, 5=20-5= 100 


j=! 


4 
(b) > (@-2 =(127-24+(2-24+(?-2+(4-2 
k=1 


=-1+2+7+4=22 


The following are properties of sums expressed in sigma notation. 


Properties of Sums For the sequences a;, a3,...,andb;, bo,..., 


Gi) Dd ae +oy= Dat Dy & 
k=1 k=1 


k=l 


ji) > @—h)= > a- D> by 


k=1 k=1 k=| 


n n 
(iii) y ca, = é>, ay, c aconstant 
k=1 k=l 


EXAMPLE 6 


4 


Use the properties of sums to evaluate > (kK? — 2). 
k=1 


SOLUTION 
Rather than write out the terms as was done in Example 4b, we may write 


4 4 4 4 
DiP=V=DeP=22= Less 


k=1 k=1 k=1 k=1 
= 12+ 2? + 37+ 42-8 =30-8 =22 


SERIES A sum of terms of a sequence is called a series. We denote by 5, the sum of the 
first n terms of an infinite sequence where 7 is a natural number. Summation 
notation is very useful in handling a series. For example, given the sequence 


Qy, G2, G3, - ++ 5 Anges 
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| 
| AREAS BY RECTANGLES Many textbooks introduce the integral calculus by the use of rectangles to ap- 
| proximate area. In the accompanying figure, we are interested in calculating the | 
| area under the curve of the function f(x) = x? that is bounded by the x-axis and 
the lines x = a and x = b. The interval [a, b} is divided into n subintervals of 
equal width, and a rectangle is erected in each interval as shown. We then seek | 
to use the sum of the areas of the rectangles as an approximation to the area 
under the curve. 

To calculate the area of a rectangle, we need to know the height and the 
width. Since the interval [a, b] has been divided into n parts of equal width, we | 
see that 


b-a 


width of rectangle = 
Next, note that the height of the rectangle whose left endpoint is at x, is deter- | 
mined by the value of the function at that point; that is, 
height of rectangle = f(x,) = xz 
The area of a “typical' rectangle is then 


(P=? )hay = (P—=*) 8 


n 


and the sum of the areas of the rectangles is neatly expressed in summation 
notation by 


§ (228)a-(2=4)$ a 


n k=4 


Intuitively, we see that the greater the number of rectangles, the better our 
approximation will be, and this concept is pursued in calculus. The student is 
urged to let a = 1 and b = 3 in the accompanying figure and to use the method | 
of approximating rectangles with n = 2,n = 4, and n = 8. The exact answer is | 
26/3 square units, and the approximations improve as n grows larger. 

IPT ET eg TE CY SP RET 


we have 


and, in general, 


an 
S,= > &=a,tate-+a 


n 
k=] | 
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The number S,, is called the mth partial sum, and the numbers 
515 So, S495 5 2 > Spy es 


form a sequence called the sequence of partial sums. This type of sequence is 
studied in calculus courses, where methods are developed for analyzing infinite 
series. 


EXAMPLE 7 
Given the infinite sequence 
a, =n*—- 1 
find S4. 
SOLUTION 
The first four terms of the sequence are 
a,=0 a=3 ay=8 ag=I5 


Then the sum S4 is given by 


4 
Si= > ae =0+34+8+4 15 = 26 


k=! 


If a series alternates in sign, then a multiplicative factor of (—1)* or (—1)**! 
can be used to obtain the proper sign. For example, the series 


—1]24+ 22 — 324 4? 


can be written in sigma notation as 
4 
2, =e 
k=1 


while the series 
127-2? 4+ 32-4 


can be written as 
4 
ey (-1)* tk 
k= 


EXAMPLE 8 

The terms of a sequence are of the form a, = Vk, and the terms are negated 
when k is even. Write an expression for the general term a,, and for the sum S,, in 
summation notation. 


SOLUTION 


424 
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If we multiply each term by (—1)**!, then the odd terms will be positive and the 


even terms will be negative 


and the sequence is 


. The general term a, is then 


a= (-1)"*!'Vn 


V1, -V2, V3, -V4, 2.0, (“It Vn, ... 


Finally, the sum S,, is given by 


EXERCISE SET 42.1 


Sp =D (-1)t!Vk 
k=1 


In Exercises 1-12 find the first four terms and the twentieth term of the sequence whose nth term is given. 


1. a, = 2n 2. Q,=2n+ 1 
5. an = 5 6. 4.2 = — i 
n 
2 
=| 
9. a =2+0.1" 10. a,=—— I. 
n+) 


In Exercises 13—18 a sequence is defined recursively. Find the 


13. a, = 2a,-; — 1, ay = 2; find ag 14. 
1 
IS. a, =——— a3, = _ 2; find ag 16. 
an-1 +1 
17. Gn = (Qn—1)*, a, = 2; find ag 18. 
In Exercises 19-26 find the indicated sum. 
5 5 
19. + Bk-1) 20. > @B-2k) 21. 
k=1 k=1 
5 k 4 
3. >—— 24. >, 4(2") 25. 
tea KOI k=2 
In Exercises 27-36 use summation notation to express the sum 
27. 1434+5+7+9 28. 
29. 14+4+9+ 164 25 30. 
31 1+ ee + 32 
V2 V3. COV 
1 2 3 4 
33. =S ES 34. 
+1 274+ 1 ?+1 +I 
1 1 1 
BOG Nl eet caoents cearsd ee ee 36. 
x x x 


3 


Q, = 4n — 3 4. a, =3n- 1 
a, =— 8. a =Vn 
n+ 1 
n? 2n+ 1 
= 12. a,= 
ot Ga : nr 
indicated term of the sequence. 
n = 3 — 3ay-\, A; = —1; find a3 
an = ——., a2 = 1; find as 
Gy-1 
Qn = (Ay—\)""', ay = 2; find ag 
S > =! 
(kK? + 1) 22. 
k=] k=0 kt | 
4 10 
> 20 26. 50 
jai =1 
. (The answer is not unique.) 
2+5+8+114 14 
1-—4+9- 16+ 25 
1 1 | 1 
+ + + 
2:4 25 2:6 2:7 
2-4+8- 16 
1 1 1 1 1 
— + + -+ 
1-2 2:3 3-4 4-5 49-50 
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12.2 
ARITHMETIC 


SEQUENCES 
| 


The sequence 
2.958). 11, 145 V7 s 2 


is an example of a special type of sequence in which each successive term is 
obtained by adding a fixed number to the previous term. 


Arithmetic Sequence 


In an arithmetic sequence there is a real number d such that 
ay = An-| +d 


for all » > 1. The number d is called the common difference. 


An arithmetic sequence is also called an arithmetic progression. Returning to 
the sequence 


25.93 09 Vlas Wy oe 
the nth term can be defined recursively by 
An = An-1 te: 35 a, = 2 


This is an arithmetic progression with the first term equal to 2 and a common 
difference of 3. 


EXAMPLE 4 
Write the first four terms of an arithmetic sequence whose first term is —4 and 
whose common difference is —3. 


SOLUTION 
Beginning with —4, we add the common difference —3 to obtain 


-4+(-3)=-7 -74+(-3)=-10 -10+(-3)= -13 
Alternatively, we note that the sequence is defined by 
Qn = Qn—-| — 3, ay = —4 
which leads to the terms 
a,=—4, ag=-7, a3=-10, ay=—13 


PROGRESS CHECK 
Write the first four terms of an arithmetic sequence whose first term is 4 and 
whose common difference is —4. 


ANSWER 
ll 10 
4, aS er 
3° 3 
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EXAMPLE 2 
Show that the sequence 


a, = 2n- 1 


is an arithmetic sequence, and find the common difference. 


SOLUTION 
We must show that the sequence satisfies 


Ay — An-, =d 
for some real number d. We have 
a, = 2n— 1 
An—-1 = 2n— 1)-— 1 = 2n—-3 
Se) 
ay, — An—-; = 2n— 1 — (Qn — 3) =2 


This demonstrates that we are dealing with an arithmetic sequence whose com- 
mon difference is 2. 


For a given arithmetic sequence, it’s easy to find a formula for the nth term 
a,, in terms of n and the first term a;. Since 


a=atd 
and 
a3=a,+d 
we see that 
a3 = (a, + d) +d =a, + 2d 
Similarly, we can show that 
a4 =a, + d=(a,+2d)+d=a, + 3d 
as = a4 + d = (a, + 3d) + d= a, + 4d 


In general, 


The nth term a, of an arithmetic sequence is given by 


a, = a, + (n— 1)d 
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EXAMPLE 3 
Find the seventh termn of the arithmetic progression whose first term is 2 and 
whose common difference is 4. 


SOLUTION 
We substitute n = 7, a, = 2, d = 4 in the formula 


a, =a,+(n- 1)d 
obtaining 
a7=2+(7-— 1)4=2+4+ 24 = 26 


PROGRESS CHECK 
Find the 16th term of the arithmetic progression whose first term is —5 and 
whose common difference is 3. 


ANSWER 
5 


2 


EXAMPLE 4 
Find the 25th term of the arithmetic sequence whose first and 20th terms are —7 
and 31, respectively. 


SOLUTION 
We can apply the given information to find d. 
a, = a, + (n— 1)d 
a9 = a, + (20 — 1)d 
31 = -7 + 19d 
d=2 
Now we use the formula for a, to find as. 
a, =a, + (n— I)d 
Q25 = —7 + (25 — 1)2 
a5 = 41 
PROGRESS CHECK 


Find the 60th term of the arithmetic sequence whose first and 10th terms are 3 
and —#, respectively. 


ANSWER 
53 


2 


ARITHMETIC SERIES 


Arithmetic Serles 
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The series associated with an arithmetic sequence is called an arithmetic series. 
Since an arithmetic sequence has a common difference d, we can write the nth 
partial sum S,, as 


Sy, = a, + (a, + d) + (ay + 2d) + +++ + (an — 2d) + (a, — d) +a, (1) 


where we write a>, a3, . . . in terms of a, and we write a,—,, Qn—-2, . . . in terms 
of a,. Rewriting the right-hand side of Equation (1) in reverse order, we have 


Sn = Gn + (a, — d) + (ay — 2d) + ++* + (a, + 2d) + (a, + d) +a, (2) 
Summing the corresponding sides of Equations (1) and (2), 


2S,, = (a; + an) + (ay + an) + (ay + Gn) + °° Repeated n times 
= n(a,; + ay) 


Thus, 


S, = —(a + ay) 
i= an 

a 
Since a, = a, + (n — 1)d, we see that 


n 
S, = 5 la +a, +(n- 1)d] Substituting for a,, 


n 
= “9 Wea + (n — I)d] 


We now have two useful formulas. 


For an arithmetic series, 


The choice of which formula to use depends on the available information. The 
following examples illustrate the use of the formulas. 


EXAMPLE 5 
Find the sum of the first 30 terms of an arithmetic sequence whose first term is 
~—20 and whose common difference is 3. 


516 TOPICS IN ALGEBRA 


SOLUTION 
We know that n = 30, a, = —20, and d = 3. Substituting in 


S, = ~[2a, + (n — 1)d} 


n 
2 
we obtain 


30 
S30 = ~y [2(—20) + (30 — 1)3] 


= 15(—40 + 87) 
= 705 


PROGRESS CHECK 
Find the sum of the first 10 terms of the arithmetic sequence whose first term is 
2 and whose common difference is —}4. 


ANSWER 
5 


2 


EXAMPLE 6 
The first term of an arithmetic series is 2, the last term is 58, and the sum is 450. 
Find the number of terms and the common difference. 


SOLUTION 
We have a, = 2, a, = 58, and S, = 450. Substituting in 


S, = F(a + an) 
we have 


450 = 50 + 58) 


900 = 60n 
n=15 
Now we substitute in 
a, =a,+(n-—l1)d 
58 = 2 + (14)d 
56 = 14d 
d=4 
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PROGRESS CHECK 
The first term of an arithmetic series is 6, the last term is |, and the sum is 77/2. 
Find the number of terms and the common difference. 


ANSWER 


EXERCISE SET 12.2 


Write the next two terms of each of the following arithmetic sequences. 


1. 356, 9,. 123 2s 2. 2, =2; —6,—10,. +; 
3. 0 ae es 4 -—4 +4,y+8 
«WF a gt Ss . y ,yY ,y Neen 
1] 17 
5. 0, log 10, log 100, log 1000,... 6. 4, ee. 7, ao 
Te VR 2S VS ONS ee ae 8. 1258; 4, Oye, 
Write the first four terms of the arithmetic sequence whose first term is a; and whose common difference is d. 
9. a =2,d=4 10. aq =-2,d=-5 
l ] 
11 ea ar 12 ma =5,4d=2 
1 l 5 
13. a) =~,d=-— 14 ae ere 
a 3° 3 ay , 2 


Find the specified term of the arithmetic sequence whose first term is a, and whose common difference is d. 


IS. a, = 4, d= 3; 8th term 16. aq=-3,d= = 14th term 
17. a, = 14, d= —2; 12th term 18. q=6,d= = Oth term 
Given two terms of an arithmetic sequence, find the specified term. 

19. a = —2, agg = —2; 24th term 20. a, = >: a\2 = 6; 30th term 
21. a, = 0, ag; = 20; 20th term 22. a; = 23, ays = —19; 6th term 
23. a= -=, a4, = 10; 22nd term 24. a, = —3, a;g = 65; 30th term 


Find the sum of the specified number of terms of the arithmetic sequence whose first term is a, and whose common 
difference is d. 


1 
25. a, = 3, d= 2; 20 terms 26. ay = —-4,d= > 24 terms 
1 1 
27. av= ae d= —2,; 12 terms 28. aj=—-3,d= 3° 18 terms 
29. a = 82, d = —2; 40 terms 30. a, = 6, d= 4; 16 terms 
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31. How many terms of the arithmetic progression2,4,6, 36. The first term of an arithmetic series is 20, the last 
8, .. . add up to 930? term is —14, and the sum is 54. Find the number of 


32. How many terms of the arithmetic progression 44, 41, terms and the common difference. 


38, 35, . . . add up to 340? 37. Find the sum of the first 16 terms of an arithmetic 
progression whose 4th and 10th terms are —3 and 4, 
respectively. 


33. The first term of an arithmetic series is 3, the last term 
is 90, and the sum is 1395. Find the number of terms 


and the common difference. 38. Find the sum of the first 12 terms of an arithmetic 
34. The first term of an arithmetic series is —3, the last progression whose 3rd and 6th terms are 9 and 18, 
term is 3, and the sum is —3. Find the number of respectively. 


terms and the common difference. 39. Show that the sum of the first n natural numbers is 


35. The first term of an arithmetic series is 3, the last term n(n + 1)/2. 
is 3, and the sum is 27 . Find the number of terms and 40. Show that 


the common difference. 1434¢54+¢0++ (22-1) =n 
12.3 The sequence 
GEOMETRIC 
SEQUENCES 3,.6, 12, °24,:48,.2-... 


in which each term after the first is obtained by multiplying the preceding one by 
2, is an example of a geometric sequence. 


| Geometric Sequence In a geometric sequence there is a real number r such that 
| 

| 

| an = TAn-| 


for all n > 1. The number r is called the common ratio. 


A geometric sequence is also called a geometric progression. The common ratio 
rcan be found by dividing any term a, by the preceding term, a,-. 


| In a geometric sequence, the common ratio r is given by 


ay 


ag 


Let’s look at successive terms of a geometric sequence whose first term is a, 
and whose common ratio is r. We have 
ay = ra, 
a3 = ray = r(ra\) = r’a, 


a4 = ra, = r(r’a) = ra, 


FIBONACCI COUNTS 
| THE RABBITS 


Month Pairs of Rabbits 


0 
1 
2 
3 
4 


5 


eT 
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Here is a problem that was first published in the year 1202. 

A pair of newborn rabbits begins breeding at age one month and thereafter 

produces one pair of offspring per month. If we start with a newly born pair | 

of rabbits, how many rabbits will there be at the beginning of each month? | 
The problem was posed by Leonardo Fibonacci of Pisa, and the resulting se- 
quence is known as a Fibonacci sequence. 

The accompanying figure helps in analyzing the problem. At the beginning 
of month Zero, we have the pair of newborn rabbits P;. At the beginning of month 
1, we still have the pair P,, since the rabbits do not breed until age 1 month. At 
the beginning of month 2, the pair P; has the pair of offspring P2, At the begin- 
ning of month 3, P,; again has offspring, P3, but P2 does not breed during its first 
month. At the beginning of month 4, P; has offspring P4, P2 has offspring Ps, and 
P3 does not breed during its first month. 

If we let a, denote the number of pairs of rabbits at the beginning of month 
n, we see that 


ag = 1, a, = 1, €2g = 2, 28 =3, ag = 5, aS =8B,.. 


The sequence has the interesting property that each term is the sum of the two | 
preceding terms; that is, 


An = An-1 + An-2 


Strange as it seems, nature appears to be aware of the Fibonacci sequence. For 
example, arrangements of seeds on sunflowers and leaves on some trees are 
related to Fibonacci numbers. Stranger still, some researchers believe that 
cycle analysis, such as analysis of stock market prices, is also related in some 
way to Fibonacci numbers. 


The pattern suggests that the exponent of r is one less than the subscript of a in 
the left-hand side. 


The nth term of a geometric sequence is given by 
a, = ar"! 


Once again, mathematical induction is required to prove that the formula holds 
for all natural numbers. 


EXAMPLE 4 
Find the seventh term of the geometric sequence —4, —2, -l,.... 


SOLUTION 
Since 


an 
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GEOMETRIC MEAN 


we see that 
Ec eee 
az =. 2 
Substituting a, = —4, r= 4, and n = 7, we have 
a.=ar 
l 7-1 l 6 
a = (-4)(4) = (-4 (=) 
ey) 
64 16 


PROGRESS CHECK 
Find the sixth term of the geometric sequence 2, —6, 18,.... 


ANSWER 
—486 


In a geometric sequence, the terms between the first and last terms are called 
geometric means. We will illustrate the method of calculating such means. 


EXAMPLE 2 
Insert three geometric means between 3 and 48. 


SOLUTION 
The geometric sequence must look like this. 


3s a2, a3, a4, 48, ree 


Thus, a, = 3, as = 48, and n = 5. Substituting in 


a, = ar"! 

48 = 37 
r= 16 
r= +2 


Thus there are two geometric sequences with three geometric means between 3 
and 48. 


3, 6, 12, 24, 48,... r=2 
35: 16,12,°-24, 48.5.2 FS 2 
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PROGRESS CHECK 
Insert two geometric means between 5 and x. 


ANSWER 


GEOMETRIC SERIES If a,, az, . . . is a geometric sequence, then the nth partial sum 
Sy, =a, + a, t+ +++ +a, (1) 
is called a geometric series. Since each term of the series can be rewritten as 
a = ay!" we can rewrite Equation (1) as 
S,=a,tartartetar™? tar (2) 
Multiplying each term in Equation (2) by r, we have 
rS, =artar tar tess + ar! + ar (3) 
Subtracting Equation (2) from Equation (3) produces 
rS,; — Sy = ayr" — ay 
(r — 1)S, = a,(r" — 1) Factoring 
Sy = a=) Dividing by r ~— 1 
pe (if r # 1) 


Changing the signs in both the numerator and the denominator gives us the 
following formula for the mth partial sum. 


Geometric Series In a geometric series with first term a, and common ratio r # 1, 


a\(\ -r’) 
=a 


EXAMPLE 3 
Find the sum of the first six terms of the geometric sequence whose first three 


terms are 12, 6, 3. 


SOLUTION 
The common ratio can be found by dividing any term by the preceding term. 


ax a 6 ] 
| i —_ ed 


Qp-| a, 12 ~ 3 
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Substituting a, = 12, r = 4, n = 6 in the formula for S,, we have 


alr) _ if - (3)"] 189 


PROGRESS CHECK 
Find the sum of the first five terms of the geometric sequence whose first three 
terms are 2, —4, §. 


ANSWER 


110 
81 


EXAMPLE 4 

A father promises to give each child 2 cents on the first day and 4 cents on the 
second day and to continue doubling the amount each day for a total of 8 days. 
How much will each child receive on the last day? How much will each child 
have received in total after 8 days? 


SOLUTION 
The daily payout to each child forms a geometric sequence 2, 4, 8, . . . with 
a, = 2 and r = 2. The term ag is given by substituting in 

a, = ayr"! 

ag = ay! =2-27 = 256 
Thus, each child will receive $2.56 on the last day. The total received by each 
child is given by 


po aiiee 
l= 
al —r§) = 21 - 28) 
S=— e 
l-r lea? 
2 = 256) 


= 510 
-l 


Each child will have received a total of $5.10 after 8 days. 


PROGRESS CHECK 

A ball is dropped from a height of 64 feet. On each bounce, it rebounds half the 
height it fell (Figure 1). How high is the ball at the top of the fifth bounce? What 
is the total distance the ball has traveled at the top of the fifth bounce? 


FIGURE 4 


INFINITE GEOMETRIC 
SERIES 


rt 
of 
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ANSWER 
2 feet; 186 feet 


@) 


\ 
(() 


1 1 1 
— +—— Heer Ht 
4 8 2° 


foieee 


To see how the sum increases as n increases, let’s form a table of values of S,,. 


Nn 1 2 3 4 5 6 7 8 9 


S, | 0.500 | 0.750 | 0.875 | 0.938 | 0.969 | 0.984 | 0.992 | 0.996 | 0.998 


We begin to suspect that S,, gets closer and closer to | as n increases. To see that 
this is really so, let’s look at the formula 


ay(1 a r”) 


S, = 
l-r 
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when t7i < 1. When a number r that is less than 1 in absolute value is raised to 
higher and higher positive integer powers, the absolute value of r” gets smaller 
and smaller. Thus, the term 7” can be made as small as we like by choosing n 
sufficiently large. Since we are dealing with an infinite series, we say that ‘‘r” 
approaches zero as n approaches infinity.’ We then replace r” with O in the 
formula and denote the sum by S. 


Sum of an Infinite 
Geometric Series 


The sum S of the infinite geometric series 


co 


> ar =a,tartarte tart: 
k=0 


is given by 


s=-— when |r| < | 
—r 


Applying this formula to the preceding series, we see that 


al 
s=—— =| 
-—_- 
}-— 
2 


which justifies the conjecture resulting from the examination of the above table. 
It is appropriate to remark that the ideas used in deriving the formula for an 
infinite geometric series have led us to the very border of the beginning concepts 
of calculus. 


EXAMPLE 5 

Find the sum of the infinite geometric series 
3 2 4 
—+1+—+—+-:: 
2 3-9 

SOLUTION 


The common ratio r = §. The sum of the infinite geometric series, with |r| < 1, 
is given by 


12.3 GEOMETRIC SEQUENCES 525 


PROGRESS CHECK 
Find the sum of the infinite geometric series 


a 


4 16 
ANSWER 
16 
5 
The notation 
0.6525252 


indicates a repeating decimal with a pattern in which 52 is repeated indefinitely. 
Every repeating decimal can be written as a rational number. We will apply the 
formula for the sum of an infinite geometric series to find the rational number 
equal to a repeating decimal. 


EXAMPLE 6 = 
Find the rational number that is equal to 0.6525252. 


SOLUTION 
Note that 
0.6525252 = 0.6 + 0.052 + 0.00052 + 0.0000052 + --- 
We treat the sum 
0.052 + 0.00052 + 0.0000052 + :-: 
as an infinite geometric series with a = 0.052 and r = 0.01. Then 


a 0.052 _ 0.052 52 
l-r 1-001 0.99 990 


and the repeating decimal is equal to 


52 6 52 646 323 


0 _— = —_— => ————— 


9909 10 990 990 495 


PROGRESS CHECK a2 
Write the repeating decimal 2.545454 as a rational number. 


ANSWER 
252 


99 
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EXERCISE SET 12.3 

In Exercises 1-6 find the next term of the given geometric sequence. 

Le 36. 1224 2. —4, 12, —36, 108,... 

9 27 1 1 
3. 403 eS ae ek 46 25>), SS 
4° 16 2 4 

5. 1.2, 0.24, 0.048 ee a 

In Exercises 7—12 write the first four terms of the geometric sequence whose first term is a, and whose common ratio is r. 
l 3 
7 a=3,r=3 8. a =-4,r=2 9. as aoe 10. Ae ay 
2 

Il. ao =-3,r=2 12. Sr 

In Exercises 13—24 use the information given about a geometric sequence to find the requested item. 
1 
13. a, =3, r= —2; find ag 14. a=18,r= ae find ag 
1S. qy = 16, an = 8; find az 16. aq, = 15, az = —10; find ag 
Lae eer: 
17. a =3,a5= 37° find a; 18. a =2,a,= 16° find a; 
16 Sie ¢ 

19. a= 1° ag = 5° find ag 20. ag= oe a; = 1; find r 

21. a) =4, ag = 256; find r 22, ay = 3, ag = —81; find ag 
1 

23. aq > r= 2, a, = 32; find n 24. a, = —2, r= 3, a, = —162; find n 


25. Insert two geometric means between zs and 9. 
26. Insert two geometric means between —3 and 192. 


1 

27. Insert two geometric means between | and a 
F 2 32 

28. Insert three geometric means between > and 73° 


In Exercises 29—32 find the requested partial sum for the geometric sequence whose first three terms are given. 


1 1 
29. 3, I; 3? find S7 30. Sa 1 3; find S6 
6 12 4 8 
SS tee Hell 32. 2,3, Gi fi 
31 3, 5 75 find Ss 2 3° 9 find S, 


In Exercises 33—36 use the information given about a geometric sequence to find the requested partial sum. 


1 
33. a, = 4, r= 2; find Ss 34. q= are r= —3; find S\o 


54 
35. a, = 2, ag= ~ 3 find Ss 36. a, = 64, az = 1; find S6 


37. A Christmas Club calls for savings of $5 in January, 
and twice as much in each successive month as in the 


previous month. How much money will have been 


saved by the end of November? S40. 
A city had 20,000 people in 1980. If the population 
increases 5% per year, how many people will the city 
have in 1990? 
Evaluate the sum of each infinite geometric series. 
41. ane secuee eae ees 42. 
2 4 8 
ee ee ee te 
3 9 27 
ngs ci ee es 46. 
2 8 32 
47. 0.5 + (0.5)* + (0.5)? + (0.5)* + ++ 48. 
49. aa eee é ae sie 
3 9 27 81 
50. Find the rational number equal to 3.6666. 


51. Find the rational number equal to 0.3676767. 
52: 
53. 


Find the rational number equal to 4.141414. 
Find the rational number equal to 0.325325. 


12.4 
MATHEMATICAL 


INDUCTION 
ETE ri 


3/39. 
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A city had 30,000 people in 1980. If the population 
increases 25% every 10 years, how many people will 
the city have in the year 2010? 


For good behavior a child is offered a reward consist- 
ing of 1 cent on the first day, 2 cents on the second 
day, 4 cents on the third day, and so on. If the child 
behaves properly for two weeks, what is the total 
amount that the child will receive? 


1 1 1 
=) 20 80 
1 1 1 


ee nei Ween aes ace 
4 8 16 


ae es ait 


a 
5 
1 
2 


1+ 0.1 + 0.01 + 0.001 +-:: 


8 16 


25 125 


2 
+ 
5 625 


Mathematical induction is a method of proof that serves as one of the most 
powerful tools available to the mathematician. Viewed another way, mathemati- 
cal induction is a property of the natural numbers that enables us to prove theo- 


rems that would otherwise appear unmanageable. 
We begin by considering the sums of consecutive odd integers 


l=1 

1+3=4 
1+3+5=9 
1+3+5+7= 16 


1+3+5+7+9=25 


We instantly recognize that the sequence 


1, 4, 9, 16, 25 


consists of the squares of the integers 1, 2, 3, 4, and 5. Is this coincidental or do 
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we have a general rule? Is the sum of the first n consecutive odd integers always 
equal to n*? Curiosity leads us to try yet one more case. 


14+34+54+7+94+11=36=6 


Indeed, the sum of the first six odd integers is 6”. This strengthens our suspicion 
that the result may hold in general, but we cannot possibly verify a theorem for 
all positive integers by testing one integer at a time. At this point we need to turn 
to the principle of mathematical induction. 


Principle of If a statement involving a natural number n 
Mathematical Induction (I) is true when n = 1 and 
(II) whenever it is true for n = k, is also true forn =k + I, 
then the statement is true for all positive integer values of n. 


Let’s examine the logic of the principle of mathematical induction. Part (1) 
says that we must verify the statement for n = |. Then, by Part (II), the state- 
ment is also true form = | + | = 2. But Part (II) then implies that the statement 
must also be true for nm = 2 + 1 =3, and so on. The effect is similar to an 
endless string of dominoes whereby each domino causes the next to fall. Thus, it 
is plausible that the principle has established the validity of the statement for all 
positive integer values of n. 

We outline the steps involved in applying the principle of mathematical 
induction in the following example. 


EXAMPLE 4 
Prove that the sum of the first n consecutive integers is given by n(n + 1)/2. 


SOLUTION 


Mathematical Induction 


Step 1. The ‘‘sum’’ of the first integer is |. Evaluat- 
ing the formula for n = 1 yields 


es ees 
2 2 


= 1 


which verifies the formula for 2 = 1. 
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Step 2. For n = k we have 


k(k + 1) 


Tae aot table lar 


Adding the next consecutive integer, k + 1, to both 
sides, we obtain 


kk + | 
[Qt tht tN =O bee 


k 
=(k+ n(t+ 1) 
at 2) 


=(k+ (<4 


= > + Ik + 2) 


Thus, the formula holds for n = k + 1. By the prin- 
ciple of mathematical induction, it is then true for all 
positive integer values of n. 


EXAMPLE 2 
Prove that the sum of the first n consecutive odd integers is given by n?. 


SOLUTION 
To verify the formula for n = 1, we need only observe that | = 17. 

The following table shows the correspondence between the natural numbers 
and the odd integers. We see that when n = k, the value of the nth consecutive 


N 
Ww 
p 
> 


| n I 


integer 


| nth odd 1 


w 

Nn 

a) 

SS) 

> 
| 


odd integer is 2k — |. Since the formula is assumed to be true for n = k, we have 
1434+54+-+-+(2k-DN=Kh 
Adding the next consecutive odd integer, 2k + 1, to both sides, we obtain 


P+ 3 tert (2k- 1) + (2k+D Hh + 2k 41) 
or 
lS ase (2k + 1p Sk > 1)? 
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Thus, the sum of the first k + 1 consecutive odd integers is (k + 1)*. By the 
principle of mathematical induction, the formula is true for all positive integer 
values of n. 


The student should be aware that many of the theorems that were used in 
this book can be proved formally by using mathematical induction. Here is an 
example of a basic property of positive integer exponents that yields to this type 
of proof. 


EXAMPLE 3 
Prove that (xy)” = x’y” for all positive integer values of n. 


SOLUTION 


For n = 1, we have 
(xy)! = xy = x'y! 


which verifies the validity of the statement for n = 1. Assuming the statement 
holds for n = k, we have 


(xy) = ahyh 


To show that the statement holds for n = k + 1, we write 


(xy)**t! = (xy)kQry) Definition of exponents 
= (y‘)Qry) Statement holds for n = k 
= (xkx)(y*y) Associative and commutative laws 
Se ye? Definition of exponents 


Thus, the statement holds for n = k + 1, and by the principle of mathematical 
induction the statement holds for all integer values of n. 


EXERCISE SET 12.4 
In Exercises 1-10 prove that the statement is true for all positive integer values of n by using the principle of mathematical 
induction. 


18 24+4+4+6+4+::-+2n=ntn + 1) 
2 n(2n + 1)(2n — 1) 
3 
nn + 1) 
2 


2. 43? + 5% +++++ (2n-1) 


3. 2+5484++++Gn—-D= 


4. 44+8+12+-+++4n=2n(n + 1) 


+ 
5. S+10+ 1S +--+ Sn = 
6 ag 4a tise ee ee 
| 6 
ote + 
7. 1242-34340 t aint =D 
8 ae es ere eee Cae 
. 4 


9, 14+54+94+++++ (4n — 3) =n(2n - 1) 
‘ n tt 

10. (=) == 
y y 


11. Prove that the nth term a,, of an arithmetic progression 
whose first term is a, and whose common difference 
is d is given by a,, = a, + (n — 1)d. 

12. Prove that the nth term a,, of a geometric progression 
whose first term is a; and whose common ratio is r is 
given by a,, = a,r""!. 

13. Prove that2 + 27+2>+:++-+ 2% =2"t! 2, 


12.5 
THE BINOMIAL jes 
THEOREM (a+ b)' =a+t+b 
(a+ bY = 
(a+ bp = 
(a+ bf = 
(a t+ by = 


14. 


15. 
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n~1 


al -r" 
Prove thata tartart+---tar™!= ie 


L=r 
Prove that x” — 1 is divisible by x — 1, x # 1. [Hint: 
Recall that divisibility requires the existence of a poly- 
nomial Q(x) such that x” — 1 = (x — 1)Q(x).] 
Prove that x” — y” is divisible by x—y, x#y. 
[Hint: Note that xt! — y"*)=(y™t!— gy") + 
(xyv" ran ant ] 


By sequential multiplication by (a + b) you may verify that 


a? + 2ab + Bb 

a’ + 3a°b + 3ab> + 

a+ + 4a°b + 6a*b? + 4ab3 + b* 

@ + Satb + 10a*b? + 10ab* + Sab*+ + b° 


The expression on the right-hand side of the equation is called the expansion of 
the left-hand side. If we were to predict the form of the expansion of (a + b)", 
where n is a natural number, the preceding example would lead us to conclude 
that it has the following properties. 

(a) The expansion has n + | terms. 

(b) The first term is a” and the last term is b”. 

(c) The sum of the exponents of a and 6 in each term is n. 

(d) In each successive term after the first, the exponent of a decreases by 1, and 
the exponent of b increases by 1. 
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(e) The coefficients may be obtained from the following array, which is known 
as Pascal’s triangle. Each number, with the exception of those at the ends of the 
rows, is the sum of the two nearest numbers in the row above. The numbers at 
the ends of the rows are always 1. 


1 5 10 10 5 l 


Pascal’s triangle is not a convenient means for determining the coefficients of 
the expansion when n is large. Here is an alternative method. 
(e’) The coefficient of any term (after the first) can be found by the following 
rule: In the preceding term, multiply the coefficient by the exponent of a and then 
divide by one more than the exponent of b. 


EXAMPLE 4 
Write the expansion of (a + b)°. 


SOLUTION 
From Property (b) we know that the first term is a°. Thus, 
(a+ b)® =a +> 
From Property (e’) the next coefficient is 
1-6 
—=6 
l 
(since the exponent of b is 0). By Property (d) the exponents of a and b in this 
term are 5 and 1, respectively, so we have 
(a + b)® = a° + 6a°b + °° 
Applying Property (e’) again, we find that the next coefficient is 
6°5 
— =15 
2 


and by Property (d) the exponents of a and b in this term are 4 and 2, respec- 
tively. Thus, 


(a + b)® = a® + 6a°b + 15a*h? + °° 
Continuing in this manner, we see that 


(a + b)® = a® + 6a°b + 15a4*b? + 20a°b* + 15a7b* + 6ab? + b® 
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PROGRESS CHECK 
Write the first five terms in the expansion of (a + b 


ANSWER 
a'? + 10a°b + 45a®b* + 120a’b® + 210a°b* 


vate 


The expansion of (a + 5)" that we have described is called the binomial 
theorem or binomial formula and can be written 


The Binomial Formula 


an — 1) 004, n(n — 1)(n — 2) 
We he + 

ee [2283 

n(n — W(t — 2)0++ (n— r+ 1) 

+ Se 

1-2°3eerr 


n— 353 


n 
(a+ b)"=a"+ rear + 


fee TOBE A wee + hl 


FACTORIAL NOTATION 


The binomial formula can be proved by the method of mathematical induction 
discussed in the preceding section. 


EXAMPLE 2 
Find the expansion of (2x — 1!)*. 


SOLUTION 
Let a = 2x, b = —1, and apply the binomial formula. 


(2x — 1) = (2x4 + *20%-1) + anit 12 


4: ~ 
+ SS 20(- 1 + (1) 


16x* — 32° + 24x? — 8x + 1 
PROGRESS CHECK tw ee _ 

Find the expansion of (x? — 2). 
ANSWER 

x8 — 8x + 24x4 — 32x? + 16 


Note that the denominator of the coefficient in the binomial formula is always the 
product of the first n natural numbers. We use the symbol n!, which is read as nr 
factorial, to indicate this type of product. For example, 
41=4-3-2-1=24 
6! = 6°5°4°3-2-1 = 720 
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7 
| n Factorial 
| 


| 


and, in general, 


ni = n(n — I\(n — 2)°°+4°3+2°1 


Since 


(n — 1)! = (n — 10m — 2)(n = 3) 25 453-251 


we see that for n > ] 


n=n(n— 1)! 


For convenience, we define 0! by 


o!= 1 
EXAMPLE 3 
Evaluate each of the following. 
5! 
(a) ar 
Since 5! = 5-4-3! we may write 
5! 5°4:-3! 
— = —— =5:4=20 
3! 3! 
b ee sy 
ae = 
' 10!4! 10!4! ee ee ee 
an aoe ek: ee 
! — 1)" - 2)! 
(a) n _ n(n \n ) See er 


(n — 2)! (n — 2)! 


poe 
: ao tee 
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PROGRESS CHECK 
Evaluate each of the following. 


12! 6! 1018! 
@ To © Gor © com 
(d) ni(n — J)! fe) 8! 
io le = 2)! 6a — 3) 
ANSWERS 
@ G2 © 6 ~~ @ 2 we 3 
n+} 


Here is what the binomial formula looks like in factorial notation. 


n! n! 


+ py = git 22 
ae oA? ae 2un — 2)! - 
{ { 
aS ee 
3'(n — 3)! ri(n=7)! 
a 


n 
The symbol ( ), called the binomial coefficient, is defined in this way: 
r 


Binomial Coefficient 


This symbol is useful in denoting the coefficients of the binomial expansion. 
Using this notation, the binomial formula can be written as 


(a+ by" =q'+t+ ("\ar~tp fs (")an-2p2 + ("an 
| 2 3 
n 
nee ( arr + ie che 
r 


Sometimes we merely want to find a certain term in the expansion of 
(a + b)". We shall use the following observation to answer this question. In the 
binomial formula for the expansion of (a + b)", b occurs in the second term, b? 
occurs in the third term, 5° occurs in the fourth term, and, in general, b* occurs in 
the (k + 1)th term. The exponents of a and b must add up to nv in each term. 
Since the exponent of b in the (k + 1)th term is k, we conclude that the exponent 
of a must be n — k. 
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EXAMPLE 4 
Find the fourth term in the expansion of (x — 1). 


SOLUTION 
The exponent of b in the fourth term is 3, and the exponent of a is then 5 — 3 = 
2. From the binomial formula we see that the coefficient of the term a7b? is 


(°) =() =s59 
3 3 3!2! 
Since a = x and b = —]1, the fourth term is 


ai a 108 
gon 


PROGRESS CHECK 
Find the third term in the expansion of 


(5-1) 


EXAMPLE 5 
Find the term in the expansion of (x? — y?)® that involves y®. 


SOLUTION 

Since y® = (-y we seck that term which involves b* in the expansion of 
(a + b)®. Thus, b* = (—y’)* = y® occurs in the fifth term. In this term the expo- 
nent of a is 6 — 4 = 2. By the binomial formula the corresponding coefficient is 


6 6! 
(0) 
4 4!2! 


Since a = x* and b = —y’, the desired term is 


15(x7)°(-y’)* = 15x4y# 


4 
OR) 


PROGRESS CHECK 
Find the term in the expansion of (x? — V2) that involves x°. 


ANSWER 
-20V2x° 
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7. 


I. 


15. 


19. 


23. 


27. 


EXERCISE SET 12.5 
Expand and simplify. 
1. (xt 2y/ 2. (2a — 3b)° 
5. (2- xy) 6. (3a + byt 
x 3 
9. (a — 2b) 10. (2 + y) 
Find the first four terms in the given expansion and simplify. 
ee ar i, ey 
l 3 
7. 22> 3y)" 18. (a = +) 
a 
Evaluate. 
21. 5! 22. 7! 
11! 7 
25. rn 26. or 
6! (3) 
29. = : 
3! a? 5 


In each expansion find only the term specified. 


33. The fourth term in (2x — 4)’. 
34. The third term in (4a + 3b)!!. 


12 
35. The fifth term in (5x = y) F 
36. The sixth term in (3x — 2y)!°. 
9 
37. The fifth term in = — 2) , 
x 


38. The next to last term in (a + 4b). 

39. The middle term in (x — 3y)°. 
6 

40. The middle term in (21 + +5) E 


41. The term involving x* in (3x + 4y)’. 


nan 
any 


al] 


31. 


42. 
43. 


44. 


45. 


46. 


48. 


1 4 
(4x — y)4 4. (3 + =x) 
(a2b + 3)4 8. (x-y)! 

1 3 ; 2 
(1 + 2) 12 ( + 2) 
3 y x 
(3 — 2a)? 16. (a? +b! 

1 15 
(2x ~— yz)!3 20. (x - +) 
y 
12! Ms 13! 
Il! "42! 
10! 9! 
Er 28. ra 
10 +1)! 
("°) ao eel 
6 (n- 1)! 


The term involving x° in (2x7 — 1)’. 


The term involving x° in (2x3 — 1)’. 


i 
The term involving x° in (2 + +) : 
¥ 


1 7 
The term involving x!? in (x + 4 : 


8 
The term involving x4 in (y oY 4) ; 
x 
Evaluate (1.3)° to four decimal places by writing it as 


(1 + 0.3)® and using the binomial formula. 


Using the method of Example 47, evaluate 
(a) (3.4)* — (b) (48)? (Hint: 48 = 50 — 2.) 


12.6 How many arrangements can be made using the letters a, b, c, and d three at a 


COUNTING: 
PERMUTATIONS AND 
COMBINATIONS 


time? One way to solve this problem is to enumerate all the possible arrange- 
ments. The tree diagram shown in Figure 2 is a graphic device that yields pre- 
cisely what we need. The letters a, b, c, and d are listed at the top and represent 


the candidates for the first letter. The three branches emanating from these lead to 
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the possible choices for the second letter, and so on. For example, the portion of 
the tree shown in Figure 3 illustrates the arrangements bda and bdc. In this way 
we determine that there are a total of 24 arrangements. 


a b G d 
| | NNN 
Cd Ee ee Ea AOC ee AA abe bk ee a eae rb 
FIGURE 2 


There is a more efficient way to solve this problem. Each arrangement 
consists of a choice of candidates to fill 3 positions in Figure 4. Any one of the 4 
candidates a, b, c, or d can be assigned to the first position; once a candidate is 


b 
- 3 Pa 
d 
Position | Position 2 Position 3 
FIGURE 4 
a c 
FIGURE 3 assigned to the first position, any one of the 3 remaining candidates can be 


assigned to the second position; finally, either one of the remaining 2 candidates 

can be assigned to the third position. Since each candidate for a position can be 

associated with any other candidate in the other positions, the product 
4°3-2= 24 


yields the total number of arrangements. This simple example illustrates a very 
important principle. 


Counting Principle If one event can occur in m different ways and, after it has happened in one of 


these ways, a second event can occur in n different ways, then both events can 
occur in mn different ways. 


Note that the order or sequence of events is significant since each arrangement is 
counted as one of the “‘mn different ways.’ 


PERMUTATIONS 
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EXAMPLE 4 
In how many ways can 5 students be seated in a row of 5 seats? 


SOLUTION 

We have 5 positions to be filled. Any one of the 5 students can occupy the first 
position, after which any one of the remaining 4 students can occupy the next 
position. Reapplying the counting principle to the other positions, we see that the 
number of arrangements is 


5°4-°3+2-1= 120 


PROGRESS CHECK 
How many different 4-digit numbers can be formed using the digits 2, 4, 6, and 
8? (Don't repeat any of the digits.) 


ANSWER 
24 


EXAMPLE 2 

How many different 3-letter arrangements can be made using the letters A, B, C, 
X, Y, and Z 

(a) if no letter may be repeated in an arrangement, and 

(b) if letters may be repeated? 


SOLUTION 

(a) We need to fill 3 positions. Any one of the 6 letters may occupy the first 
position; then, any one of the remaining 5 letters may occupy the second 
position (since repetitions are not allowed). Thus, the total number of 
arrangements is 6°5-4 = 120. 

(b) Any one of the 6 letters may fill any of the 3 positions (since repetitions are 
allowed). The total number of arrangements is 6 + 6° 6 = 216. 


PROGRESS CHECK 

The positions of president, secretary, and treasurer are to be filled from a class of 
15 students. In how many ways can these positions be filled if no student may 
hold more than | position? 


ANSWER 
2730 


Each arrangement that can be made by using all or some of the elements of a set 
of objects without repetition is called a permutation. The phrase ‘‘without rep- 
etition’’ means that no element of the set appears more than once. For example, 
the permutations of the letters a, b, and c taken 3 at a time include b a c but 
exclude aa b. 
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We will use the notation P(2, r) to indicate the number of permutations of n 
distinct objects taken r at a time. (There are a number of other notations in 
common use: nPr, P7, "P,, Py+-) If r = n, then using the counting principle, we 
see that 


P(n, n) =n(n— W(n— 2): ++ 2-1 


since any one of the n objects may fill the first position, any one of the remaining 
(n — 1) objects may fill the second position, and so on. Using factorial nota- 
tion, 


Let’s try to calculate P(n, r), that is, the number of permutations of n distinct 
objects taken r at a time when r is less than n. We may think of this as the number 
of ways of filling r positions with n candidates. Once again, we may fill the first 
position with any one of the n candidates, the second position with any one of the 
remaining (n — 1) candidates, and so on, so 


P(n, r)=n(tn—1)(n-2)-°- 
— + 
r factors 


We may write this as 


P(n, r) =n(n— 1\(n—-2)°--(n-—rt 1) (1) 


since (n —r + 1) will be the rth factor. If we multiply the right-hand side of 
Equation (1) by 


(n—r)! _ 


=n. 


_ an in 2) ar te Denn s7 =) sae Dt 


EXAMPLE 3 
Evaluate. 
(a) P(5,5)  (b) P5,2) (cy Pd 


3} 
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SOLUTION 
St SE 54-321 
OP =—e ao 
_ 5! 51 5-431 
by BO; Y= 6C—D! 3! 3! cu 
! | ~5S-A? 
ey Ped. 6! _ 6 Sat, 
a SG— oy) Sal Fea! 
PROGRESS CHECK 
Evaluate. 
2 P(6, 4 
(a) P(4, 4) (b) P.3) ©) ee 


ANSWERS 
(a) 24 (b) 120 (c) 360 


EXAMPLE 4 
How many different arrangements can be made by taking 5 of the letters of the 
word relation? 


SOLUTION 
Since the word relation has 8 different letters, we are seeking the number of 
permutations of 8 objects taken 5 at a time or P(8, 5). Thus, 


PROGRESS CHECK 
There is space on a bookshelf for displaying 4 books. ‘* there are 6 different 
novels available, how many arrangements can be made? 


EXAMPLE 5 
How many arrangements can be made using all the letters of the word quartz if 
the vowels are always to remain adjacent to each other? 


SOLUTION 

If we treat the vowel pair ua as a unit, then there are five “‘letters’’ (q, ua, r, ft, z) 
that can be arranged in P(5, 5) ways. But the vowels can themselves be arranged 
in P(2, 2) ways. By the counting principle, the total number of arrangements 
is 


P(5,:5)*P(Q;.2) 
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COMBINATIONS 


P(n, r) or C(n, r) 


Since P(5, 5) = 120 and P(2, 2) = 2, the total number of arrangements is 
240. 


PROGRESS CHECK 

A bookshelf is to be used to display 5 new textbooks. There are 7 mathematics 
textbooks and 4 biology textbooks available. If we wish to put 3 mathematics 
books and 2 biology books on display, how many arrangements can be made if 
the books in each discipline must be kept together? 


ANSWER 
5040 


Let's take another look at the arrangements of the letters a, b, and c taken 2 ata 
time: 


ab ba ca 
ac bc cb 


Now let’s ask a different question: In how many ways can we select 2 letters from 
the letters a, b, and c? In answering this question, we disregard the order in which 
the letters are chosen. The result is then 


ab ac bc 


In general, a set of r objects chosen from a set of n objects is called a combi- 
nation. We denote the number of combinations of r objects chosen from n objects 


by C(n, r). | Other notations in common use include nCr, Cr, "C,, C,,,, and 
n 
aE 


EXAMPLE 6 
List the combinations of the letters a, b, c, and d taken 3 at a time. 


SOLUTION 
The combinations are scen to be 


abc abd acd bcd 
Here is a rule that is helpful in determining whether a problem calls for the 
number of permutations or the number of combinations. 


If we are interested in calculating the number of arrangements, in which dif- 
ferent orderings of the same objects are counted, we use permutations. 


If we are interested in calculating the number of ways of selecting objects, and 
the order of the selected objects does not matter, we use combinations. 
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For example, suppose we want to determine the number of different 4-card hands 
that can be dealt from a deck of 52 cards. Since a hand consisting of 4 cards is the 
same hand regardless of the order of the cards, we must use combinations. 

Let’s find a forrnula for C(n, r). There are three combinations of the letters 
a, b, and c taken 2 at a time, namely 


ab ac be 


so that C(3, 2) = 3. Now, each of these combinations can be arranged in 2! ways 
to yield the total list of permutations 


ab ba ac ca bc cb 


Thus, P(3, 2) = 6 = 2!C(3, 2). In general, each of the C(n, r) combinations can 
be permuted in r! ways, so by the counting principle the total number of permu- 
tations is P(n, r) = r'!C(n, r) or 


EXAMPLE 7 

Evaluate. 

(a) C(5,2) ) C(4,4) re 

SOLUTION 

(a) C5, N= ae = See hE 7 

(b) C(4, 4) = Wow AL = 

(c) P(, y= gh -S-6. er 
C(6, d= sg a= sol 82554 | 55 


P(6, 3) _ 120_,¢ 


C6, 3) 20 
PROGRESS CHECK 
Evaluate. 
PQ, 2) 
a) C62) (b) C0, 10) ©) Hea 
ANSWERS 


(@) 15 ©) 1 (c) < 
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EXAMPLE 8 
In how many ways can a committee of 4 be selected from a group of 10 peo- 
ple? 


SOLUTION 

If A, B, C, and D constitute a committee, is the arrangement B, A, C, Da 
different committee? Of course not—the order does not matter. We are therefore 
interested in computing C(10, 4): 


JO 2 10+ 9-327 
CNOA es aeaed- Tt 
PROGRESS CHECK 
In how many ways can a 5-card hand be dealt from a deck of 52 cards? 
ANSWER 
2,598,960 
EXAMPLE 9 


In how many ways can a committee of 3 girls and 2 boys be selected from a class 
of 8 girls and 7 boys? 


SOLUTION 
The girls can be selected in C(8, 3) ways, and the boys can be selected in C(7, 2) 
ways. By the counting principle, each choice of boys can be associated with each 
choice of girls: 
TT 

C(8, 3)-C(7, 2) = Re 2151 ~ (56)(21) = 1176 
PROGRESS CHECK 
From 5 representatives of District A and 8 representatives of District B, in how 
many ways can 4 persons be chosen if only | representative from District A is to 
be included? 


ANSWER 
280 


EXAMPLE 40 

A bookstore has 12 French and 9 German books. In how many ways can a group 
of 6 books, consisting of 4 French and 2 German books, be placed on a 
shelf? 


SOLUTION 
The French books can be selected in C(12, 4) ways and the German books in 
C(9, 2) ways. The 6 books can then be selected in C(12, 4) -C(9, 2) ways. Each 
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selection of 6 books can then be arranged on the shelf in P(6, 6) ways, so the total 
number of arrangements is 


C(12, 4)* C9, 2) - P(6, 6) = 


PROGRESS CHECK 


| 5 
FBT DIT — OE — 495" 36" 720 = 12,830,400 


From 6 different consonants and 4 different vowels, how many 5-letter words can 
be made consisting of 3 consonants and 2 vowels? (Assume every arrangement is 


a ‘‘word.’’) 


ANSWER 
14,400 


EXERCISE SET 12.6 


1. 


How many different 5-digi. s.ubers can be formed 
using the digits 1, 3, 4, 6, and 8? 

How many different ways are there to arrange the let- 
ters in the word study? 


An employee identification number consists of 2 let- 
ters of the alphabet followed by a sequence of 3 digits 
selected from the digits 2, 3, 5, 6, 8, and 9. If repe- 
titions are allowed, how many different identification 
numbers are possible? 


In a psychological experiment, a subject has to 
arrange a cube, a square, a triangle, and a rhombus in 


In Exercises 8—19 evaluate the given expression. 


21. 


22; 


P(6, 6) 9. P(6, 5) 
P(5, 2) 13. P(10, 2) 
4P(12, 3) 

Saree 17. P(3, 1) 


Find the number of ways in which 5 menand 5 women 
can be seated in a row 

(a) if any person may sit next to any other person; 
(b) if a man must always sit next to a woman. 


Find the number of permutations of the letters in the 
word money. 


Find the number of distinguishable permutations of 
the letters in the word goose. (Hint: Permutations in 
which the letters o and o exchange places are not dis- 
tinguishable. ) 


24. 


25. 


a row. How many different arrangements are possi- 
ble? 


A coin is tossed 8 times and the result of each toss is 
recorded. How many different sequences of heads and 
tails are possible? 


A die (from a pair of dice) is tossed 4 times, and the 
result of each toss is recorded. How many different 
sequences are possible? 

A concert is to consist of 3 guitar pieces, 2 vocal num- 
bers, and 2 jazz selections. In how many ways can the 
program be arranged? 


P(4, 2) 11. P(8, 3) 
P(9, 3) 
P(8, 4) ar 
P(7, 3) P(10, 4) 
2! ae 


Find the number of distinguishable permutations of 
the letters of the word needed. (See hint in Exercise 
22.) 


How many permutations of the letters a, b, e, g, h, k, 
and m are there when taken 

(a) 2 at a time? 

(b) 3 at a time? 

How many 3-letter labels of new chemical products 


can be formed from the letters a, b, c, d, f, g, 1, and 
m? 
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26. 


27. 


Find the number of distinguishable permutations that 
can be formed from the letters of the word mississippi 
taken 4 at a time. 

A family consisting of a mother, a father, and 3 chil- 
dren is having a picture taken. If all 5 people are 


In Exercises 29—37 evaluate the given expression. 


28. 


31. 
35. 


46. 


47. 


48. 


49. 


50. 


arranged in a row, how many different photographs 
can be taken? 


List all the combinations of the numbers 4, 3, S, 8, 
and 9 taken 3 at a time. 


C(10, 2) 32. C(7, 1) 
C(n, n—- 1) 36. C(n, n— 2) 


An automobile manufacturer that is planning an adver- 
tising campaign is considering 7 newspapers, 2 mag- 
azines, 3 radio stations, and 4 television stations. In 
how many ways can 5 advertisements be placed 

(a) if all 5 are to be in newspapers? 

(b) if 2 are to be in newspapers, 2 on radio, and | on 
television? 


In a certain police station there are 12 prisoners and 10 
police officers. How many possible lineups consisting 
of 4 prisoners and 3 officers can be formed? 


n 


The notation ( ) is often used in place of C(n, r). 


r 


n n 
Show that ( ) =( ) 
r n-r 


How many different 10-card hands with 6 red cards 
and 4 black cards can be dealt from a deck of 52 
cards? 


A bin contains 12 transistors, 7 of which are defective. 
In how many ways can 4 transistors be chosen so 
that 

(a) all 4 are defective? 

(b) 2 are good and 2 are defective? 

(c) all 4 are good? 

(d) 3 are defective and | is good? 


There is a vast difference between the statements ~‘It will probably rain today”’ 


29. C(9, 3) 30. C(7, 3) 

33. C(7, 7) 34. C(5, 4) 

37. C(nt+l, n-1) 

38. Inhow many ways can a committee of 2 faculty mem- 
bers and 3 students be selected from 8 faculty mem- 
bers and 10 students? 

39. In how many ways can a basketball team of 5 players 
be selected from among 15 candidates? 

40. In how many ways can a 4-card hand be dealt from a 
deck of 52 cards? 

41. How many three-letter moped plates can be formed for 
a local campus 
(a) if no letters can be repeated? 

(b) if letters can be repeated? 

42. Inacertaincity each police car is staffed by 2 officers, 
1 male and | female. A police captain, who needs to 
staff 8 cars, has 15 male officers and 12 female offi- 
cers available. How many different teams can be 
formed? 

43. How many different 10-card hands with 4 aces can be 
dealt from a deck of 52 cards? 

44. Acar manufacturer makes 3 different models, each of 
which is available in 5 different colors with 2 different 
engines. How many cars must a dealer stock in the 
showroom to display the full line? 

45. Apenny, anickel, a dime, a quarter, a half-dollar, and 
a silver dollar are to be arranged in a row. How many 
different arrangements can be formed if the penny and 
dime must always be next to each other? 

12.7 

PROBABILITY 

08 EA, S FS MEIER, 

DEFINITION 


and ‘‘It is equally probable that a tossed coin will come up heads or tails.”’ The 
first statement conveys an expectation but only in a vague sense; the latter state- 
ment is much more useful because it quantifies the notion of probability. 


Let’s take a closer look at what happens when we toss a coin. The event has 
only 2 possible outcomes: heads and tails. Since heads represents | of 2 possible 
outcomes, we say that the probability of a head is 1/2. Thus, we can define 


127 PROBABILITY 547 


probability in the following way: If an event can occur in a total of ¢ ways and s of 
these are considered successful, the probability of success is s/t. In short, 


number of successful outcomes 


robability = 
P y total number of outcomes 


EXAMPLE 4 
A container holds | red ball, 2 white balls, and 2 blue balls. If 1 ball is drawn, 
what is the probability that it will be white? 


SOLUTION 

The selection of a ball represents a possible outcome, so there are a total of 5 
possible outcomes. Since there are 2 ways of achieving a successful outcome (a 
white ball), 


probability of _ humber of successful outcomes _ 2 
selecting a white ball total number of outcomes 5 
PROGRESS CHECK 


One card is drawn from an ordinary deck of 52 cards. What is the probability itis 
an ace? 


ANSWER 
as 
13 


EXAM PLE 2 
A single die (whose faces contain the numbers 1, 2, 3, 4, 5, and 6) is tossed. 
What is the probability that the result is less than 5? 


SOLUTION 
There are 4 successful outcomes, occurring when the die shows a 1, 2, 3, or 4. 
Since there are 6 possible outcomes, we see that 


number of successful outcomes 


robability = 
propabality total number of outcomes 


PROGRESS CHECK 
A bag of coins contains 4 nickels, 5 dimes, and 10 quarters. If | coin is with- 
drawn, what is the probability that it will be worth less than 25 cents? 
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PRINCIPLES OF 
PROBABILITY 


APPLICATIONS 


ANSWER 


Let’s consider a bag containing 3 red marbles and 5 brown marbles. It is easy to 
verify that the probability of drawing a red marble in a single draw is 3/8 and that 
the probability of drawing a brown marble is 5/8 = | — 3/8. What is the proba- 
bility of drawing either a red marble or a brown marble? Since any of the 8 
possible outcomes is considered a success, the probability is 8/8 = 1. What is the 
probability of drawing a black marble? Since there are no successful outcomes, 
the probability is 0/8 = 0. Generalizing these results, we can state the following 
principles: 


@ A probability of 1 indicates certainty. 
@ A probability of 0 indicates impossibility. 


@ If p is the probability that an event will happen, 1 — pis the probability that it 
will not happen. 


EXAMPLE 3 
While shuffling an ordinary deck of 52 cards, you drop | card. What is the 
probability that it is not a king? 


SOLUTION 
Since there are 4 kings in a deck, the probability of a king is p = 4/52 = 1/13. 
Then the probability that it is nor a king is | — p = 12/13. 


PROGRESS CHECK 
Two people throw a single die. If player A rolls a 4, what is the probability that 


player B will not also roll a 4? 


ANSWER 
5 


6 


The rules for computing permutations and combinations are useful in solving 
probability problems. 


EXAMPLE 4 
A bag contains 3 green, 5 white, and 7 yellow balls. If 3 balls are drawn at 
random, what is the probability that they will all be white? 
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SOLUTION 
We can select 3 white balls from 5 white balls in C(5, 3) ways; we can select 3 
balls from the bag of 15 balls in C(I5, 3) ways. Then 


probability of selecting _ C(5,3) _ 102 


three white balls C(iS, 3) 455 91 


PROGRESS CHECK 
Three cards are drawn from an ordinary deck of 52 cards. What is the probability 
that they are all aces? 


ANSWER 
zt 
5525 


Many problems in probability involve the tossing of a pair of dice. Since the 
faces of the dice contain the numbers 1, 2, 3, 4, 5, and 6, the sum of the numbers 
on the 2 dice can be any of the numbers 2 through 12. The outcomes, however, 
are not equally probable. In Table | we display the possible outcomes of tossing a 
pair of dice. In Table 2 we then summarize the number of ways in which each 
sum can be obtained. The probability of tossing a 3 with a pair of dice is therefore 
2/36, or 1/18; the probability of tossing a 7 is 6/36, or 1/6. 


TABLE 4 
Die 2 | 
Die | 1 e 3 4 5 6 
1 2 3 4 5 6 7 
2 3 4 5 6 7 8 
3 4 5 6 7 8 9 
4 5 6 7 8 9 10 
5 6 7 8 9 10 I 
6 fi 8 9 10 11 12 
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INDEPENDENT EVENTS 


EXAMPLE 5 
What is the probability of throwing a 10 or higher with a single throw of a pair of 
dice? 


SOLUTION 
The favorable outcomes are 10, 11, and 12, which, by Table 2, can occur in a 
total of 6 ways. Then 


number of successful outcomes 


robability = 
P cue total number of outcomes 


PROGRESS CHECK 
What is the probability of throwing no higher than a 5 with a single throw of a pair 
of dice? 


ANSWER 


=. 
18 


We conclude our introduction to probability by considering the probability of 
successive, independent events. For example, if a card is drawn from a deck of 52 
cards, that card is replaced in the deck, and a second card is drawn, what is the 
probability that both cards will be aces? Note that these events are independent, 
since the second outcome in no way depends on the first outcome. Here is the 
principle that permits us to solve this type of problem: 


If p; is the probability that an event will occur and pz is the probability that a 


second, independent event will occur, then p,p2 is the probability that both 
events will occur. 


In our example, the probability that the first card drawn will be an ace is 
Pi = 4/S2 = 1/13, the probability that the second card drawn will be an ace 
is also 1/13 = pz. Then the probability of drawing aces successively is p,p2 = 
(1/13)(1/13) = 1/169. Of course, we can extend this principle to more than two 
events by forming the product of the probabilities of the independent events. 


EXAMPLE 6 
What is the probability of throwing a 7 twice in succession with a pair of 
dice? 


SOLUTION 
From Table 2 we see that a7 can occur in 6 ways, so the probability of throwing a 
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7 is py = 6/36 = 1/6. The probability of throwing a7 on the second roll is again 
P2 = 1/6, so the probability of throwing a 7 on both rolls is p;p2 = (1/6)(1/6) = 
1/36. 


PROGRESS CHECK 
What is the probability of throwing an 1] twice in succession with a pair of 
dice? 


ANSWER 
{ 
324 


EXAMPLE 7 
What is the probability of drawing an ace 3 times in succession from a deck of 52 
cards if the drawn cards are not replaced? - 


SOLUTION 

On the first draw, the probability of obtaining an ace is p, = 4/52. Since the ace is 
not replaced in the deck, there remain 3 aces and a total of 51 cards, so the 
probability of obtaining a second ace is p2 = 3/51. Arguing the same way, we see 
that there now. remain 2 aces and SO cards, so the probability of drawing a third 
ace is p3 = 2/50. Thus, the probability of drawing aces 3 times in succession 
without replacement is 


ey ee aa 
5525 


PROGRESS CHECK 
What is the probability of drawing a spade 3 times in succession from a deck of 52 
cards if the drawn cards are not replaced? 


ANSWER 
i 
850 


EXAMPLE 8 
What is the probability of throwing a 5 only on the first of 2 successive throws 
with a single die? 


SOLUTION 

The probability of throwing a 5 on the first toss is p; = 1/6. A success on the 
second toss consists of not throwing a 5 and has a probability p2 = 1 — p, = 5/6. 
The probability of the desired result is 
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EXAMPLE 9 

A transistor manufacturer finds that 81 of every 1000 transistors made are defec- 
tive. What is the probability that 2 transistors selected at random will both prove 
to be defective? 


SOLUTION 

This problem is an example of empirical probability, that is, probability 
obtained from experience or measurement rather than by theoretical means. The 
probability that a transistor is defective is py = 81/1000. The probability that a 
second transistor is defective is p2 = 81/1000. Thus, the probability that both 
transistors will be defective is 


81 81 656] 


PROGRESS CHECK 

The probability of rain in a certain town on any given day is 1/4. What is the 
probability of having a rainy Monday, a dry Tuesday, and a rainy Wednes- 
day? 


ANSWER 
3 


64 


EXERCISE SET 12.7 
1. 


If a single die is tossed, what is the probability that an 
odd number will appear? 

If two dice are tossed, what is the probability of hav- 
ing at least one 5 showing on the top faces of the 


Ifacard is randomly selected from an ordinary deck of 
52 cards, what is the probability that it will be 
(b) a spade? (c) aking? 


Suppose that 2 coins are tossed. What is the probabil- 


2. 
dice? 
3. 
(a) ared card? 
4. 
ity of having 
(a) both tails? 
(b) at least | heads? 
(c) neither tails? 
(d) 1 heads and | tails? 
5S. 


If 2 dice are tossed, what is the probability that 

(a) at least I of the dice will show a 4 on its top 
face? 

(b) the sum of the numbers on the dice will be 8? 

(c) neither a3 nora 4 will appear onthe top face of a 
die? 


If a card is picked at random from a standard deck of 
52 cards, what is the probability that it will be 

(a) aclub? 

(b) a4? 

(c) not an ace? 

(d) a4 of spades? 

(e) either an ace or a king? 

(f) neither an ace nor a king? 


The quality control department of a calculator manu- 
facturer determines that | percent of all calculators 
made are defective. What is the probability that a buy- 
er of a calculator will get 

(a) a good calculator? 

(b) a defective calculator? 


A photography club consisting of 18 women and 12 
men wishes to elect a steering committee composed of 
3 members. If every member is equally likely to be 
elected, find the probability that 

(a) all 3 members will be women? 

(b) none of the members will be women? 


(c) exactly 1 member will be a woman? 
(d) at least | member will be a woman? 


9. Abox contains 97 good bulbs and 5 defective bulbs. If 
3 bulbs are chosen at random, what is the probability 
that 
(a) all three bulbs will be defective? 

(b) exactly one of the bulbs will be defective? 
(c) none of the bulbs will be defective? 


10. Suppose that 2 cards are to be drawn in succession 
from a deck of 52 cards. What is the probability that 
both cards will be aces if 
(a) drawn cards are replaced? 

(b) drawn cards are not replaced? 


11. Suppose that 4 cards are selected, without replace- 
ment, from a deck of 52 cards. What is the probability 
that they are all hearts? 

12. If the probability of getting an A in this course is 0.2, 
what is the probability of not getting an A? 

13. The board of trustees of a university consists of 14 
women and 12 men. Suppose that an executive com- 
mittee of 6 persons is to be elected and that every 
trustee is equally likely to be elected. Find the proba- 
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16. 


18. 
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bility that the committee will consist of 3 men and 3 
women. 


Suppose that the probability of a cloudy day in a cer- 
tain town in England is 0.6. 

(a) What is the probability of a clear day? 

(b) What is the probability of 2 consecutive clear 

days? 

A bag contains 6 blue marbles, 5 green marbles, and 7 
yellow marbles. If 5 marbles are chosen without 
replacement, what is the probability that 2 will be 
blue, 2 will be green, and 1 will be yellow? 


Suppose that 2 cards have been chosen at random from 
a deck of 52 cards. What is the probability that | card 
is an ace and the other card is not a king? 


If 2 percent of cameras made on a production tine are 
defective, what is the probability that 4 cameras cho- 
sen at random will all be 

(a) good? (b) defective? 


A fraternity consists of 12 seniors, 10 juniors, and 14 
sophomores. A steering committee of 7 members is 
randomly chosen. What is the probability that it con- 
sists of 3 seniors, 2 juniors, and 2 sophomores? 


infinite sequence (p. 504) 
term of a sequence 
(p. 504) 
recursive formula (p. 505) 
sigma (2) notation 
(p. 506) 
summation notation 
(p. 506) 
index of summation 
(p. 506) 
series (p. 508) 
partial sum (p. 510) 


KEY IDEAS FOR REVIEW 


arithmetic sequence 
(p. 512) 

arithmetic progression 
(p. 512) 

common difference 
(p. 512) 

arithmetic series (p. 515) 

geometric sequence (p. 
518) 

geometric progression 
(p. 518) 

common ratio (p. 518) 


geometric mean (p. 520) 
geometric series (p. 521) 
infinite geometric series 
(p. 523) 
0.537537537 (p. 525) 
mathematical induction 


factorial (p. 533) 
(") «. 535) 


binomial coefficient (Pp. 
535) 
permutation (p. 539) 


(p. 527) P(n, r) (p. 540) 
expansion of (a + b)” combination (p. 542) 
(p. §31) C(n, r) (p- 542) 


Pascal's triangle (p. 532) 
binomial formula (p. 533) 
n! (p. 533) 


probability (p. 547) 
empirical probability 
(p. 552) 


0 An infinite sequence is a function whose domain is 
restricted to the set of natural numbers. We generally 
wnite a sequence by using subscript notation; that is, a, 
replaces a(n). 


CO) An infinite sequence is defined recursively if each term 
is defined by reference to preceding terns. 


O Sigma (%) or summation notation is a handy means of 
indicating asum of terms. The values written below and 


above the > indicate the starting and ending values, 
respectively, of the index of summation. 


0 An arithmetic sequence has a common difference d 


between terms. We can define an arithmetic sequence 
recursively by writing a, =a@,-, +d and specifying 
Q\. 


Oa geometric sequence has a common ratio r between 
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terms. We can define a geometric sequence recursively 
by writing a, = ra,—, and specifying a). 
C) The formulas for the nth terms of arithmetic and geo- 
metric sequences are 
a, =a, +(n-—1)d Arithmetic 


a, =ayr"— Geometric 


A series is the sum of the terms of a sequence. 


Ee) 


The formulas for the sums S, of the first n terms of 
arithmetic and geometric sequences are 


S,= 5a + ay) Arithmetic 


S,= 52a, +(n—1)d] Arithmetic 


= 
Sn = a Geometric 


C1 If the common ratio r satisfies —1 <r < 1, the infinite 
geometric series has the sum S given by the formula 


S= Gyre 
l-r 
where @, is the first term of the series. 


(J Mathematical induction is useful in proving certain 
types of theorems involving natural numbers. 


O) The notation n! indicates the product of the natural num- 
bers | through n-: 


nt =n(n— 1)(n-2)°--2°1 
O!=1 
CJ The binomial formula provides the terms of the expan- 
sion of (a + b)": 


forn= 1 


n! n! 


(a+ b)" =a" + Ta-p” ° + apt ” 
+ ras ell +. +" 
REVIEW EXERCISES 


The notation (") is defined by the formula 


iC) = n'! 
rp ri(n —r)! 


and is useful in writing out the binomial formula. 


Permutations involve arrangements or the order of 
objects; thus, abc and bac are distinct permutations of 
the letters a, b, and c. 


Combinations involve selection of objects; the order is 
not significant. If we are selecting 3 letters from a box 
containing the letters a, b, c, and d, then abc and bac are 
the same combination. 


The formulas for counting permutations and combina- 
tions of n things taken r at a time are 
n! 


aah Permutations 


P(n, r) = 


Huron Combinations 


C(n, r) = 


Probability is a means of expressing the likelihood of the 
occurrence of an event. It is the ratio of the number of 
successful outcomes to the total number of outcomes. 


A probability of | indicates that an event is certain to 
occur, whereas a probability of 0 indicates that an event 
cannot possibly occur. 


If p, and p2 are the probabilities of the occurrence of two 
independent events, then p,p2 is the probability that both 
events will occur. 


Solutions to exercises whose numbers are in color are in the Solutions section in the back of the book. 


12.1 In Exercises | and 2 write the first three terms and the 


tenth term of the sequence whose nth term is given. 


lL a,=n?+n+1 oe 


In Exercises 3 and 4 find the fifth term of the recursive 
sequence. 


3. a@g=n-—GQy-1, a, =0 


4. aQn=na,-\, a,=1 


In Exercises 5-7 find the indicated sum. 


4 5 
5. 30-28) 6. SD kk + 1) 


=I k=3 


In Exercises 8—10 express the sum in sigma nota- 
tion. 
Mea Ques: 
8. 3 + 4 + 5 + 6 
9 Ll-xtrP-x +x 


10. log x + log 2x + log 3x +: + - + log nr 


12.2 In Exercises 11 and 12 find the specified term of the 


arithmetic sequence whose first term is a, and whose 
common difference is d. 

ll. a, = —2, d= 2; 21st term 

12. a, =6, d= —1; 16th term 

In Exercises 13 and 14, given two terms of an anith- 
metic sequence, find the specified tern. 

13. a, = 4, ayg = 9; 13th term 

14. a, = —4, a2, = —15; 26th term 

In Exercises 15 and 16 find the sum of the first 25 terms 


of the arithmetic sequence whose first term is a, and 
whose common difference is d. 


L dud 16; 


IS, a=-3,d=5 a,=6,d= —2 


12.3 In Exercises 17 and 18 determine the common ratio of 


the given geometric sequence. 
1%. 2-65. 185-54, 3.5 


320 a7 


18. Reg g 


sie 

In Exercises 19 and 20, write the first four terms of the 
geometric sequence whose first term is a, and whose 
common ratio is r. 


19. a,=5, r-1 20. a  =-2, r=-l 
21. Find the sixth term of the geometric sequence 
ASO, HON eo es 


22. Find the eighth term of a geometric sequence for 
which a, = —2 anda; = —32. 


23. Insert two geometric means between 3 and 
1/72. 


24, 


25: 


REVIEW EXERCISES 555 


Find the sum of the first six terms of the geomet- 
Tic progression whose first three terms are 4, }, 
v- 

Find the sum of the first six terms of the geomet- 
Tic progression for which a, = —2 and r = 3. 


In Exercises 26 and 27 find the sum of the infinite 
geometric series. 


26. 


12.4 28. 


55 4 
S544 27. 3-24+35- 


Use the principle of mathematical induction to 
show that 
= 3n(n + 1) 

2 


is true for all positive integer values of n. 


3+6+9+°'-+3n 


12.5 In Exercises 29-31 expand and simplify. 


29. 


31. 


32. 


34, 


4 
(2x — y)4 30. (3-2) 
(x7 + 1)? 
In Exercises 32-37 evaluate the expression. 
13! 
t 33. —— 
e 11!2! 
(n — 1)'(n+ DI! 6 
nint - 2) 


3 


a 


12.6 38. 


3 10 
(3) a. (9) 
Four novels have been selected for display on a 
shelf. How many different arrangements are pos- 
sible? 
Find the number of distinguishable permutations 
of the letters in the word soothe. 
In how many ways can a tennis team of 6 players 
be selected from 10 candidates? 
In how many ways can a consonant and a vowel 
be chosen from the letters in the word fouled? 
If 2 dice are tossed, what is the probability that 
the sum of the numbers on the dice will be 7 or 11? 
A box contains 3 red pens and 4 white pens. If 2 
pens are selected at random, what is the proba- 
bility that they will both be white? 
Two cards are drawn in succession from a deck of 
52 cards. What is the probability that the cards 
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will be a king and an ace if the first card drawn is 
not replaced? 
45. If 10 percent of the trees in a region are found to 


be diseased, what is the probability that 2 trees 
chosen at random are both free of disease? 


PROGRESS TEST 424, 


1. 


Write the first four terms of a sequence whose nth term 
is ay = n(n + 1)?. 


4 e 
2. Evaluate >» a 
fp] 
j=2 
3. Write the first four terms of the arithmetic sequence 
whose first term is —1 and whose common difference 
is 3. 
4. Find the 25th term of the arithmetic sequence whose 
first term is —4 and whose common difference is 3. 
5. Find the 15th term of an arithmetic sequence whose 
first term is —1 and whose tenth term is 26. 
6. Find the sum of the first 10 terms of an arithmetic 
sequence whose first term is —4 and whose ninth term 
is 8. 
7. Find the common ratio of the geometric sequence 12, 
4, 4,4,.... 
8. Write the first four terms of the geometric sequence 
whose first term is —3 and whose common ratio is 2. 
9. Find the tenth term of the sequence 2, —2, 2,.... 
10. Insert two geometric means between —4 and 32. 
11. Find the sum of the first seven terms of the geometric 
sequence whose first three terms are —8, 4, —2. 
12. Find the sum of the infinite geometric series 
TAS aS as 
PROGRESS TEST (28 
1. Write the first four terms of a sequence whose nth term 
is 
2n 
£359 
a, =n + 
. n+2 
2. Write the sum 2! + 3! + 4! +--+ n! in summation 


notation. 


20. 


21. 


46. Six husband-wife teams volunteer for an experi- 
ment in parapsychology. If 4 persons are selected 
at random to participate in the experiment, what 
is the probability that they will be two husband- 
wife teams? 


Use the principle of mathematical induction to show 
that2+6+ 10 +--+ + (4n — 2) = 2n’ is true forall 
positive integer values of n. 


Find the first four terms in the expansion of 
(a + 1/b)'°. 


Evaluate 12!/10!3!. 
Evaluate P(6, 4). 
Evaluate C(n + 1, n). 


Three buses arrive simultaneously at a terminal that 
has 4 parking stalls. In how many ways can the buses 
be parked? 


The 1980 census staff divided a region into 3 districts 
that were to be canvassed by 10, 8, and 15 staff mem- 
bers, respectively. If 40 staff members were available, 
in how many ways could they have been assigned to 
the 3 districts? 


The telephone company uses white, black, and green 
telephones, which are distributed to new customers at 
random. If an apartment dweller requests 2 tele- 
phones, what is the probability that they will be the 
same color? 

Four marbles are removed at random from a box con- 
taining 4 purple, 3 blue, and 3 red marbles. What is 
the probability that these are 2 purple and 2 blue mar- 
bles? 


Write the first four terms of the arithmetic sequence 
whose first term is 6 and whose common difference is 
3. 

Find the sixth term of the arithmetic sequence whose 
first term is —S and whose common difference is 3. 


Find the thirtieth term of an arithmetic sequence 


whose first and twentieth terms are 3 and —35, respec- 
tively. 

The first term of an arithmetic series is —S, the last 
term is —2, and the sum is —91/2. Find the number of 
terms and the common difference. 

Find the common ratio of the geometric sequence 20, 
4, 0.8, 0.16. 

Write the first four terms of the geometric sequence 
whose first term is —1 and whose common ratio is 
4. 

Find the sixth term of a geometric sequence for which 
Qq, = 3 and a4g= —4. 


Insert two geometric means between -—6 and 
— 16/9. 

Find the sum of the first five terms of a geometric 
sequence if a, = —8 and a, = —1. 


Find the sum of the infinite geometric progression 
SS 2 Pee 
Use the principle of mathematical induction to show 
that 

1 _on 
nnt+1) nt] 


it 
Po. Do aaa 


is true for all positive integer values of n. 


14. 
15. 
16. 
17. 
18. 


19. 


20. 


21. 
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Find the third term in the expansion of (2x — 1)!°. 
Evaluate n-n!/(n + 1)!. 

Evaluate P(7, 2)/6. 

Evaluate P(5, 2)/C(S, 2). 

Four plants are to be displayed on a window shelf. If 6 
different plants are available, how many arrangements 
are possible? 

A student-faculty committee of 6 members is to be set 
up, composed of 3 faculty members and 3 students. In 
how many ways can this be done if 5 faculty members 
and 6 students volunteer to serve on the committee? 
A manufacturer finds that 2 percent of his products are 
defective. If 3 items are selected at random, what is 
the probability that they will all be defective? 

What is the probability that a throw of two dice will 
result in a sum of 7 or greater? 


TABLE 1! Exponentials and Their Reciprocals 


TABLES APPENDIX 


e 


1.0000 
1.0101 
1.0202 
1.0305 
1.0408 
1.0513 
1.0618 
1.0725 
1.0833 
1.0942 
1.1052 
1.1163 
1.1275 
1.1388 
1.1503 
1.1618 
1.1735 
1.1853 
1.1972 
1.2092 
1.2214 
1.2337 
1.2461 
1.2586 
1.2712 
1.2840 
1.2969 
1.3100 
1.3231 
1.3364 
1.3499 
1.4191 
1.4918 
1.5683 
1.6487 
1.7333 
1.8221 
1.9155 
2.0138 
2.1170 
2.2255 
2.3396 
2.4596 
2.5857 
2.7183 
3.0042 
3.3201 
3.6693 


et 


1.0000 
0.9900 
0.9802 
0.9704 
0.9608 
0.9512 
0.9418 
0.9324 
0.9231 
0.9139 
0.9048 
0.8958 
0.8869 
0.8781 
0.8694 
0.8607 
0.8521 
0.8437 
0.8353 
0.8270 
0.8187 
0.8 106 
0.8025 
0.7945 
0.7866 
0.7788 
0.7711 
0.7634 
0.7558 
0.7483 
0.7408 
0.7047 
0.6703 
0.6376 
0.6065 
0.5769 
0.5488 
0.5220 
0.4966 
0.4724 
0.4493 
0.4274 
0.4066 
0.3867 
0.3679 
0.3329 
0.3012 
0.2725 


e* 


4.0552 
4.4817 
4.9530 
5.4739 
6.0496 
6.6859 
7.3891 
8.1662 
9.0250 
9.9742 
11.023 
12.182 
13.464 
14.880 
16.445 
18.174 
20.086 
22.198 
24.533 
27.113 
29.964 
33.115 
36.598 
40.447 
44.701 
49.402 
54.598 
60.340 
66.686 
73.700 
81.451 
90.017 
99.484 
109.95 
121.51 
134.29 
148.41 
403.43 
1,096.6 
2,981.0 
8,103.1 
22,026 
59,874 
162,754 
442,413 
1,202,604 
3.269,017 


er 


0.2466 
0.2231 
0.2019 
0.1827 
0.1653 
0.1496 
0.1353 
0.1225 
0.1 108 
0.1003 


0.0907 


0.0821 
0.0743 
0.0672 
0.0608 
0.0550 
0.0498 
0.0450 
0.0408 
0.0369 
0.0334 
0.0302 
0.0273 
0.0247 
0.0224 
0.0202 
0.0183 
0.0166 
0.0150 
0.0136 
0.0123 
0.0111 
0.0101 
0.0091 
0.0082 
0.0074 
0.0067 
0.0025 
0.0009 
0.0003 
0.0001 
0.00005 
0.00002 
0.000006 
0.000002 
0.0000008 
0.0000003 


559 


560 


TABLE I Common Logarithms 


[ N 


.0043 
0453 
0828 
1173 
1492 


1790 
.2068 
.2330 
2577 
.2810 


.3032 
3243 
3444 
3636 
.3820 


3997 
4166 
.4330 
4487 
4639 


.41786 
4928 
5065 
5198 
5328 


5453 
5575 
5694 
5809 
5922 


6031 
6138 
6243 
6345 
6444 


6542 
.6637 
.6730 
6821 
6911 


6998 
.1084 
7168 
7251 
.7332 


.0086 
0492 
.0864 
1206 
.1523 


1818 
.2095 
.2355 
.2601 
-2833 


3054 
3263 
3464 
.3655 
.3838 


4014 
.4183 
4346 
4502 
.4654 


.4800 
4942 
5079 
S2t 
5340 


5465 
5587 
5705 
5821 
5933 


6042 
.6149 
6253 
6355 
6454 


6551 
6646 
6739 
.6830 
.6920 


.7007 
1093 
1177 
7259 
7340 


3 


0128 
.0531 
.0899 
1239 
1553 


1847 
2122 
.2380 
2625 
2856 


3075 
3284 
3483 
3674 
3856 


4031 
-4200 
4362 
4518 
.4669 


4814 
4955 
5092 
5224 
5353 


5478 
5599 
5717 
5832 
5944 


.6053 
.6160 
.6263 
.6365 
6464 


6561 
6656 
6749 
6839 
-6928 


1016 
7101 
7185 
7267 
7348 


4 


.0170 
.0569 
.0934 
1271 
1584 


1875 
2148 
2405 
2648 
.2878 


.3096 
.3304 
13502 
3692 
3874 


.4048 
4216 
4378 
4533 
-4683 


4829 
.4969 
5105 
5237 
5366 


5490 
5611 
5729 
5843 
5955 


6064 
-6170 
6274 
.6375 
6474 


6571 
6665 
6758 
6848 
6937 


1024 
7110 
7193 
1295 
7356 


5 


0212 
.0607 
.0969 
.1303 
1614 


1903 
2175 
.2430 
.2672 
-2900 


3118 
3324 
3522 
371) 
3892 


.4065 
.4232 
4393 
4548 
4698 


.4843 
.4983 
SHO 
5250 
.5378 


5502 
5623 
5740 
5855 
5966 


6075 
.6180 
6284 
6385 
6484 


.6580 
6675 
6767 
6857 
6946 


.1033 
7118 
.7202 
7284 
.7364 


6 


.0253 
0645 
.1004 
.1335 
1644 


.1931 
2201 
2455 
.2695 
2923 


23139 
13345 
3541 
3729 
3909 


4082 
4249 
.4409 
4564 
4713 


4857 
4997 
5132 
5263 
5391 


5514 
5635 
5752 
5866 
5977 


6085 
6191 
6294 
6395 
6493 


.6590 
6684 
.6776 
-6866 
6955 


.7042 
7126 
7210 | 
-7292 
.7372 


.0294 
0682 
1038 
1367 
1673 


1959 
.2227 
.2480 
.2718 
2945 


3160 
3365 
.3560 
3747 
3927 


.4099 
4265 
4425 
4579 
.4728 


.4871 
5011 
5145 
5276 
5403 


5527 
5647 
5763 
5877 
5988 


6096 
.6201 
6304 
6405 
6503 


6599 
6693 
.6785 
6875 
6964 


.7050 
7135 
7218 
.7300 
.7380 


TABLE II (continued) 561 
[NWN] 0 1 2 3 4 5 6 7 8 9 


562 


TABLE III Natural Logarithms 


N 


InN 


—2.3026 
— 1.6094 
— 1.2040 
—0.9163 


—0.6931 
—0.5108 
— 0.3567 
—0.2231 
—0.1054 


0.0000 
0.0953 
0.1823 
0.2624 
0.3365 


0.4055 
0.4700 
0.5306 
0.5878 
0.6419 


0.6931 
0.7419 
0.7885 
0.8329 
0.8755 


0.9163 
0.9555 
0.9933 
1.0296 
1.0647 


1.0986 
1.1314 
1.1632 
1.1939 
1.2238 


1.2528 
1.2809 
1.3083 
1.3350 
1.3610 


1.3863 
1.4110 
1.4351 
1.4586 
1.4816 


TABLE IV Interest Rates 563 


i= 4% i=] i= W% 

(1 +f)" n} (1 +i)" | a} (b+a 
1 | 100500000 | 51 | 1.2896 4194 1.0100 0000 1.66107814 | || 1.01500000 51 | 2.1368 2106 
2 | 1.0100 2500 | 52} 1.2960 9015 1.0201 0000 52 | 1.6776 8892 | 2] 1.0302 2500 | 52 | 2.1688 7337 
3 | 1.0150 7513 | 53] 1.3025 7060 1.0303 0100 | 53 | 1.69446581 | 3] 1.0456 7838 | 53] 2.2014 0647 
4 | 1.0201 5050 | 54 | 1.3090 8346 1.0406 0401 54 | 1.71141047 | 4] 1.06136355 | 54 | 2.2344 2757 
5 | 1.0252 $125 55] 1.3156 2887 1.0510 1005 55 | 1.72852457 | 5] 1.0772 8400 | 55 | 2.2679 4398 
6 | 1.0303 7751 56] 1.3222 0702 1.0615 2015 56 | 1.7458.0982 | 6| 1.09344326 | 56 | 230196314 
7 | 1.0355 2940 | 57] 1.3288 1805 1.0721 3535 | 57] 1.76326792, | 7|1.1098.4491 | 57] 2.3364 9259 
8 | 1.04070704 58] 1.3354 6214 1.0828 5671 58 | 1.7809.0060 | 8] 1.12649259 | 58 | 2.3715 3998 
9 | 1.0459 1058 | 59] 1.3421 3946 1.0936 8527 | 59] 1.79870960| | 9| 1.1433 8998 | 59| 2.4071 1308 
10 | 1.0511 4013 | 60] 1.3488 501s 1.1046 2213 60] 1.8166 9670 | 10] 1.1605 4083 | 60] 2.4432 1978 
11 | 1.0563 9583 61 | 1.3555 9440 1.1156 6835 | 61 | 183486367 | 11 | 1.1779.4894 | 61 | 2.4798 6807 
12 | 1.0616 7781 | 62 | 1.3623 7238 1.1268 2503 | 62 | 1.8532 1230 | 12 | 1.1956 1817 | 62| 2.5170 6609 
13 | 1.0669 8620 63 | 1.3691 8424 1.1380 9328 | 63 | 187174443 | 13 | 1.2135 5244 | 63 | 2.5548 2208 
14 | 1.0723 2113 | 64] 1.3760 3016 1.1494 7421 | 64] 189046187, | 14 | 1.2317 5573 | 64| 2.5931 4442 
15 | 1.0776 8274 65} 1.3829 1031 1.1609 6896 65 | 1.9093 6649 | 15 | 1.2502 3207 | 65 | 2.6320 4158 
16 | 108307115 | 66] 1.3898 2486 1.1725 7864 | 66 | 1.9284 6015 | | 16| 1.26898555 | 66] 2.6715 2221 
17 | 1.0884 8651 | 67} 1.3967 7399 1.1843 0443 | 67 | 1.94774475 | | 17 | 1.2880 2033 | 67 | 2.7115 9504 
18 | 1.0939 2894 68 | 1.4037 5785 1.1961 4748 | 68 | 1.9672 2220 | | 18 | 1.3073 4064 | 68 | 2.7522 6896 
19 | 1.0993 9858 | 69} 1.4107 7664 1.2081 0895 | 69 | 198689442 | 19 | 1.3269 $075 | 69 | 2.7935 5300 
20 | 1.1048. 9558 | 70] 1.4178 3053 1.2201 9004 | 70 | 2.0067 6337 | | 20 | 1.3468 S501 | 70 | 2.8354 5629 
21 | 1.1104 2006 | 71] 1.4249 1968 1.2323 9194 | 71 | 2.0268 3100 | 21 | 1.36705783 | 71 | 2.8779 8814 
22 | 1.11597216 | 72] 1.4320.4428 1.2447 1586 | 72 | 204709931 | 22 | 1.3875 6370 | 72| 2.9211 5796 
23 | 1.1215 $202 | 73 | 1.4392 0450 1.2571 6302 | 73 | 2.0675 7031 | 23 | 1.4083 7715 | 73 | 2.9649 7533 
24 | 1.1271 5978 | 74] 1.4464 0052 1.2697 3465 | 74 | 208824601 | 24 | 1.4295 0281 | 74 | 3.0094 4996 
25 | 1.1327 9558 | 75 | 1.4536 3252 1.2824 3200 | 75 | 2.1091 2847 | 25 | 1.4509.4535 | 75 | 3.0545 9171 
26 | 1.1384 5955 76 | 1.4609 0069 1.2952 5631 | 76 | 2.1302 1975 | 26 | 1.47270953 | 76 | 3.1004 1059 
27 | 1.1441 5185 | 77| 1.4682 0519 1.3082 0888 | 77 | 2.1515 2195 | 27 | 1.4948 0018 | 77 | 3.1469 1674 
28 | 1.1498 7261 | 78} 1.4755 4622 1.3212 9097 | 78 | 2.1730 3717 | 28 | 1.5172 2218 | 78 | 3.1941 2050 
29 | 1.1556 2197 | 79} 1.4829 2395 1.3345 0388 | 79 | 2.19476754 | 29 | 1.53998051 | 79 | 3.2420 3230 
30 | 1.1614 0008 | 80 1.4903 3857 1.3478 4892 | 80 | 2.2167 1522 | 30 | 156308022 | g0 | 3.2906 6279 
31 | 116720708 | 81} 1.4977 9026 1.3613 2740 | 81 | 2.2388 8237 | 31 | 1.5865 2642 | 81 | 3.3400 2273 
32 | 1.1730.4312 | 82] 1.50$2 7921 1.37494068 | 82} 2.26127119 | 32 | 1.6103 2432 | g2 | 3.3901 2307 
33 | 1.1789.0833 | 83} 1.5128 0561 1.3886 9009 | 83 | 2.2838 8390 | 33 | 163447918 | 83 | 3.4409 7492 
34 | 1.1848.0288 84] 1.5203 6964 1.4025 7699 | 84 | 2.3067 2274 | 34| 1.6589 9637 | 84 | 3.4925 8954 
35 | 1.1907 2689 | 85 1.5279 7148 1.4166 0276 | 85 | 232978997 | 35 | 1.68388132 | g5| 35449 7838 
36 | 1.1966 8052 86] 1.5356 1134 1.4307 6878 | 86 | 2.3530 8787 | | 36 | 1.7091 3954 | 86 | 3.5981 5306 
37 | 1.2026 6393 | 87 | 1.5432 8940 1.4450 7647 | 87 | 2.3766 1875 | 37 | 1.7347 7663 | 87 | 3.6521 2535 
38 | 120867725 | 88 | 1.5510 0585 1.4595 2724 | 88 | 2.4003 8494 | 38 | 1.7607 9828 | 88 | 3.70690723 
39 | 1.2147 2063 89 | 1.5587 6087 1.4741 2251 | 89 | 2.4243 8879 | 39 | 1.7872 1025 | 89 | 3.7625 1084 
40 | 1.2207 9424 | 90 | 1.5665 5468 1.4888 6373 | 9® | 2.4486 3267 | 40 | 1.8140 1841 | 90 | 3.8189 4851 
41 | 1.2268 9821 | 91 | 1.5743 8745 1.5037 $237 | 91 | 2.4731 1900 | 41 | 1.8412 2868 | 91 | 3.8762 3273 
42 | 1.2330 3270 | 92 | 1.5822 $939 1.5187 8989 | 92 | 2.49785019 | 42 | 1.8688 4712 | 92 | 3.9343 7622 
43 | 1.2391 9786 | 93 | 1.5901 7069 1.5339 7779 | 93 | 2.5228 2869 | 43 | 1.8968 7982 | 93 | 3.9933 9187 
44 | 1.2453 9385 | 94] 1.5981 2154 1.5493 1757 | 94 | 254805698 | 44 | 1.9253 3302 | 94 | 4.0532 9275 
45 | 1.2516 2082 | 95 | 1.6061 1215 1.5648 1075 | 95 | 2.57353755 | 45 | 1.9542 1301 | 95 | 4.1140 9214 
46 | 1.2578 7892 | 96] 1.6141 4271 1.5804 5885 | 96 | 2.5992 7293 | 46 | 1.9835 2621 | 96 | 4.1758 0352 
47 | 1.2641 6832 | 97 | 1.6222 1342 1.5962 6344 | 97 | 2.62526565 | 47 | 2.0132 7910 | 97 | 4.2384 4057 
48 | 1.2704 8916 | 98 | 1.6303 2449 1.6122 2608 | 98 | 2.6515 1831 | 48 | 2.0434 7829 | 98 | 4.3020 1718 
49 | 1.2768 4161 | 99| 1.6384 7611 1.6283 4834 | 99 | 2.6780 3349 | | 49 | 2.0741 3046 | 99 | 4.3665 4744 
50 | 1.2832 2581 | 100 | 1.6466 6849 1.6446 3182 100 | 2.7048 1383 | 50 | 2.1052 4242 | 100 | 4.4320 4565 


564 TABLE IV (continued) 
i= 2% 


1.0200 0000 
1.0404 0000 
1.0612 0800 
1.0824 3216 
1.1040 8080 


1.1261 6242 
1.1486 8567 
1.1716 5938 
1.1950 9257 
1.2189 9442 


1.2433 7431 
1.2682 4179 
1.2936 0663 
1.3194 7876 
1.3458 6834 


1.3727 8571 
1.4002 4142 
1.4282 4625 
1.4568 1117 
1.4859 4740 


1.5156 6634 
1.5459 7967 
1.5768 9926 
1.6084 3725 
1.6406 0599 


1.6734 1811 
1.7068 8648 
1.7410 2421 
1.7758 4469 
1.8113 6158 


1.8475 8882 
1.8845 4059 
1.9222 3140 
1.9606 7603 
1.9998 8955 


2.0398 8734 
2.0806 8509 
2.1222 9879 
2.1647 4477 
2.2080 3966 


41 | 2.2522 0046 
42 | 2.2972 4447 
43 | 2.3431 8936 
44 | 2.3900 5314 
45 | 2.4378 5421 


46 | 2.4866 1129 

47 | 2.5363 4352 

48 | 2.5870 7039 
| 49 | 2.6388 1179 
| 50 


2.6915 8803 


2.7454 1979 
2.8003 2819 
2.8563 3475 
2.9134 6144 
2.9717 3067 


3.0311 6529 
3.0917 8859 
3.1536 2436 | 
3.2166 9685 
3.2810 3079 | 


3.3466 5140 | 
3.4135 8443 
3.4818 5612 
3.5514 9324 
3.6225 2311 


3.6949 7357 
3.7688 7304 
3.8442 5050 
3.9211 3551 
3.9995 5822 


4.0795 4939 
4.1611 4038 
4.2443 6318 
4.3292 5045 _— 
4.4158 3546 


4.5041 5216 
4.5942 3521 
4.6861 1991 
4.7798 4231 
4.8754 3916 


4.9729 4794 
5.0724 0690 
5.1738 5504 
5.2773 3214 
5.3828 7878 


5.4905 3636 
5.6003 4708 
5.7123 5402 
5.8266 O110 
5.9431 3313 


6.0619 9579 
6.1832 3570 
6.3069 0042 
6.4330 3843 
6.5616 9920 


6.6929 3318 
6.8267 9184 | 
6.9633 2768 
7.1025 9423 
7.2446 4612 | 


1.0250 0000 
1.0506 2500 
1.0768 9063 
1.1038 1289 
1.1314 0821 


1.1596 9342 
1.1886 8575 
1.2184 0290 
1.2488 6297 
1.2800 8454 


1.3120 8666 
1.3448 8882 
1.3785 1104 
1.4129 7382 
1.4482 9817 


1.4845 0562 
1.5216 1826 
1.5596 5872 
1.5986 5019 
1.6386 1644 


1.6795 8185 
1.7215 7140 
1.7646 1068 
1.8087 2595 
1.8539 4410 


1.9002 9270 
1.9478 0002 
1.9964 9502 
2.0464 0739 
2.0975 6758 


2.1500 0677 
2.2037 5694 
2.2588 5086 
2.3153 2213 
2.3732 0519 


2.4325 3532 
2.4933 4870 
2.5556 8242 
2.6195 7448 
2.6850 6384 


2.7521 9043 
2.8209 9520 
2.8915 2008 
2.9638 0808 
3.0379 0328 


3.1138 5086 
3.1916 9713 
3.2714 8956 
3.3532 7680 
3.4371 0872 


3.5230 3644 
3.6111 1235 
3.7013 9016 
3.7939 2491 
3.8887 7303 | 


3.9859 9236 
4.0856 4217 
4.1877 8322 
4.2924 7780 
4.3997 8975 


4.5097 8449 
4.6225 2910 
4.7380 9233 
4.8565 4464 
4.9779 5826 


5.1024 0721 


~ $,2299 6739 


5.3607 1658 
5.4947 3449 
5.6321 0286 


5.7729 0543 
5.9172 2806 
6.0651 5876 
6.2167 8773 
6.3722 0743 


6.5315 1261 
6.6948 0043 
6.8621 7044 
7.0337 2470 
7.2095 6782 


7.3898 0701 
7.5745 5219 
7.1639 1599 
7.9580 1389 
8.1569 6424 


8.3608 8834 
8.5699 1055 
8.7841 5832 
9,0037 6228 
9.2288 5633 


9.4595 7774 
9.6960 6718 
9.9384 6886 
10.1869 3058 
10.4416 0385 


10.7026 4395 
10.9702 1004 
11.2444 6530 | 


11.5255 7693 | 
11.8137 1635 | 


i= 3% 
(1 + i)" 


1.0300 0000 
1.0609 0000 
1.0927 2700 
1.1255 0881 
1.1592 7407 


1.1940 5230 
1.2298 7387 
1.2667 7008 
1.3047 7318 
1.3439 1638 


1.3842 3387 
1.4257 6089 
1.4685 3371 
1.5125 8972 


1.6528 4763 
1.7024 3306 
1.7535 0605 
1.8061 1123 


1.8602 9457 
1.9161 0341 
1.9735 8651 
2.0327 9411 
2.0937 7793 


2.1565 9127 
2.2212 8901 
2.2879 2768 
2.3565 6551 
2.4272 6247 


2.5000 8035 
2.5750 8276 
2.6523 3524 
2.7319 0530 
2.8138 6245 


2.8982 7833 
2.9852 2668 
3.0747 8348 
3.1670 2698 
3.2620 3779 


3.4606 9589 
3.5645 1677 
3.6714 5227 
3.7815 9584 


3.8950 4372 
4.0118 9503 


3.3598 9893 | 


4.1322 5188 | 
4.2562 1944 | 
4.3839 0602 


1.5579 6742. | 
1.6047 0644 — 


1.0400 0000 
1.0816 0000 
1.1248 6400 
1.1698 5856 
1.2166 5290 


1.2653 1902 
1.3159 3178 
1.3685 6905 
1.4233 1181 
1.4802 4428 


1.5394 5406 
1.6010 3222 
1.6650 7351 
1.7316 7645 
1.8009 4351 


1.8729 8125 
1.9479 0050 
2.0258 1652 
2.1068 4918 
2.1911 2314 


2.2787 6807 
2.3699 1879 
2.4647 1554 
2.5633 0416 
2.6658 3633 


2.7724 6978 
2.8833 6858 
2.9987 0332 
3.1186 5145 
3.2433 9751 


3.3731 3341 
3.5080 5875 
3.6483 8110 
3.7943 1634 
3.9460 8899 


4.1039 3255 
4.2680 8986 
4.4388 1345 
4.6163 6599 
4.8010 2063 


4.9930 6145 
5.1927 8391 
5.4004 9527 
5.6165 1508 
5.8411 7568 


6.0748 2271 
6.3178 1562 
6.5705 2824 
6.8333 4937 
7.1066 8335 


i=5% 


nl (+a 


1.0500 0000 
1.1025 0000 
1.1576 2500 
1.2155 0625 
1.2762 8156 


1.3400 9564 
1.4071 0042 
1.4774 5544 
1.5513 2822 
1.6288 9463 


1.7103 3936 
1.7958 5633 
1.8856 4914 
1.9799 3160 
2.0789 2818 


2.1828 7459 
2.2920 1832 
2.4066 1923 
2.5269 5020 
2.6532 9771 


2.7859 6259 
2.9252 6072 
3.0715 2376 
3.2250 9994 
3.3863 5494 


3.5556 7269 
3.7334 5632 
3.9201 2914 
4.1161 3560 
4.3219 4238 


4.5380 3949 
4.1649 4147 
5.0031 8854 
5.2533 4797 
5.5160 1537 


5.7918 1614 
6.0814 0694 
6.3854 7729 
6.7047 5115 
7.0399 8871 


7.3919 8815 
7.1615 8756 
8.1496 6693 
8.5571 5028 
8.9850 0779 


9.4342 5818 
9.9059 7109 
10.4012 6965 
10.9213 3313 
11.4673 9979 


i = 6% 


(1) +4)" 


1.0600 0000 
1.1236 0000 
1.1910 1600 
1.2624 7696 
1.3382 2558 


1.4185 1911 
1.5036 3026 
1.5938 4807 
1.6894 7896 
1.7908 4770 


1.8982 9856 
2.0121 9647 
2.1329 2826 
2.2609 0396 
2.3965 5819 


2.5403 5168 
2.6927 7279 
2.8543 3915 
3.0255 9950 
3.2071 3547 


3.3995 6360 
3.6035 3742 
3.8197 4966 
4.0489 3464 
4.2918 7072 


4.5493 8296 
4.8223 4594 
5.1116 8670 
5.4183 8790 
5.7434 9117 


6.0881 0064 
6.4533 8668 
6.8405 8988 
7.2510 2528 
7.6860 8679 


8.1472 5200 
8.6360 8712 
9.1542 5235 
9.7035 0749 
10.2857 1794 


10.9028 6101 
11.5570 3267 
12.2504 5463 
12.9854 8191 
13.7646 1083 


14.5904 8748 
15.4659 1673 
16.3938 7173 
17.3775 0403 
18.4201 5427 


1.0700 0000 
1.1449 0000 
1.2250 4300 
1.3107 9601 
1.4025 5173 


1.5007 3035 
1.6057 8148 
1.7181 8618 
1.8384 5921 
1.9671 5136 


2.1048 5195 
2.2521 9159 
2.4098 4500 
2.5785 3415 
2.7590 3154 


2.9521 6375 
3.1588 1521 
3.3799 3228 
3.6165 2754 
3.8696 8446 


4.1405 6237 
4.4304 0174 
4.7405 2986 
5.0723 6695 
5.4274 3264 


5.8073 5292 
6.2138 6763 
6.6488 3836 
7.1142 5705 
7.6122 5504 


8.1451 1290 
8.7152 7080 
9.3253 3975 
9.9781 1354 
10.6765 8148 


11.4239 4219 
12.2236 1814 
13.0792 7141 
13.9948 2041 
14.9744 5784 


16.0226 6989 
17.1442 5678 
18.3443 5475 
19.6284 5959 
21.0024 5176 


22.4726 2338 
24.0457 0702 
25.7289 0651 
27.5299 2997 


29.4570 2506 


i= 8% 


(li 


1.0800 0000 
1.1664 0000 
1.2597 1200 
1.3604 8896 
1.4693 2808 


1,5868 7432 
1.7138 2427 
1.8509 3021 
1.9990 0463 
2.1589 2500 


2.33 16 3900 
2.5181 7012 
2.7196 2373 
2.9371 9362 
3.1721 6911 


3.4259 4264 
3.7000 1805 
3.9960 1950 
4.3157 0106 
4.6609 5714 


5.0338 3372 
5.4365 4041 
5.8714 6365 
6.3411 8074 
6.8484 7520 


7.3963 5321 
7.9880 6147 
8.6271 0639 
9.3172 7490 
10.0626 5689 


10.8676 6944 
11.7370 8300 
12.6760 4964 
13.6901 3361 
14.7853 4429 


15.9681 7184 
17.2456 2558 
18.6252 7563 
20.1152 9768 
21.7245 2150 


23.4624 8322 
25.3394 8187 
27.3666 4042 
29.5559 7166 
31.9204 4939 


34.4740 8534 
37.2320 1217 
40.2105 7314 
43.4274 1899 


46.9016 1251 


565 


566 TABLE V Trigonometric Functions of Radians and Real Numbers? 


t 


sin f 
.0000 
.0100 
.0200 


.0300 
-0400 


.0500 
-0600 
.0699 
.0799 
0899 


.0998 
1098 
-1197 
1296 
1395 


1494 
1593 
1692 
.1790 
-1889 


- 1987 
-2085 
2182 
.2280 
2377 


2474 
2571 
2667 
2764 
.2860 


2955 
3051 
3146 
3240 
3335 


3429 
3523 
3616 
3709 
.3802 


cos f | tans 
1.0000 0000 
1.0000 .0100 
9998 .0200 
9996 .0300 
9992 .0400 
9988 .0500 
9982 0601 
9976 .0701 
9968 .0802 
9960 .0902 
9950 1003 
9940 1104 
9928 1206 
9916 1307 
9902 1409 
9888 S11 
9872 1614 
9856 1717 
9838 1820 
9820 1923 
9801 .2027 
9780 2131 
9759 .2236 
9737 2341 
9713 2447 
9689 2553 
9664 2660 
9638 .2768 
9611 2876 
9582 2984 
9553 3093 
9523 .3203 
9492 3314 
9460 3425 
9428 3537 
9394 3650 
9359 3764 
9323 3879 
9287 3994 
9249 4111 


| 


coll 


99.997 
49.993 
33.323 
24.987 


19.983 
16.647 
14.262 
12.473 
11.081 


9.967 
9.054 
8.293 
7.649 
7.096 


6.617 
6.197 
5.826 
5.495 
5.200 


4.933 
4.692 
4.472 
4.271 
4.086 


3.916 
3.759 
3.613 
3.478 
3.351 


3.233 
3.122 
3.018 
2.920 
2.827 


2.740 
2.657 
2.578 
2.504 
2.433 


sect 


| 


* Reprinted with permission of the publisher from Fundamentals of Algebra and Trigonometry, Fourth 


Edition, by Earl W. Swokowski, copyright © 1978, Prindle, Weber & Schmidt. 


TABLE V (continued) 567 


40 .3894 9211 
4l 3986 9171 
42 .4078 9131 
43 .4169 9090 
44 4259 9048 
45 .4350 9004 
46 4439 8961 
47 4529 8916 
48 4618 8870 
49 .4706 8823 
50 4794 8776 
51 .4882 8727 
52 | .4969 8678 
53 | 5055 8628 
54 5141 8577 
55 5227 8525 
56 5312 8473 
57 5396 8419 
58 5480 8365 
59 5564 8309 
60 5646 8253 
61 5729 8196 
62 .5810 .8139 
63 5891 8080 
64 | 5972 8021 
65 6052 7961 
66 6131 .7900 
67 6210 .7838 
68 6288 7776 
69 6365 7712 
70 6442 7648 
71 6518 7584 
iy) 6594 7518 
2B 6669 7452 
74 | 6743 .7385 
715 | 6816 7317 
76 | .6889 7248 
4. 6961 .7179 
78 7033 .7109 


19 -7104 -1038 


568 TABLE V (continued) 


TABLE V (continued) 


569 


§70 TABLE VI Trigonometric Functions of Angles in Degrees" 


t 


degrees | sin? tan f cot! 


90° 00° 
50 
40 
30 
20 
10 


89 o 00’ 
50 
40 
30 
20 
10 


88°00’ 
50 
40 
30 
20 
10 


87°00’ 
50 


20 
10 


86°00’ 
50 
40 
30 
20 
10 


85°00’ 
50 


20 
10 


84°00' 
50 
40 
30 
20 
10 


83°00" 


t 
cost sint coll rae csc ft sect 


* Reprinted with permission of the publisher from Fundamentals of Alge bra and Trigonometry, Fourth 
Edition, by Earl W. Swokowski, copyright © 1978, Prindle, Weber & Schmidt. 
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t 
degrees | sins cos f cotf | sect | cscs 


degrees 


572 


TABLE VI (continued) 


t 
degrees | sint 


cost tant 


69°00’ 


40 
30 
20 
10 


t 
degrees 


TABLE VI (continued) 


t 


3584 
3611 
3638 
3665 
3692 
3719 


3746 
3773 
.3800 
3827 
3854 
3881 


3907 
3934 
3961 
3987 
4014 
4041 


4067 
4094 
.4120 
4147 
4173 
.4200 


.4226 
4253 
4279 
.4305 
.4331 
.4358 


4384 
.4410 


4436 - 


4462 
4488 
4514 


-4540 
.4566 
4592 
.4617 
4643 
.4669 


.4695 


cost 


cotl 


cott 


tant 


sect 


csct 


sect 


62°00’ 


t 
degrees 


573 


574 


TABLE VI (continued) 


t 
degrees 


28°00’ 
10 
20 
30 
40 
50 


29°00’ 
10 
20 
30 
40 
50 


30°00' 
10 

20 

30 
40 
50 


sin f 


.4695 
.4720 


| .4746 


4772 
4797 
4823 


4848 


4874 
.4899 
4924 
.4950 
4975 


.5000 
5025 


_ 5050 


5075 


- .5100 
5125 


5150 
5175 
.5200 
5225 
5250 
5275 


5299 
5324 
5348 
5373 
5398 
5422 


| 5446 
| 5471 
| 5495 


5519 
5544 
5568 


5592 


5616 
5640 
5664 
5688 
5712 


5736 


| cost 


cos / 


8829 
8816 
8802 
8788 
8774 
8760 


8746 
8732 
8718 
.8704 
8689 
8675 


8660 
8646 
8631 
8616 
8601 
8587 


8572 
8557 
8542 
8526 
8511 
8496 


8480 
8465 
.8450 
8434 
8418 
8403 


8387 
8371 
8355 
8339 
8323 
8307 


8290 
8274 
8258 
8241 
8225 
.8208 


8192 


tan? 


5317 
5354 
5392 
5430 
5467 
.5505 


5543 
5581 
5619 
5658 
5696 
5735 


5774 
5812 
5851 
5890 
5930 
5969 


.6009 
.6048 
.6088 
6128 
6168 
6208 


6249 
.6289 
6330 
6371 
6412 
6453 


6494 
6536 
.6577 
6619 
.6661 
.6703 


6745 
6787 
.6830 
.6873 
6916 
6959 


.1002 


cott 


tan?! 


cscl 


csc t 


2.130 
2.118 
2.107 
2.096 
2.085 
2.074 


2.063 
2.052 
2.041 
2.031 
2.020 
2.010 


2.000 
1.990 
1.980 
1.970 
1.961 
1.951 


1.942 
1.932 
1.923 
1.914 
1.905 
1.896 


1.887 
1.878 
1.870 
1.861 
1.853 
1.844 


1.836 
1.828 
1.820 
1.812 
1.804 
1.796 


1.788 
1.781 
1.773 
1.766 
1.758 
1.751 


1.743 


sect 


toe ot Orr) | 
62°00’ 


50 
40 
30 
20 
10 


61°00’ 


50 
40 
30 
20 
10 


60°00’ 
50 
40 
30 
20 
10 


59°00’ 
50 
40 
30 
20 
10 


58°00’ 
50 
40 
30 
20 
10 


$7°00' 
50 
40 
30 
20 
10 


56°00’ 
50 
40 
30 
20 
10 


55°00’ 


1 
degrees 


TABLE VI (continued) 575 


t 


degrees | sing | cose 


degrees 


576 TABLE VI (continued) 


ANSWERS TO ODD-NUMBERED 
EXERCISES, AND TO REVIEW 
EXERCISES AND PROGRESS TESTS 


CHAPTER 4 
EXERCISE SET 1.4, page 8 
1. (3, 4,5, 6, 7} 3. {-9} 5. {1,2} 
7. {1, 3, 7} 9. F ll. F 13. T 
IS 17. T 19. F 21. F 
23. commutative (addition) 25. distributive 
27. associative (addition) 29. closure (multiplication) 
31. commutative (multiplication) 33. commutative, associative (multiplication) 
35. multiplicative inverse 41. symmetric 43. substitution 


EXERCISE SET 1.2, page 14 

1. —+e}+4¢—++¢-+}+-__}+++~+¢—> 3. Avl, 8:25, €:-2,.D0:4, 0:0,.£:=3:5 
-3.5 -2 0 3 4 

5. 4 j 7-2 9. -5 


01234567 8 9 


13. 15. 10>9.99 
203. CAS SOs 7 
17, a20 19. x>0 21. b= -4 23. b2=5 
25. multiplication by negative number 27. multiplication by negative number 
29. multiplication by positive number 
31. 2 33. 1.5 35. )=2 S70» 
39. 4 41. 2 43. WS 45. 3 
47. 2 49. 8/5 


PAGE A-1 


A-2 ANSWERS TO ODD-NUMBERED EXERCISES, AND TO REVIEW EXERCISES AND PROGRESS TESTS 


EXERCISE SET 13, page 21 


5/8 7. 13 
9.37 

0 19, 2° 
c,d 27: 223 

4 35. Wil 
cost of all purchases 43. S5x+3 


I 2 3. 8/3 5. 

9. (a) $2160 (b) $2080 (c) $2106.67 ll. 
13. -9 15. 3/2 17. 
21. —20y° 23. —3x* 25. 
29. 3/5; 4 31. 3 33. 
37. 176.20 39. bh/2 41. 
45. 2s’? — 35212 + 25¢ + 3s? +5r—s+21—-3 47. 
49. —(2x4 — 4x3 + x? — 4x + 4) 51. 
53. —4y> — 2y* + 2y> — Sy? - 3y 55. 


57. 3b* + 3ab? + 2b? — Tab? + 2b* — 4ab — 6a 


59. -6@x7 + 22x - 12 61. —260x + 13y + 17z 
65. 4x2 + 8x +3 67. 3x2-5x+2 
71. 9x7 -6x+1 73. 4x7 -1 


—2a*bc + ab*c — 2ab? + 3 
6s? — s?— lls +6 
4a® — 16a* + 14a? — 3a? — 14a + 15 


63. x7+2x-3 
69. x7 + 2xy+ y? 
75. x4 +2x7y? + y4 


EXERCISE SET 1.4, page 29 
1. S(x- 3) 
9. 3x*(1 + 2y — 3z) 

17. (y — 1/3Ky + 1/3) 

25. (x- 3)? 

33. (3a- 2)(a — 3) 

41. (3a + 2b)(2a — 3b) 

49. 2(x + 2)(x — 3) 


57. (x2 + y*\(x + yx -y) 


63. (3x — y)(9x? + 3xy + y?) 
69. (xt y—2Y(x27+ 2+ y+ wt+2y +t 4) 


73. My + x-1) 


EXERCISE SET 1.5, page 37 


7. 4/9 


13 (2x + I)@ — 2) 
~ @-Daxt+tl) 


pe St Ee 
(x — 5)(x + 1) 
25. (b- 1)? 
4 
a2 


—2(x + 4y) 5. 
(x + 1)(x + 3) 13. 
(3 — x)(3 + x) 21. 
(x — 10)(x — 2) 29. 
(3x + 2)(2x + 3) 37. 
(5rs + 2t)(2rs + t) 45. 


5(3x — 2)(2x — 1) 53. 


5b(c + 5) 7. -y(3 + 4y’) 
(y — 3)y — 5) 15. (a —3b)(a — 4b) 
(x — 7)(x + 2) 23. (44+ y\(14-y) 
(x + 3)(x + 8) 31. (2x + 1) - 2) 
(4m + 3)(2m — 3) 39. (Sx + 12x - 3) 
(4 + 3xy)(4 — 3xy) 47. (4n+ 1)(2n- 5) 


3m(2x + 3)(3x + 1) 55. 


2x2(3 + 2x)(2 — 5x) 


59. (b? + 4)(b? — 2) 61. (x + 3y)(x? — 3xy + Dy?) 
65. (a+ 2)(a* -—2a+ 4) 67. (4m — 2n)(4m? + mn + 4n?) 
71. (2x? — Sy*)(4x* + 10x?y? + 25y4) 
75. —(x + 2)7(5x + 31) 
3x +1 
3. x-4 oP x2 
s _Sy_ 
9. ~-2b(5 + a) 11 oer 
(x + 2)(2x + 3) (x + 3)0? + 1) 
15. 7 17. ee 
21. xy 23. 2a 
27. (x — 2)(x + 3) 29. x(x+ 1)\(x- 1) 
33. x+ 5 35. _ “at 


3 


(a — 2)(a + 2) 


4y — 15 5-2x 

37 ree 39. 3x4 3) 
3x2 -—4x-1 
a (x — 1)(x — 2)(x + 1) - 
xetxt3 

he Fee Dad ae 3) i 
Sie 53,. REED 

x—-3 x-1 

a+2 
Sea 59. a-b 

(yy - y+) xt] 
63. FDO - 1 65. 55 
EXERCISE SET 4.6, page 44 

1. x® 3. bt 5. 
9. ys" MH. -< 7 13. 

17. x4" 19. 1A? 21. 
25. (3/2)"x2"y3" 27. (2x + 1)'° 29. 
33. 3 35. 81 37. 
41. 25 43. 1/3° 45. 
49. 2xy 51. a*b%/9 53. 
57. 4a'c%b8 59. 1a — 2b?) 
63. (b+ a)(b—a) 67. 0.074 


EXERCISE SET 4.7, page 50 


1. 8 3. 1/16 5. 
9. x*y!? Il. xVy® 13. 
17. W144x%y4 19. 83/4 21. 
25. 2/3 27. not real 29. 
33. 54.82 35. 3,4 37. 
41. ywy 43. 22W6Vx 45. 
49. V5/5 51. V3y/3y 53. 
57. 7V3 59. 7Vx 61. 
65. —5V5 67. 3+4V3 _ 69. 
73. 3x —4y — Véxy 75. 33 -V2)7 

~33Va- 1) -3(5 — V5y) 
79. 81. 

9a 1 565 — y) 


85. 2+ V6+ 3V2+2V3 87. 


CHAPTER ONE A-3 


41. 23x + 24 
6(x + 3)(x — 3) 
Sx — 3 
(x + 2)(x - 1) 
3x2 + 10x + 1 


(x t+ 4x - Dat 1) 


16x* 

x 19 

30x8 

Jen qin pen 
= x 

x? 


—8y!2/x9 


55. 4x(x+ 4) 


x-—2 
x 


61. 


7. 
15. 
23. 
31. 


39. 
47. 
55. 


32 
a?/3b* 


61. (a— bat b) 


69. 0.0113 


63. 


71 


x9/36 


4 
@ 


(4a3/9)~ “4 
5/4 

3V/2 
@wyVy 
yxy 
1V5 - V5 
5-2V6 


77. 24+ V3y/13 


83. 3+2V2 


A-4 ANSWERS TO ODD-NUMBERED EXERCISES, AND TO REVIEW EXERCISES AND PROGRESS TESTS 


EXERCISE SET 1.8, page 55 


Io ft 3. 
9. i ll. 
lt. 3=7i 
23. x=2/3,y=-8 
29. Sti 31, 

37. 5 +0: 39, 
45. 3 53. 


REVIEW EXERCISES, page 57 


i; 11, 2,3;4) 

4. T 

Ta F 

10. commutative (addition) 

2, <——-}.-4$_ + __+ 
-! 0 1 

14. +--+ 
-!1 0) 

16. 3/2 17. 

20. -7,5 21. 

24. Axt+ IDa- 1) 25. 


(x + De - YO? + DOt*+ I) 


— Gy - L) 
30. 31. 
(x — y)xy 
34, 2?(x + 2)(x — 2) 35. 
2(a? = 2) 
38. a+ 2e— 2) 39. 
42. b/8a® 43. 
46. 4V5 47, 
50, ~~ 51. 
ey 
54. -i 55; 
PROGRESS TEST 1A, page 59 
1. {2, 4, 6, 8, 10, 12} 2, 
5. commutative (multiplication) 
7. 
-§ -4-3-2-1 0 1 2 3 


9. -i 10. 


-i 5. 
-2+ 0: 13. 
19. 0.3 -7V2i 

25. x=-l,y=-9/2 
-5 -4i 33; 
2+ 147 41. 
y25 
2. {-3, -2, -]} 
5. F 
8. additive inverse 
11. 
13. 
1S: 
$51 18. 
ab? — 3a*b + 4b 22 
(x + Sy)(x — 5y) 26. 
29. 
—3(x + 2) 
32. 
2y 
x(x — 1)? 36. 
-2x -5 
(x + 4)(x — 4) a0: 
2 44. 
V323 48. 
3V yl §2. 
8-i 56. 
{3} 3. 
6. 
8. 
4 
2 11. 


=I Cian | 
O0+5i 1S. 0-6 
21. -2-4 
27. 3+i 
2:= 61 35291112 
4-7i 43. 0 
3. {2} 
6. F 


9. distributive 
multiplicative identity 


3 45 67 8 


=1 


c 19, -0.5,7 
23 + 3x7 — 2k 23, 12 + 12x2 + 3x 
(2a + 3b)(a + 3) 27. (4x — Ix + 5) 


(3r? + 2s7)(9r* — 6r2s? + 454) 


a-—2b 33 3x(x + 1) 

a-b “  2x-1 

Sy*(x — 1)? 37. 4x°(y + I)*%y- 1) 
T=] 41 e-x+1 

(x — 1)%(x + 2) ; x-1 

Ix*y8 A5.. x? 

ey? V iy 49, 2W22yVy 

8+2V15 53. x=-2,y=4 

3+ 4i 57, 17+ 6: 

F 4. F 

multiplicative reciprocal 

-3-2-!1 0 1 2 
25 12.) S73) 


CHAPTER TWO A-5 


13. b 14. -2.2,5 15. 14,6 16. xy +3xt+4ytl 
17. 3a3 + 5a? + 3a + 10 18. 4a2b(2ab* — 3a3b + 4) 19. (2 — 3x\(2 + 3x) 

20. 6m in? 21. -(r- IM +1) 22. 4x%(x + 1)(x — 1)(x - 2) 
23. (Ix — 15)/3(7-9) 9-24. 2x + 1) 25. Vix” 26. y"*! 

27. -1 28. 4atib? 29. 0 30. 32-10V7 

31. —11Vxy/4 32. xs2 33. -1+40i 34. 16-11i 


PROGRESS TEST 18, page 60 


be 355, 79} 2. {0, 12, 15, 24} 3. 1 4. F 
5. commutative (addition) 6. distributive 
7 8. 
O tf 2 32 4 3 2-1 0 1 2 3 
9. 1 10. 7 ll. 14 [222 
13. a,d 14. 4,5 15. 1.5, 10 
16. 257? — 357? + 2522 + 3577 + st -—s +22-3 17. —3b> — 7b? + 10b + 12 
18. 553s — 8r1) 19. (2x — 1x + 4) 20. x/uv(y — 1) 21. -Ike 
22. 4x27 + IP - 1) 23. 0 24. (—2e + Ix 25. lx 
26. ob 27. x®y? 28. -1 29. x7y8V/y 
30. -2Vx + 1)Mx—1) 31. abo? 32. x>2 33. 2-3i/2 
34. 4-7 
CHAPTER 2 
EXERCISE SET 2.1, page 66 
| aed Wi 30-5 Si. -=2 Lie 213 
9. 6 1. -—4/3 1363/2 1S. —10/3 
bin = 2 19. 5 Qe = 1/2 23. 1 
25. 84(5—k), k#5 ° 27. (64+ b/5S 29. 10/3 31. 1 
33. 4 35. 4 37. 12 39. 2 
41. 12/7 43. none 45. 1 47. C 
49. T S51. F 53. T 
EXERCISE SET 2.2, page 74 
Le 2ask3 3. 6n-5=26 5. 16, 28 7 67,8 
9. 68° 11. 4 meters and 8 meters 
13. 10 nickels, 25 dimes 15. 300 children, 400 adults 
17. 61 three-dollar tickets, 40 five-dollar tickets, 20 six-dollar tickets 
19, $11,636.36 on 10-speeds, $4363.64 on 3-speeds 21. $7000 
23. 20 hours 25. 50 and 54 mph 27. 40kph, 80 kph 
29. Ceylon: 2.4 ounces, Formosa: 5.6 ounces 31. 13.5 gal 
33. 1/12, 1/4; —1/4, —1/12 35. 12/5 hours 37. 9/2 days, 9 days 
39. 8 hours 41. 140 mph 43. Cla 45. S(F — 32/9 


47. —b +2Alh 49. Hilf —f) 51. (a+ Sr(r +S) 


A-6 ANSWERS TO ODD-NUMBERED EXERCISES, AND TO REVIEW EXERCISES AND PROGRESS TESTS 


EXERCISE SET 2.3, page 82 
Le [= 551) 

7. (3, 7) 

13. x>3 

19, x<4 


(-™, 2] 
(-—©, 9/2) 
(-1/2, 5/4) 
61. 98 


EXERCISE SET 2.4, page 86 
ly “h=5 
7. 3/2, -3 

ll. x<—-4o0rx>2 


-4 0 2 


17. 
23. 


(-%, ~1], [7, ) 
(—*, —7), (17, ©) 


EXERCISE SET 2.5, page 99 
b 3 


9. +8i/3 
17. 0,4 

95, 4. —2 

33. 1, -3/4 

41. 25+ V21i/5 
49. -V2+V112 
57. -1/44+ V11i/4, 0 


65. two complex roots 
73. two complex roots 


39. 
47. 
5): 
63. 


3. (9, ©) 5; (f=125=3] 
9. (-6, —4] Il. 5sxs8 
1S; x=5 17. x20 
21. x<-6 23. x25 
SS ee ++ ++ 
-6 0 0 5 
27. y<-I/2 29. x20 
-$ 
—_—-+— pe 
| 0 0 
33, x21 35. x>5/3 
—++—_——— ——}+——+—+ 
0 1 0 3 
3 
(2, ©) 41. (—, 3/2) 43. (-12, ©) 
(-~”, —6] 49, (—, 3/2) S51. (-®, 7] 
{[-3, —2] 57. (-3, -1) 59. [-I, 2) 
5 65. 2924 67. L=20 
3. 3,1 5. 2, -4/3 
9. 4,-2 
13. x<-l2orx>] is. =VW3<x*< 1 
a —______.}-—¢—_-- 
-¥ | 40 l 
19. (—7/2, 9/2) 21. no solution 
27. Ww— 100i 2; 98 =x <= 102 
+V5 5. -5/2+ V2 7 53 +2V203 
1,2 13. 1, -2 15.. =2, =4 
1/222: 21. +2 23. 1/3, 1/2 
-1/2, 4 29. 1/3, -3 31. -1/2+i/2 
-13 + V2i3 37. 0, -3/2 39. 25+ VI1i/5 
2/3, -1 45. +2V3/3 47. 0, -3/4 
-2, 23 53. —5/4+ V7iI4 55. +1/2 
+Vci = a? 61. +V3V/ah 63. (-vt V+ 2gs\lg 
double real root 69. two real roots 71. two real roots 
two complex roots 77. two real roots 79. double real root 


CHAPTER TWO A-7 


81. 4 83. 0, -8 85. 4 87. 3 
89. 0,4 91. 5 
93. u=x; +iV2, + V3/3 95. u= Wx; 2, -3/2 
97. u=x"5, —32, -1/32 99. u=1+ Ix, 1/3, -2/7 
103. —1/2 105. -6 107. +9 109. 6 
EXERCISE SET 2.6, page 103 
1. A: 3 hr; B: 6 hr 3. roofer: 6 hr; assistant: 12 br 5. L=12 ft, W=4 ft 
7. L=8cm,W=6cm 9. 10 ft 11. Sor 1/5 13. 3,7, -3, -7 
15:. 66; 8 17. 150 shares 19. 8 days 
EXERCISE SET 2.7, page 107 
lI x<-3,x>-2 3. -W2<x<1 5. x<0,x>2 7. -§sx<-3 
9. -l2sr<3 ll. ss —-2/3,s> 1/2 13. -2<x<2/3,x>1 
1I§. x<-3,x>2 17. -l<x< 5/2 
a ee ee 
_ = 3 
3 0 2 1 0 5 
19. -3/2<r< 1/2 21. x<-l,x2l 
pt —_—_——_¢—_+——_¢——_—_—_——_—> 
_i 01 —] 0 1 
2 2 
23. xs-l,x2=-1/3 25. ys=-2,2sys3 
th es 
-l -+ 0 2 0 23 
27. -S/I3<x< 1/2, x>3 29. xs—-l,x22 
31s xs =2) x] =3/2 
—————o—e- $e 
~s 216 5 33. O=sx< 100 
3 2 
REVIEW EXERCISES, page 109 
1. 8/3 2:0 3. 10/3 4. kI2(2k + 1) 
5. 10/3 x 8/3 6. 5 quaners, 14 dimes 7. 240 mi 8. 6hr 
9. F 10. F 
ll. x21 12. -9/2sx<5/2 
1 2}. «+ 
Oo 1 a2 0 3 
2 2 
13. (=o, 8) 14. (5/2, ©) 15. [-9, ) 16. 5/3, -3 


A-8 ANSWERS TO ODD-NUMBERED EXERCISES, AND TO REVIEW EXERCISES AND PROGRESS TESTS 


I, 22] =1,.2 3/2 


$e 
-1 0 3 

19. (1/5, 3/5) 20. (—%, —4/3], (8/3, 2%) 

23. 1£iV5 24. (2+ iV2)2 

27. + V3arktk 28. -4,3 

31. two complex roots 32. 4 

35. =1/2,.—1 36. 60 


39. (-«, —5),[-1/2,) 40. (-2, —3/2), (3, ~) 


PROGRESS TEST 2A, page 110 
1. 3/4 2. 8/13 
4, $6000 at 6.5%, $6200 at 7.5%, $12,300 at 9% 
6 —-2sx<1 


——_+—+4 —— + 
-2 ol 
8. [-4, 4] 
10. -2sxs3 ll. (—4/3, 2) 
a on 
-2 0 3 
13. (h+iV79)/10 14. —3/4, 1/3 
17. two real roots 18. two complex roots 
21. 8X 12 meters 22. x5 1/3,x21 
PROGRESS TEST 2B, page 114 
1 = 
3. 30 ounces 60%, 90 ounces 80% 
5. F 
7. (—©, 4/5} 8. (3, ©) 
10. x52,x2=6 
ee ae ed 
0 2 6 
11. (—%, —1), (/S, ©) 12. —5/2, W/3 
14. (1 + iV83)/6 15. 3+iV2 


18. x>30rx<—4 
er 
-4 0 3 
21. 5, -4 22. 1/2, 4/3 
253 =1, 1/3 26. +3/7 
29. two real roots 30. double root 
33. 6 34). 21, 3 
37, x=-3/2,x22 38. (—«, —S], [!, %) 
3. 185, 285, 295 
5. T 
7. (-%, 15/2] 
9. 5/2, —2 
12. -2,7 
15. (5 + 3i)/2 16; 1,.=3/2 
19. -4 20. +V2i, +V3/3 
23. (-©, 1/2], [1, ©) 24. [-2, 2/3], [1, ©) 
2. k*k + 3) 
4. b(d—-1)Ka—cd) 
6 Isxs2 
——+-+4+4—_- 
Oo t 2 
9. 8/3, -2 
13. 1/2,2 
16. 


17. two complex roots 18. double real root 


19. 


+V kal(k3 — ky), kz # ky 
1 


20. +i, +(-8)7? 21. S0¢ 

23. (-%, —5) 24, (—2, —4), (2/3, 1) 

CHAPTER 3 
3. 
Th 
I]. 
15. 
25: 


22; 


3V2 
V1345/6 
Rs = V2/2 


yes 


x>1/2 


5: 


CHAPTER THREE A-9 


4v2 


9. BC = V37 


13. 
21. 


no 
2V10+74+5V2+ 
V37 


any point satisfying x7 + y? — 10y — 6x + 29 =0 


A-10 ANSWERS TO ODD-NUMBERED EXERCISES, AND TO REVIEW EXERCISES AND PROGRESS TESTS 


39. none 41. x-axis 43. x-axis 45. x-axis 
47. none 49. y-axis 51. all 53. origin 


EXERCISE SET 3.2, page 129 


1. domain: all reals 3. domain: all reals 5. domain: x= | 
range: all reals range: all reals range: y=0 
y y y 


2 
| 
2 4x x 
7. x2=3/2 9. x>2 HW. x21,x42 
13. 7/2 15. 3/2 17. 5 
19. 2a7+5 21. 6 + 15 23. 3 
25. W(x? + 2x) 27. at +h? + 2ah+2at+2h 29. -0.92 
31. GBx- Ie +1) 33. 24x + 1)/6x — 1) 35. -0.21 
37. 2(a— (4a? + 4a — 3) 39. (a—I)la(a + 4) 41. I(x) = 0.28x 
43. d(C)=Cla 


EXERCISE SET 3.3, page 139 
I. increasing: (—, 0%) 3. increasing: x =O 
decreasing: x = 0 


CHAPTER THREE A414 


7. increasing: x = —1/2 
decreasing: x = —1/2 


5. increasing: x = 0 
decreasing: x = 0 


p 
: 


x 
9. increasing: x > —1 ll. increasing: x = 2 
decreasing: x < —1 constant: x = 2 
y 
5 
2: x 


13. increasing: x = 0 15. constant: x< -2, -2Sx5-1,x>-1 


decreasing: OS x<1,x>2 
constant: | = x =2 


increasing: x <0 
decreasing: O< x C1,x >2 
constant: |< x <2 2 


PeAZ ANSWERS: TO ODD-NUMBERED EXERCISES AND TO REVIEW EXERCISES AND PROGRESS TESIS 


17. y Yaa) yahx) 19. yefey 4% psf) 
{— 
x 
21. 23. y= ax) ile y= flix) 
= a ae 
4 4 *% 
y= f(x) y= a(x) 

y = a(x) 

6.50,0=u=100 
25. C(u) = )6.50 + 0.06(u — 100), 100 < u = 200 

12.50 + 0.05(u — 200), u > 200 

_ }30,000, O= x = 100 
2 R= ae x2, x > 100 
29. (a) C(m) = 14 + 0.08m 
(b) m=O 
(c) $22 
EXERCISE SET 3.4, page 449 
1. 2; increasing 3. —3/2, decreasing 5. —1,; decreasing 9. 2x-y+5=0 

ll. 3x-y=0 13. 2x-y=0 15. 2x-3y=0 17. 2kx-y=0 
19. 3x-y+2=0 21. y-2=0 23. x-3y-15=0 25. m= —3/4, b= 5/4 
27. m=0,b=4 29. m= —3/4, b= —-1/2 31. (a) y=3 (b) x=-6 
33. (a) y=O (b) x=-7 35. (a) y=-9 (b) x=9 37. (a) -3  (b) 1/3 
39. (a) 4/3 (b) —3/4 41. (a) 3x+y—-6=0 (b) x—-3y+8=0 


43. (a) 3xt+S5y-1=0  (b) Sxr—3y+21=0 45. (a) F=2c+2 (b) 68°F 
47. $1,000,000 49, 5 51. fi) =8r + 13 


EXERCISE SET 3.5, page 154 


CHAPTER THREE A-13 


1. (a) 4 (b) y=4x (c) 
3. (a) —1/32 (b) —3/8 5. (a) (b) 
9. (a) 512 (b) 512/125 ll. (a) M=?rts? 
1S. (a) 400 feet (b) 5 seconds 17. 
19. (a) 800/9 candlepower (b) 8 feet 21) 
EXERCISE SET 3.6, page 164 
1. xt+x-1 3. x2-x+3 5. 
9. domain of fand of g: all reals Il. 
13. 21 15. 42° +100+7 17. 
21. 29 23. all reals 25: 
27. (fe g(x) = (x — I/x, x #1; 29. 
(gof)(x) = —Qx t+ Ix, x # -1 31 


33. fix) =x"; g(x) = x9 — 2 
45. f~"\(x) = (x - 3)2 


y=f'® 


51. fo w®=@-1)4 53. yes 
57. yes 


63. (x - bla 


5/2 7. (a) -3 (b) —1/4 

(b) 36/25 13. (a) T=16pvu? = (b)—-23 
40/3 ohms 

6 23. 120 candlepower/ft? 
wr-wt+x-2 7, (f+ Ix - 2) 

4x7 +2x+1 

Re? -6x+1 19, x+6,x2=-2 


(fe g(x) =x + 1; (gef\(x) =x +1 

fix) = x + 3; g(x) = 

fix) = 28; g(x) = 3x + 2 

-4 37. Ax) = Vx; (x) =4—x 
49. f(x) =3x 4+ 15 


yefittxy y 


55. no 
59. no 


A-14 ANSWERS TO ODD-NUMBERED EXERCISES, AND TO REVIEW EXERCISES AND PROGRESS TESTS 


REVIEW EXERCISES, page 167 
1. V6l1 


3. y 


Si. Ga Die =1) 
34. 4 
37. O 


14. 
17. 


18. 
20. 
22; 
24. 
26. 
28. 


X-axis 
all 

yes 
yes 
x= 5/3 
x#-l 
226 


=Swora2rd] Hn 


y?—3y +2 15. 3+h 
increasing: x = —1,0S5x<2 
decreasing: -l1<x=0 

constant: x > 2 


-5 19. -2 
3 21. y—3x-6=0 
x= —-4 23. y=3 
y-2x-2=0 25; y= 2k —-5=0 
160 27. 1 
—1/4 29. x2 +x 

32. x#+1 

35. Ixl-—2 


38. not defined 


CHAPTER FOUR A-415 


PROGRESS TEST 3A, page 168 
1 3+ V26+ var 


3. origin 4. x20,x#1 
5. Ay 6. 8°+3 
7. increasing: x =0 8. 0 
decreasing: -2 <x <0 
constant: x << —2 9. 2 
10. 2y-3x-19=0 ll. x=-3 13. y=-1 
14. 3y+x-—7=0 15. —1024 16. 65,536 17. 3 
18. x*(x- 1) 19. 1/4 
PROGRESS TEST 3B, page 168 _ 
1. 6V2 2, . 
3. origin 4. x#2+4 
5: 1 6. 1 
7. increasing: x > 3 8. 10 2* 
decreasing: x = —3 9. 24 
constant; —3 <x =3 
10, -9/2 ll. oy=- 12:9 3 13. -3 
14. x+3y+3=0 15. —32/9 16. 1 17. 1 
18. V2/2 19. Vxix 
CHAPTER 4 


EXERCISE SET 4.1, page 184 
1. y 


A-16 ANSWERS TO ODD-NUMBERED EXERCISES, AND TO REVIEW EXERCISES AND PROGRESS TESTS 


13. 3 15. 4 17; 
19. 4 2m? 23. 
25. (a) 200 (b) 29,682 (c) 256.8, 543.7, 1478, 2436 
27. 6,59 billion 29. 670.3 grams 31. 
33. $45,417.50 35. $173.33 37. 
39, 1? 
EXERCISE SET 4.2, page 190 

1. 2?=4 3. 977 = 1/81 5. e? = 20,09 

9. &=)] Ih. 3°3=1/27 13. logs 25 = 2 

17. log 1/8 = -3 19. log. 1 =0 21. logse 6 = 1/2 
25. loge, 3 = -1/3 27. 25 29. 1/5 
33. e 2 = 0.61 35. -2 37. 512 
41. 2 43. 3 45. 6 
49. 3 51. 1/2 53. 2 
57. 0 59. -2 61. 4 
65. y 67. 

2 
64 
69. y 71. y 
4 3 
100 * 

EXERCISE SET 4.3, page 197 

ll: logio 120 + logio 36 3. 4 5: 

7. logs x — loga y — log, z 9. Sinx I. 
13. 4log, x + log, y) 15. 2Inx+3Iny+4Inz hee 
19. 2 log, x + 3 log, y — 4 log, z 21. 0.77 23. 
25. 1.07 27. 0.87 29. 
31. log 2Vy 33. In Wry 35. 


7. 10? = 1000 
1S: logio 10,000 = 4 
23. logie 64.= 3/2 
31. e* = 7.39 
39. 124 
47. 2 
55. 1 
63. 2 


log, 2 + log, x + log, y 
2 log, x + 3 log, y 
Jinx +4Iny 

0.94 


0.435 
x1By2 
loga — 


37. logs Vxy 
(x + ye 
43. log, ———— 
obo = IF 
49. 2.3892 


EXERCISE SET 4.4, page 203 


1. 2.725 x 10° 3. 

9. 0.5514 11. 
17. 4.6830 19. 
25: 0:9 27: 
33. 1.028 35: 
41, 1.93 x 1075 43. 
49. 8.75% compounded quarterly 


EXERCISE SET 4.5, page 207 
1. log 18/og 5 3. 


39. In—~ 
45. 1.2304 


8.4 x 1073 
1.5740 
—0.4660 
0.257 

2.115 

2.59 x 1078 


1 + log 7/log 2 


9. (log 2 + log 3)(log 3 — 2 log 2) 


13. 1/2 —log 122 log 4) 15. 


21. 1/2 23) 

29. -1+V17 31. 

37. 8.8 years 39. 

REVIEW EXERCISES, page 209 
I. y 


17. 


In 18 

5 

Iny + Vy? + 1) 
27.47 days 


3 
$12,750.40 


8 = 6412 
. W223 
8. log, 1 =0 
10. =2 
12. 26 
14. -1/3 
16. 3 


2 
4. 
5. log 27 = 3/2 
6 
7 


18. 


19. 
20. 
21. 


22: 
24. 


26. 


7.16 x 10° 
1.5476 
2.520 
0.000607 
103.55 
$10,453 


log 46/2 log 3 
—log 1S/log 2 
(—3 + In 20)/2 
3 

36.62 years 
1.386 days 


3 log.(x — 1) — log, 2 — log, x 


41. 


47. 4.5046 


27. 
35; 


CHAPTER FOUR A-47 


2.962 x 10? 
1.8692 

2.9 

0.0219 
0.002875 
$14,660.72 


5/2 + log 564/2 log 5 


500 
8 
12.6 hours 


log, x + 2 log,(2 — x) — 4 loga(y + 1) 
4 In(x + 1) + 2 Infy — 1) 


¢ log y + $ log z — § log(z + 3) 


1.15 
0.4 


3 


x 
loga vi 


23; 
25: 


27. 


0.55 
=O0:15 


log(x? = x)? 


A-418 
2 
8 in 29. 
Zz 
32. 4.765 x 102 33. 
36. 803 37. 
il log 14 
40. Te 41, 
PROGRESS TEST 4A, page 240 
L. 2 
5. 
8, 


ANSWERS TO ODD-NUMBERED EXERCISES, AND TO REVIEW EXERCISES AND PROGRESS TESTS 


PROGRESS TEST 4B, page 210 


1h; 


15. 
19. 


2.2684321 x 10’ 
$530.76 


CHAPTER 5 


EXERCISE SET 5.1, page 223 


I. 
9. 
We 
25: 
33. 
41. 


IV 

Il 

I 
—Sm/2 
45° 
450° 


3. 
11. 
19. 
2T: 
35. 
43. 


(x + 2)? 
——_-— ; / 
loge a+ 30. 5/3 
9.8 x 107? 34. 2.6475 x 10* 
7.9 38. 3.49x 1074 
5000 4, 
98 
-2/3 3. 195372 
3 6. il 
1/2 9. 3 log, x —2 log, y 
10. 2 log x +} log(2y — 1) — 3 log y 
Il. 0.7 12; 
13. log ——— 4. 
og hes 1 
15. 2.73 x 1074 16. 
17. 4.7.x 1072 18. 
19. 34.6 hours 20. 
21. 4 
2 8 3. 
4, 1=3° D: 
6. 3/2 7. 
8. 4 9. 
10. $ilnx+4Iny +4 In 2z Ih: 
12. 1,5 13. 
x2 
14. log-s 
y 
2.97 x 107! 17. 9397 
3 21. 10 
I 5. Il 
I] 13. Il 
7/6 21. —S7/6 
30/4 29. 22/3 
270° 37. -—90° 
—300° 45. 98.55° 


31. 15/7 


35. 7.767 x 10! 
39. 11.5 hours 


4. logis 64 = 3/2 
Te. Siz 


— log, z 


0.45 
= 
Ofa 3 
5.972 x 10° 


0.26 
200 


Bee es 
°8 000 


3/2 
10 
loga(x — 1) + 2 log.(y + 3) 
0.85 
1G yy? 
Zz 


18. 6.2x 1074 


49. 
33: 
Sh: 


F Sl. 
4/7, 32.74° 
6.8 ft; =776.5 rotations 


EXERCISE SET 5.2, page 232 


L. 


UI 3: 


sint 
4/5 


vit 
—1/4 


Il 19. 
={ 27. 
-v3l2 


Ill 
vil 


5D: 
59. 


21. 
29. 


CHAPTER FIVE A-49 


(a)(-3/5, — 4/5) (b) (4/5, —3/5) (c) (3/5, —4/5) (d) (-3/5, 4/5) 
(aja (b) —b 41. -3/4 43. 


EXERCISE SET 5.3, page 243 


9. 
13. 


0 3; 
T Il. 
T, - 1S. 
(a) (-1, 0) (b) 


@) (Vil2, -val2) 
(a) (-V2l2, —Vil2) (v) 
(a) (-12, -V3l2) ) 
(a) (-v2, -V3l2) — (b) 
(a) (-V3I2, 12) (b) 
(ay (-V3/2, -172) — (b) 


(a) (1/2, V3/2) (b) 
0.4357 39. 
—0.9737 47. 
—0.4663 63. 
0.3476 WW: 
0.1003 


aT 
TrlS 


30/4, —Sal4 


sint 
0 
-Vil2 
-val2 
-v3l2 
-V3l2 
-12 
-1/2 
V3l2 


—-5.471 


—0.1307 
—0.7880 


0.3007 


45. 


5. 


es 


41. 


65. 
85. 


6/1 
10 
Il 7. Il 
tan? 
-4/3 
-V3/3 
-] 
-VI5I15 
Wl 23. -3/2 
-v3l2 31. -V3 
-3/5 47. 4/5 
37/2 7. 57/6 
57/6, —77/6 19. 57/3, —7/3 
cos ¢ tan f 
-I 0 
val2 -1 
-Val2 1 
-12 V3 
-1/2 V3 
-v3l2 V3/3 
-V3/2 V3/3 
V2 V3 
0.3093 43. 0.8415 
-0.2250 67. -0.7193 
0.7174 87. —0.1987 


A-20 ANSWERS TO ODD-NUMBERED EXERCISES, AND TO REVIEW EXERCISES AND PROGRESS TESTS 


EXERCISE SET 5.4, page 255 


I. y 3. 


J: 9. amplitude: 3 
period: 277 


11. amplitude: 1 
period: 7/2 


15. amplitude: 2 
period: 67 


13. 


17. 


CHAPTER FIVE A-24l 


amplitude: 2 
period: 7/2 


amplitude: 1/4 
period: 87 


Ae@2 ANSWERS TO ODD-NUMBERED EXERCISES. AND TO REVIEW EXERCISES AND: PROGRESS TESTS 


19. amplitude: 3 
period: 27/3 


23. amplitude: 3 
period: 7 
phase shift: 7/2 


21. amplitude: 2 
period: 27 
phase shift: a 


25. amplitude: 1/3 
period: 27/3 
phase shift: — 7/4 


27. 


29. 


amplitude: 2 
period: 87 
phase shift: 47 


y = 2 sin(2x — 77) 


EXERCISE SET 5.5, page 260 


sec f=2,csct= 23/3, cot r= V3 
sec t= -v3/3, csc t= 2, cotr= -V3 
sec t= —V2, csc t= V2, cor=-1 


0, 27 15. 
ala, T1l4 23, 
Ml 31. 
Sm/4 39. 
3.270 


EXERCISE SET 5.6, page 268 


1. 
9. 
17. 
31. 


39. 
43. 


-—7/6 3. 
—m2 De 
23 19. 
Val2 33. 
arcsin( +717) 

sin™ '(2/3) 


REVIEW EXERCISES, page 270 


— 7/3 2: 
yes 6. 
15/4 cm 

IV he 
a2 15. 


77/6, 
57/6, 
Hl 
37/4 


270° 
no 


lI 
m2 


1171/6 
11 7/6 


Sil. 


12: 
16. 


y = 3 cos(x/3 — 27/3) 


CHAPTER FIVE A-23 


sec t= V2, csc t= V2. cotr=1 
sec { not defined, csc = —1, cotr=0 
sec t= —V2, csc t= —V2, cotr=1 


wl4, S/4 19. 
HI 2s 
5717/6 35. 
4.271 43. 
—ml4 Ve 
0 15. 
2.44 23. 
7/4 37. 


cos~!(1/3), cos~'(— 1/4) 


-75° 4 
yes 8 
Il 13: 
0 id. 


32/4, 71/4 
II 

27/3 

1.000 


S7/6 
—7/4 
1.30 


27/3 


Sa/3 


Ac2a ANSWERS TO ODD-NUMBERED EXERCISES. AND TO REVIEW EXERCISES AND PROGRESS TESTS 


18. (—4/5, 3/5) 19. (3/5, 4/5) 
22. (-4/5, —3/5) 

23. IV 24. IV 

27. -3/4 28. -5/3 
33. V3i2 34. -V2 
37. Sa/4 38. 1171/6 
41. 1.8334 


45. amplitude: 1; period: 7; phase shift: 2/2 
47. amplitude: 2; period: 677; phase shift: — a 


50. —7/6 51. 0 
PROGRESS TEST 5A, page 272 

1. 300° 2. —-107/9 

5. 45° 6. 4/5 

9. (-V3)2, 1/2) 10. (1/2, -V3l2) 
13. (—5/13, —12/13) 14. 20° | 

16. 1/2 7. -2v3/3 
20. —5/13 21. —5/4 

25. 


20. 


25. 
29. 
35. 
39. 
42. 


44. 


46. 
48. 


(4/5, 3/5) 21. 
ll 26. 
—12/5 30. 
-V3/3 36. 
w/3 40. 
0.4228 


(~3/5, —4/5) 


amplitude: 4; period: 27: phase shift: 7/2 


none 49. 37/4 

5 53. cos '+2V5/5) 
S5/12 4. 335° 

a3 8. 0 

(5/13, —12/13) 12. (12/13, 5/13) 
7/4 

Sa/4 19. 71/4 
—0.5973 24. -0.2509 


amplitude: 2; period: 27; phase shift: 7 
amplitude: 2; period: 477; phase shift: a 


— 7/3 
1/2 
arctan(2/3), arctan(3/2) 


CHAPTER SK A-25 


PROGRESS TEST 5B, page 273 


1. —37/4 2; 135° 3, =150" 4. 70° 
5. 240° 6: 21/5 7. 0 8. a/S 
9. (V3/2, -1/2) 10. (- V2, -V2l2) sn. (=45, 3/5) 12. GIS, —4/5) 
13. (4/5, —3/5) 14. 7/16 15. 15° 
16. -1 17. 1 18. 7/3 19. 27/3 
20. —S/12 21. -3/4 23. 0.6378 24. —-3.109 
25. i 26. amplitude: 4; period: 27/3; phase shift: 7/3 
: 27. amplitude: 1/2; period: 7; phase shift: — 7/4 
28. 7/6 
29. 1 


30. arcsin(—3/5), m/2 


CHAPTER 6 
EXERCISE SET 6.1, page 280 
sin @ cos @ tan 0 csc 6 sec 6 cot 6 


1 3/5 4/5 3/4 5/3 5/4 4/3 

3. 4/5 3/5 4/3 5/4 

5. 2v5ls Vis 2 Vsl2 V5 1/2 
2 2 2 

7 Var +1 xVax° +1 1 Weed i cele, a | e 


r+ r+ x x 

9 12/13 -s13 | -175 | 13/12 -13/5 | -sr2 

uu. —-Vvd2 -val2 1 -v2 -v2 1 

3. 3/5 ~4/5 -34 5/3 =54. | =a5 

15. -5/13 213 | —sii2 | —13/5 132 | 12/5 

17, 513 | 1213 | saz | 135 | -132 | 1275 

i9. vVsls | ~2Vsls | -12 V5 -vVslz2 | -2 

a Sind 23. 6.5.cot 8 25. 3.7 csc 8 27. 36°50’ 
29. 622 31. 303 33. 33.9 35. —5/12 


37. 3/5 39. —4/3 


A-26 ANSWERS TO ODD-NUMBERED EXERCISES, AND TO REVIEW EXERCISES AND PROGRESS TESTS 


EXERCISE SET 6.2, page 286 


1. 53°10° 3. 
9. 39°10’, 50°50’ I. 


EXERCISE SET 6.3, page 294 


1. 41°10' 3: 
9. 90° I. 
17. 68.5 
EXERCISE SET 6.4, page 297 
1 29.1 3: 
9. 10.9 I. 
17. 40.5 miles 19. 


REVIEW EXERCISES, page 299 


1. 5/13 a 
5. 7V33/33 6. 
9. V2/2 10. 
13. 16.6 14. 
17. 51°50’ 18. 
PROGRESS TEST 6A, page 299 
1. 7/5 2. 
5. -1 6. 
9. 23.6 10. 


13. 138 meters 


PROGRESS TEST 6B, page 300 


1. 5/4 > 
5. 24/3 6. 
9. 66°30’ 10. 
13. 67.5 feet 
CHAPTER 7 


EXERCISE SET 7.1, page 306 
47. 3/2 


EXERCISE SET 7.2, page 3413 


l s=r=0 3. 
9. (v2+ Vela 11. 


61° 
18.7 cm 


14.4 
82°10' 


7.2 
8.3, 1.6 
18.8 meters 


4/3 

2 

39°50’ 

5.4 meters 
37°50’ 


49. wi4 


52.5 miles, S29°W 


7. 970 meters 


15. 24.19 miles 


7. 62°30’ 


15. 32.8 miles 


7. none 


15. 682 meters 


4. =1 
8. 56°30’ 


12. 14.5 


4. undefined 
8. 10.3 


12. 15.8 


7. (V6- Vaya 


1s. (V6—- V2) 
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17. (V2- Vel4 19. -1/2 21. 2-V3 23. cos 43° 
25. cot 7/3 27. sin 77/6 29. —4/5 31. -—7 
33. —2.29 35. —16/65 37. 2/29 
EXERCISE SET 7.3, page 324 
1. 7/25 3. -v3l2 5. —240/161 
7. —24/25 9. 161/289 11. 0.1022 
13. 2— V3l2 15. G - AV + V2) 17. 27V2-V3 
19. V20/5 21. V6/3 23. -2 
25, —Vel3 
EXERCISE SET 7.4, page 325 
1. sin 6a + sin 4a 3. (cos Sx — cos x)/2 5. —(cos 76 + cos 30) 
7. (cos 2a + cos 28)/2 9. -(2+ V2)4 nu. Vala 
13. 2 sin 3x cos 2x 15. 2 cos 46 cos 20 17. 2sinacosB 
19. 2 cos 5x cos 2x a. vél2 23. -V2 
35. sin(a + b)x + sin(a ~ b)x 
2 
EXERCISE SET 7.5, page 330 
1. 7/6, 57/6; 30°, 150° 3. a; 180° 
5. 7/6, 57/6, 77/6, 1177/6; 30°, 150°, 7. 716, 52/6, 77/6, 11-216; 30°, 150°, 
210°, 330° 210°, 330° 
9. 0°, 30°, 150°, 180°: 0, 2/6, 57/6, 7 11. 0, 7/3, 52/3; 0°, 60°, 300° 
13. a/tO, 2/2, 97/10, 1377/10, 1777/10; 18°, 90°, 162°, 234°, 306° 
15. 7/3, 57/3; 60°, 300° 17. 7/6, 52/6, 32/2; 30°, 150°, 270° 
19. 0; 0° 21. w/6 + mm; 57/6 + a0 
23. w/3+ mn, 20/3 + 7H 25. 6+ m0; Sr/6 + a0 
27.  anl4 29. am/l2 + anl2, Sa/12 + ani2 
31. mf2+a0n 33. w/2 + 2anl3 
35. an, 7/44 a0 37. wil6 +2207, Sw/6 + 270 
39. 0.83, 2.31, 3.71, 5.71 radians 41. 6.05 radians, 5.32 radians 
EXERCISE SET 7.6, page 338 
1 V3 3. V2 5. 2V10 
7. 3V2(cos 77/4 + i sin 77/4) 9. 2cos 11/6 + i sin 1177/6) ll. V2(cos 32/4 + i sin 32/4) 
13. 4(cos 7 +i sin 7) 15. —-4 17, -lt+é 
19. —-Si 21. 6 23. V3-i 
25. 2(cos 7/4 + i sin 77/4), 2(cos m/2 + i sin 7/2) 
27. (cos 22/3 + i sin 27/3), 3V2(cos w/4 + isin 7/4), (-6 — 6V3) + (6V3 — 6)i 
29. S(cos 0 +i sin 0), 2V2(cos Sar/4 + i sin 57/4), —10 — 10% 
31. O+512 33. 16-161 35. -8+8i 37. +V2+V2i 
39. V2(cos 150° + i sin 150°), V2(cos 330° + i sin 330°) 
41. -2,1+V3i 43. +2, +2i 


A-28 ANSWERS TO ODD-NUMBERED EXERCISES, AND TO REVIEW EXERCISES AND PROGRESS TESTS 


REVIEW EXERCISES, page 340 


(V2 + Vola 5. 
sec 75° 9. 
S13 13. 
— 16/65 17. 


-V3/2 21. 


-V30l6 
-V2+ VilV2- V2 


1/4 

0, 7/2, mw, 37/2 

45° + 60°n 

V13 

2i 

24(cos 37° + i sin 37°) 
-—972 + 972i 


3(cos 90° + i sin 90°), 3(cos 270° + i sin 270°) 54. 


PROGRESS TEST 7A, page 341 


2: 


1/2 
3/5 


7125 
2(sin Sx/2)(cos x/2) 
45° + 90°n 

I V3 


~-5t * 5. 5H! 


PROGRESS TEST 7B, page 342 


2. 


6. 
10. 
14, 
17. 


2 
0 


VIN al2 
0, 37/4, 7, 77/4 
2(cos 55° + i sin 55°) 


CHAPTER 8 
EXERCISE SET 8.1, page 346 


I. 
7. 


(5/2, 5) 
(0, —1/2) 


EXERCISE SET 8.2, page 354 


(x — 2)? + (y - 3)? =4 
rt+y=9 
(h, k) = (2, 3), r= 4 


-vil2 ee me 
sin 67° 10. cos 37/8 
10(3 + 4V3)/39 14. 3/4 
-—7/25 18. —24/25 
120/169 2. -Violio 

2. V2+V3l2 

31. (cog a — cog 2a)/2 

34. 2(cos m/2)(cos 7/4) 

37. 0, 2/3, 7, S2/3 

40. 30° + 90°n, 60° + 90% 

43. Val 

46. |-i 

49. 5(cos 21° + i sin 21°)/3 

52. 0-8 


(V6 + V'2)/4 4. 


24/25 
12; 
1S. 
18. 


(h, = (-4, —3/2); r= 3V2 
(x + 2)? + (y — 4)? = 16; (h, k) = (2. 4 = 4 
(x — 3/2)? + (y — 5/2)? = 11/2; (A, k) = (3/2, 5/2); r= V2202 


v3 -2 

—81/76 

aE OEY, al 

2(cos 90°)(cos 60°) = 0 
5(cos 86° + i sin 86°) 


1, -1/2 + V3i/2, 


26. 


4. 
Te 
10. 


14. 
17: 


7. (V2+ Vela 

IL. cot 37/14 

15. 70 

19. 24/25 

23. -1/3 

2- 2l2 

—2 sin 2x sin x 
m/4, 37/4, Swr/4, 77/4 
90° + 360°n, 270° + 360°n 
V5 
3V2(cos 37/4 + i sin 377/4) 
2(cos 7 + 1 sin 77) 
2(cos 90° + i sin 90°) 


cos 43° 
— 119/169 
V2- V3lV24 V3 


17/3, 22/3, 42/3, Sal3 
(cos 77° + i sin 77°)/2 


3(cos 60° + ¢ sin 60°); 3(cos 180° + i sin 180°): 


3(cos 300° + 7 sin 300°) 


cot 19° 


8. 336/625 
(sin 72/12 — sin /12)/2 
90° + 120°n 
-64 + 0 


(1, 5/2) 
(-1, 9/2) 


13. 
16. 
19. 


5: 
ll. 


5. -13V2l7 
9, -3V13/13 


(cos 90° + cos 60°)/2 
5(cos 250° + i sin 250°) 
-1, 12 + V3i2 


(-7/2, -1) 
(0. 0) 


3. (xt 2)? +(y + 3)? =5 
7. (x +1)? +(y— 4)? =8 
Wl. (kh, k) = (2, -2); r= 2 
15. (h, k) = (1/3, 0); r = 1/3 


CHAPTER EIGHT A-29 


21. @—1)? +y? = 7/2; (A, k) = (1, 0); r= VI42 

23. (x- 2)? + (y + 3)? =8; (A. k) = (2, -3) = 2V2 

25. (x- 3)? + (y + 4)? = 18; (h, k) = (3, —4); r= 32 

27. (x + 3/2)? + (y — 5/2)? = 3/2; (h, k) = (—3/2, 5/2); r = V6I2 

29. (x- 3)? +y2= 115 (h, =, OF = VIL 

31. (x — 3/2)? + (y— 1)? = 17/4 (h, &) = (3/2, 1); = V172 

33. (x + 2)? + (y - 2/3)? = 100/9; (A, k) = ( —2, 2/3); r = 10/3 

35. neither 37. On 

41. (x+ 5? +(y-2)P =8 43. (x-5)?+(y- 1)? = 20 


EXERCISE SET 8.3, page 360 
1. focus: (0, 1); directrix: y = —1 3. focus: (1/2, 0); directrix: x = —1/2 


5. focus: (0, —5/4); directrix: y = 5/4 7. focus: (3, 0); directrix: x = —3 


A-30 ANSWERS TO ODD-NUMBERED EXERCISES. AND TO REVIEW EXERCISES AND PROGRESS TESTS 


9. y?= 4x ll. y* = 6x 13. y?=4x 15. y?=—-5x 
17. y? = —4x 19. y?= 
21. (x — 1)* = 3(y — 2); vertex: (1, 2); axis: x = I;direc- 23. (y— 4)? = —2(x— 2); vertex: (2, 4); axis: y = 4; 
tion: up direction: left 
25. (x — 1/2)? = —3(y + 1/4); vertex: (1/2, —1/4); axis: 27. (y — 5)* = 3(x + 1/3); vertex: (—1/3, 5); axis: y = 5; 
x = 1/2; direction: down direction: right 
29. (x — 3/2)? = 3(y + 5/12); vertex: (3/2, —5/12); axis: 31. (y + 3)? = —1/2(x — 4); vertex: (4, —3); axis: y = 
x = 3/2; direction: up —3; direction: left 
33. (x + 1)? = —-2(y +1); vertex: (-1, —1); axis: 
x = —1; direction: down 
35. vertex: (2, —1); axis: x = 2; 37. vertex: (—4, —2); axis: x = —4; 39. vertex: (—1, 0); axis: y = 0; di- 
direction: up direction: down rection: left 
¥ y 
5 x2 =29 41 
( ) Q +1) = oo = 


EXERCISE SET 8.4, pege 367 
1. fy 3. 


to 


7, 3° os 1; (0, +2), (+3, 0) 
Lae cial 
es va 1; (0, +1/2), (£1, 0) 
15. x4 +H- 1; (0, +3V2/4), (+1/2, 0) 


( — OF = -2(r+ 1) 


= 1; (0, +1), (+2, 0) 


= 1; (0, +2), (+V3, 0) 


CHAPTER EIGHT A-34 


x y2 
oe = ]:(+ 
23. are 1; (+2, 0) 


x 


~ 


1; (0, +1/2) 


J 


EXERCISE SET 8.5, page 370 


1. parabola 3. 5. hyperbola 7. no graph 
9. no graph ll. 13. hyperbola 15. point 
REVIEW EXERCISES, page 374 
1. (-1, -1) 2. (—5/2, 5/2) 3. (—1/2, —9/2) 
a 107) 5. PiP, = P3P4 = V26, PiP4 = P2Ps =5 
6. AB= V170, AC = V136, BC = V34, AB? = AC? + BC? 
7. 10x+ 12y+15=0 8 (x +5)? +(y-2)?=16 
9. (x+3%+(y +3) =4 10. (h, k) = (2, -3); r= 3 
ll. (A, k) =(-1/2, 4, r= 13 12. (hk =(-2, 3); r= V3 
13. (h, =, -Dir= V2/2 14. (h, ) =(0, 3); r= V6 


IS. (h, ky =(1, Ds r= VIO 


AeS2 ANSWERS. TO ODD-NUMBERED EXERCISES,.AND TO REVIEW EXERCISES AND PROGRESS Trsts 


vertex: (3/2, —5); axis: y = —5; direction: right 


16. 
i ¥ 
| 1 1 I 1 be 
1 1 1 I I [ie 
me S: a" 
he 
Vertex Axis 
18. (—3, 0) y=0 
19. (2, —2) y=-2 
20. (3, —2) x=3 
21. (-—2, -1/2) |} x=-2 
22: (0, 1) youl 
23. (—3, 0) x=-3 
30. 
32. parabola 33. 


Direction 


left 
left 
up 
down 
right 
down 


hyperbola 


17. vertex: (1, 2); axis: x = 1; direction: down 
4 
t i) bis 
] J , 
5 NM 
yt 
24. FA g ~ 1s (£2, 0) 
ne 
25. Peo LOMO, +3) 
D2 
26. Ge 1; (+ V7, 0), 0, + V5) 
gh ad 
—_—_— ee (+ 
27. 167 9 1; (+4, 0) 
28 2 SS ee V3, 0), (0, +3/2) 
“ 3 9/4 oo a ieee ake 
2 2 
ep a Seer +2 VI15 
29. 03. 4 1, 0, +2 /3) 


34. 


ellipse 


35. 


no graph 


CHAPTER EIGHT A-33 


PROGRESS TEST 8A, page 372 
1, 


(0, 4) 2. (S12) 3. slope AB = slope CD = —5/2, 
slope BC = slope AD = 2/7 
4. (x— 2)? + (y + 3)? = 36 5. (h, kK) =(1, -2);r=2 
6. (h, k) = (2, 0); r= VS 
7. vertex: (—3, 1); axis: x = —3 8. vertex: (1, 2); axis: y = 2 


9. vertex: (3, 2); axis: x = 3; direction: down 10. vertex: (—2, —4); axis: y = —4; direction: right 
Si eee x 

MW. Zt = b (+2, 0), © +) 12. 9G = 1, £3) 
13. 
14, 15. circle 16. ellipse 
PROGRESS TEST 8B, page 372 

1h (2, =1) 2. (-7, 1) 

3. PR=QS=V65 4. (x+2)?+ (yt 5)? = 25 


5. (h, k) = (-3, 2); =3 6. (hk. k) = (1/2, 1); r= V0 


A-34 ANSWERS TO ODD-NUMBERED EXERCISES, AND TO REVIEW EXERCISES AND PROGRESS TESTS 


7. vertex: (22, 2); axis: y = 2; direction: right 8. vertex: (1/3, —1/3); axis: x = 1/3; direction: down! 


9. vertex: (—1, 2); axis: y = 2; direction: right 


; ee x2 2 
10. vertex: (1/2, —3); axis: x = 1/2; direction: up 11. re + 5 = 1;(+£V5, 0), (0, =5/3) 
Dee eo 
pean gem 

2 18s ae O23) 

14. 15. hyperbola 16. parabola 
CHAPTER 9 
EXERCISE SET 9.1, page 380 

Il. x=2,y=-l1 3. none 5. x=ly=-4 

7. x=3,y=2;x=3,y=-2 9. no solution 

lh. x=2,y=-1 13. x=3,y=2;x= 1/5, y = -18/5 

IS. x=l, y=, x= 9/16, y = —3/4 7. x=1,y=2; x= 13/5, y = —-6/5 

is arl+v5  _1t+Vv5 _-1-V5°_1-V5 

oe ae ene Tee 
EXERCISE SET 9.2, page 383 

1 x=3,y=-l 3. no solution 

5. x=3,y=2,;x=3,y=-2 7. none 

9. x=3,y=23x=-3,y=23x=3, y= -23x= —-3, y= —-2 


| 13. { 15; 1 
17. C; all points on the line 3x — y = 18 

19. 22 nickels, 12 quarters 

21. 6/5 pounds nuts, 4/5 pounds raisins 

23. 6 and 8 


CHAPTER NINE A-35 


EXERCISE SET 9.3, page 390 


1. 25 nickels, 15 dimes 3. color: $2.50; black and white: $1.50 
5. $4000 in bond A, $2000 in bond B 7. 10 rolls of 12”, 4 rolls of 15” 
9. 8 pounds of $1.20 coffee, 16 pounds of $1.80 coffee 
Il. speed of bicycle: 105/8 mph; wind speed: 15/8 mph 
13. 34 15. 30 pounds of nuts, 20 pounds of raisins 
17. $6000 in type A, $12,000 in type B 19. 5 units Epiline I, 4 units Epiline I 
21. (a) R= 95x 23. (a) p=4 (b) 18 
(b) 25. 4and5 
(600, 57,000) 
(c) $57,000 
EXERCISE SET 9.4, page 396 
1. x=2,y=-1,z=-2 3. x=1,y = 2/3, z= -2/3 5. no solution 
7. x=1,y=2,z=2 9 x=l1,y=1,z=0 Ih. x =1, y= 27/2, 2 = -5/2 
13. no solution 15. no solution 17. x=5,y=-5,z=-20 
19. A:2; B:3; C:3 21. three 12” sets, eight 16” sets, five 19” sets 


EXERCISE SET 9.5, page 404 


) 


A-36 ANSWERS TO ODD-NUMBERED EXERCISES, AND TO REVIEW EXERCISES AND PROGRESS TESTS 


19. 2x+Sv<15; 
x20; v20 


y 


CHAPTER NINE A-37 


&i + 3y = 24 


60 


29. no solution 


35. 


Preferred 
stock 


60 


Common 
stock 


lee cream 


A-38 ANSWERS TO ODD-NUMBERED EXERCISES, AND TO REVIEW EXERCISES AND PROGRESS TESTS 


EXERCISE SET 9.6, page 410 


Minimum Maximum 
1. —2; (5, 14) 5; (5, 0) 9. preferred: 190/3 square fect 11. Jarge: 120 
3. —3; (2, 2) 3; (6, 0) regular: 30 square fect small: 260 
13. Java: 2000/1 1 pounds 15. crop A: 30 acres 
5 6 ($ $) 19. (4 -3) Colombian: 4000/11 pounds crop B: 70 acres 
ces dake 2°\" 2 17. pack A: 6 pounds 
1 11 pack B: 12 pounds 
ea (3, ut) 14; (8, 2) 
2 
REVIEW EXERCISES, page 412 
lL x=-I/2,y=1 2. x=5,y=2;x=10, y= -3 
3. x=S,y=-1 4. x=-4,y=3/2 5S. x=14,y=-1/2 
6. x=5, y=0;x= -4, y=3 7. none 
8 x=4,y=4, x = 36/25, y = -12/5 9. x=-3,y=5 
10. x=2,y=-2 Il. x=4,y=-1 12. x=-2,y=3 
13. x=ly=-hx=5,y=3 14. x=0,y=3 1S. 45 
16. 72 17. steak: $3.25/lb; hamburger: $1 .80/Ib 
18. 600 kph 19. 3, 11 20. 575, $9200 
21. x=-3,y=1,z=4 22. x= -2,y=1/2,z=3 
23. x=l,y=-l,z=2 24. x=3, y= 1/4,z=-1/3 
25. x=-3,y=4 26. x = —5/3, y= 5/6 
27. x=-2,y=-1,z=-3 28. x=1/2,y=-1,z=1 


29. , 30. 


CHAPTER NINE A-39 


35. x=4, y=6,z=26 36. x=11/2,y=2,2=27/2 
PROGRESS TEST 9A, page 414 
l. x=-S,y=2 2. x=-l,y=6 3. x=2,y=2V10;x=3,y=2+VI15 
4. x=ly=-3 5S. x=3,y=+4,x=-3,y=+4 6. 38 

9. 


7. shirts: $15; ties: $10 8. 1100 
10. x=-I/3,y=-1 Il. x=23,y=2,z=-2 


A-40 ANSWERS TO ODD-NUMBERED EXERCISES, AND TO REVIEW EXERCISES AND PROGRESS TESTS 


PROGRESS TEST 9B, page 414 


lL x=0,y=2;x=3,y=1 2. x=23,y=-1 3. x=1/5,y=—-1/5S 
4. x=-72,y=-1/2 5. x=S,y=+4;x= -S,y= 244 

6. 86 7. 5/2 kph 8. 6, 31 

9. x=-3,y=-10,z=5 10. x=1/2,y=—-1/4 Ih. x=2,y=-3,z=1 
12. y 13. y 


CHAPTER 10 

EXERCISE SET 10.1, page 423 
he e232 3. 4x3 5. 3x3 
7. (a) —4 (b) 7 (c) 6 (d) -3 


9. [a 2 3 aa lin Piet im tk 
5 fo “getas 2 =1 -4|], 2-1 -4 


on f& 
a | 


4 2 -3 4 2 =3 
13. ix+6y=-1 15. x+ y+3z=-4 
4x+Sy= 3 —3x + 4y = 8 


2x +7z= 6 
17, x=-13,y=8,2=2 19. x=35,y=14,z=—-4 21. x=2,y=3 


CHAPTER TEN A-44 


23. x=2,y=-1,7=3 25. x=3,y=2,z=-1 27. x=—-S,y=2,z=3 
29. x = —5/7, y = —2/7, z = —3/7, w = 2/7 


EXERCISE SET 10.2, page 431 
1. a=3,b=-4,c=6,d=-2 


3% [2s —1 2) 5. |}-2 18 8 7. not possible 
7 1 6 =—3 $8 11 
4 3 7 
9. 7 55 11. not possible 13. i 4 15. not possible 
10 12 12 28 
17. [18 23 29 19. S850 7 | 8 =A 
fe = al aa=| il ae olla 6 
25. The amount of pesticide 2 eaten by herbivore 3. 27. [3 1 » | - | 
A= , <= , &= 
3 -!1 y a] 
29. 3 -l 4 x S} 31. 4 —Sr2=0 33. 4x, +5x.-2e3= 2 
A=|2 2 3/4], X=ly|], B={-1 4x, + 3x2 =2 3x2 - x3= —5 
1 -14 1 z 1/2 23,= 4 
EXERCISE SET 10.3, page 442 
1. no 3. yes 5. ie ‘| 
1/3 1/6 
qs: fa a4 9. eT =] 1 be ze 
2 =] -4 -4 I 1/7 17 
=Su 5 | 
13. none 15. be 0 17, f-1 1 =I 
0 -1/3 2-1 2 
-2 ae | 
19. x=3,y=-1 21. x=2,y=-3,z= 23. x=0,y=2,z=-3 
35 25 —2 
x=] 3], 5 
1 10 
EXERCISE SET 10.4, page 452 
1. 22 3. =8 5. 0 
7. (a) -6 (b) —-1 (c) 1 (d) 7 9. (a) —-6 (b) 1 (c) 1 (d) 7 
Ws <S2 13. =3 15. 0 
I =12 19. 0 21. x=l,y=-2,z=-1 
23. x=3,y=2,z=-1 25. x=-3,y=0,z=2 


27. x= -5/7, y= -2/7, 2 = -3/7, w= 2/7 


A-42 ANSWERS TO ODD-NUMBERED EXERCISES, AND TO REVIEW EXERCISES AND PROGRESS TESTS 


REVIEW EXERCISES, page 454 


1 3x5 2 =! 
5. [3 -7 6. ki -7 
| 4 1 4 
9. x=-lry=-4 
Il. x=-4,y=3,z=-) 
13. x= 1/2, y = 3/2 
15. x=3,y=1/3,z=-2 
La) -=3 18. 
20. i. ‘| 21. 
1 —-S5 
23;. (=) 3) _ =4 24. 
-4 O -24 
4 6 20 
25. not possible 26. 
28. | 6 =| 29. 
-5 -9 
31. x=2,y=3 
33. 10 34. 
36. 12 37. 
39. x=1/2,y=4 40. 
42. x=-4,y=2,z=] 
44. = 1/44,y=—-2,z= 1/2 
PROGRESS TEST 140A, page 455 
1 3x2 2 
4. -Sx+2y=4 2: 
3x -—4y=4 
ve = 1/2, y= 1/2, z= 1/2 
9. 2 14 10. 
—2 -4 
-5 1 
12. not possible 13. 
IS: -=2 16. 


3. 4 4. 8 
H | 7. 4r- y=3 8. —2x + 4y+5z=0 
| 6 2x + Sy =0 
10. x=1/2,y=5 
12. x=-l,y=1,z=-3 
14. x=-5,y=2 
16. x=3+S5t/4,y=3+02,z=0 
-3 19. fl 4 
7 -1 
not possible 22 fe 15 | 
-5 0 -30 
Li al 
-ll 12 
1 -5 27. i ‘| 
16 -12 iW 4 
-10 16 
ley st 30. 27S -7/5 —8/5 
Wil 2/01 -1 3 4 
-2/5 U5 3/5 
32. x=-l,y=-1,z=1/2 
-6 35. 0 
0 38. -3 
r=Ly=-4 41. x=10,y=—-4 
43. x=1/3, y=2/3,z=-I 
0 3. [-7 0 6] 
o 2-141 
1-1 1] 
x= —-1/2, y= 1/2 6. x=-6,y=-2 
8. 3 


ie 
II 
1/27 
5/27 
727 
27 


a P3 


12/27 4/27 14. x=-2,y=1 
6/27 —7/27 
3/27 1/27 


6x — 9y + 4z=0 
3x +2y- z=0 


| 


PROGRESS TEST 10B, page 456 


1 2x4 2. 1 3. 
5. 2=0,y=—-l,2= 73 6. x=-l,y=-3 
8. —5 9. (10, 0] 10. 
12. not possible 13... F=3/2 -5/2 
-1/2 -12 
—3/4 —-S5/4 
15, —22 16. -1 
CHAPTER 14 
EXERCISE SET 11.1, page 464 
1. Q(x) =x-— 2, R(x) =2 3: 
5. Q(x) = 3x3 — 9x? + 25x — 75, R(x) = 226 as 
9. Q(x) =x? -x+1, Rx) =0 Il. 
13. Ox) =x + 3x2 + 9x + 27,R =0 15. 
17. Ox) = x4 - 20° + 42 - 8x + 16,R=0 19. 


EXERCISE SET 11.2, page 468 
et 


3. 
9. 0 Il. 62 


19. yes 21. no 
27. r=3,~7!1 29. 5/2 


—34 3: 


CHAPTER ELEVEN A-43 


i; -6; | 4. 16x +6z= 10 
soy 2 —4x-2y+5z= 8 


2x+3y- z=-6 


7. x=5,y=-2,z= 1/2 
6 -17 Le 
3 2 
2 13 
—3/4 14. 
-1/4 


7. x = -3/2, y= 1/2 


not possible 


x=-l,y=1/2 


Q(x) = 2x — 4, R(x) = 8x — 4 
Q(x) = 2x — 3, R(x) = -4x +6 

Q(x) = x? — 3x, R=5 

Ox) = 3x7 - 4x +4,R=4 
O(x) = GP + 18x? + 53x + 159, R = 481 


23, yes 25. yes 


A-44 ANSWERS TO ODD-NUMBERED EXERCISES, AND TO REVIEW EXERCISES AND PROGRESS TESTS 


EXERCISE SET 41.3, page 479 


5 3. 25 5. 20 7. —13/10 + 18/10 
9. —7/25 — 24i/25 Il. 8/5 — i/5 13. 5/3 — 213 15. 4/5 + 81/5 
17. 4/25 — 3i/25 19. 9/10 + 3i/10 21. 0+ 4/5 

25. x2 —2x — 16x + 32 27. x2 +6x2+ llr +6 29. —6r7+6x+8 

31. 23/3 + x2/3 — 7x/12 + 1/6 33. x2 —4x27-2r+8 35. 3,-1.2 

37. -2,4, -4 39. -2, -1,0, -1/2 41. 5,5,5,-5.-5 

43. +674 12e4+8 45. 4x444°8-3x7-2e4+1 47, 2,-1 

49. (3 +iV3)2 si, =) =o 4 53. x2 + (1 — 3x —(2 + 6/) 
§5. x27-3x+(3+4+9 57, x8 +(1 + 2x? + (—8 + Bix + (—12 + 81) 
59. (x2 - 6x + 10x - 1) 61. (x2 + 2x + 5)(x2 + 2x + 4) 

63. (x — 2)(x + 2)(x — 3)(x2 + 6x + 10) 65. x—(a+t bi) 


EXERCISE SET 11.4, page 487 
Positive roots Negative roots Complex roots 


1 3 1 0 13, 1, -2,3 15. 2, -1, -1/2, 23 
1 1 2 17. 1,-1, -1, V5 19. 1, —3/4 

3. 0 0 6 1, 3, 3, 12 23. -1, 3/4, +i 

5: 3 2 0 25. 3/5, +2, +iV2 27. 0, 1/2, 23, -1 
1 2 2 29. 2, -4,2+ V2 31. k=3,r=-2 
3 0 2 33. k=Tr=lk=-7,r=-1 
1 0 4 

7, l 2 0 
1 0 , 

9. 2 0 2 
0 0 4 

Ii. 1 1 6 


EXERCISE SET 11.5, page 498 


1 x #1 
7 x=4,y=0 


5. all real numbers 
ll. x=-l,y=0 


CHAPTER ELEVEN And 


y=1/2 


’ 


3/2 


x=2,x= 


17. 


Aed& ANSWERS TO. ODD-NUMBERED: EXERCISES, AND TO REVIEW EXERCISES. AND: PROGRESS. TESTS 


25. x#2 


ee ee ta ele 


27. x#0,x#-1 


| 
| 
| 
| 
| 
| 
| 
| 


eo y 
| 
| 
| 
REVIEW EXERCISES, page S00 
1. Ox) =2x7 +24 +8,R=4 2. Ox) = x3 — 5x2 + 10x — 18, R = 31 
3. 46, -8 4. 4,1 7. 6/25 — 171/25 8 —1/5 + 2i/5 
9. —5/2 + 5i/2 10. 1/10 — 3/10 ll. 4 12. 2/29 + 5i/29 
13. x9 + 6x2 + Ilx +6 14. x - 3x? + 3x-9 15. xt +29 — 5x2 - 3x +6 
16. 4x4 + 4x3 — 3x7 - 2 + 1 1700 xt 4+ 2x2 +1 18. x*+- 6x? — 8x -3 
19. —1/2,3 20. -1+V2 21. 4,2+42-i 22. 1 positive, 1 negative 


23. 5 positive, 0 negative 24. 1 positive, O negative 25. 2 positive, 2 negative 26. 3, —2/3, —3/2 _ 
27. 1, -2, 2/3, 3/2 28. none 29. -1,(-9+ V321y/12 30. 2, 3/2, -1 + V2 


CHAPTER ELEVEN Apa? 


32. | ys 
| 
t I | 
J q T 
PROGRESS TEST 114, page 501 
l OW) =2°-5,R) = 11 2. Ox) = 3x? — 7x? + 14x — 28, R(x) = 54 
3. 25 4. -165 
6. ~-— 2? -5xt+6 7. xt+- 6x3 + 62 + 6x-—7 8 2, +i 
9 -1,-1,8+VI7)2 10. x5 + 3x4 — 6c? — 10x? + 21x -9 
H1. 16x95 — 8x4 + 9x3 — 9x? — 2x - 1 12. 2-(1+2)x+(-1+/ 
13. 1/2, 1/2 14. 1,-1+i 15. (7 — 4x + 5)(x — 2) 
16. 2 17. 1 18. none 
19. 1,1, -1, -1, 1/2 20. 2/3, -3, +i 
21. ¥ 
| | 
| | 
[teats tf 
} | 
| | 
toa ee 
SS a — 
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PROGRESS TEST 148, page 501 
lL Ox) = 3x9 +22 +2, RxD =xt3 


2. Ox) = -2x? +x4+ 1, R(x) =0 3. -] 

4. 24 6 w-P-3e4+x41 7 2 -4x7 +2044 

8. 1).2,.2,2 9. (-3+ V13)2, -3, -3 10. 8x4 +42 - 18x? + Ix — 2 
H. x4 + 4 -x7 - 6x4 18 12. x4-4x3 — 2 + 14x + 10 

13. (3+ VI? 14. -2+2V2 15. (x2 — 2x + 2)(2e — 1x + 2) 
16. 1 17. 2 18. —1, 2/3, —2 19. —1/2, 3/2, +i 
0. 0, 12; #V2 21. 1 4 


CHAPTER 12 
EXERCISE SET 12.1, page 514 
1. 2,4, 6, 8; 40 3. 1b, S695 13377 
§ <0 59553585 7. 1/2, 2/3, 3/4, 4/5; 20/21 
9. 2.1, 2.01, 2.001, 2.0001; 2 + 0.17° Il. 1/3, 4/5, 9/7, 16/9; 400/41 
13. 9 15. 4/7 17. 256 19. 40 
5 
21,5 OF 23. 49/12 25. 80 7. S&S Gea) 
km] 
Ss 4 (-1)* 4 (-1)k + 1k n | 
29. Re 31. — 33. —— 35. = 
2», 2 VE ars or. 
EXERCISE SET 12.2, page 517 
I. 15,18 3. 1, 5/4 5. 4,5 7. V5+6, V5+8 
9. 2,6, 10, 14 Wl 235122: 3/2 13, 1/3, 0, -1/3, —2/3 15. 25 
17. —8 19, -2 21. 19/3 23. 821/160 
25. 440 27. -126 29. 1720 31. 30 


33. n=30,d=3 35. n=6,d=1/4 3155 =2 


CHAPTER TWELVE A-49 


EXERCISE SET 12.3, page 526 


1. 48 3. —81/64 5. 0.0096 7. 3; 9; 27, 81 
9245.2, 1, 1/2 Vs -43).56; 12, =24 13. —384 1S. 1/4 

17. 1/243 19. 27/8 21, 2 23; 7 
25: 15.3 27. 1/4, 1/16 29. 1093/243 31. = 1353/625 
33. 1020 35. 55/8 37. $10,235 39. 58,594 
41. 2 43. 3/4 45. 8/3 47, 1 
49, 1/5 51. 364/990 53. 325/999 


EXERCISE SET 12.5, page 537 
1. 243x5 + 810x*y + 1080x*y? + 720x7y3 + 240xy* + 32y5 
3. 256x4 — 256x°y + 96x7y? — Oxy? + y* 5. 
7. a®b* + 12a°b? + 54a%b? + 108a7b + 81 
9. a®— 16a7b + 112a°b? — 448a°b? + 1120a*b* — 1792a7b> + 1792a7b® — 1024ab’ + 25668 
Il. dxP +5 t+ 4x48 13. 1024 + 5120x + 11,520x? + 15,360x? 
15. 19,683 — 118,098a + 314,928a? — 489,888a? 
17. 16,384x!4 — 344,064x!3y + 3,354,624x!2y2 — 20,127,744x! ly? 
19. 8192x!3 — 53,248x!'2yz + 159,744x!!y2z? — 292,864x!9y373 


32 — 80xy + 80x?y? — 40x7y? + 10x*y4 — Py? 


21. 120 23. 12 25. 990 27. 5040 
29. 120 31. 210 33. -—35,840x4 35. gax®y4 
37. 2016x~4 39. -540x7y? 41. 181,440x*y? 43. —144x® 
45. ¥x!? 47. 4.8268 

EXERCISE SET 12.6, page 545 

1. 120 3. 146,016 5. 256 7. 5040 
9. 720 ll. 336 13. 90 15. 84 
17. 3 19. 210 21. 120 23. 60 
25. 336 27. 120 29. 84 31. 45 
33. 1 35. on 37. (n2 + n)/2 39. 3003 
41. (a) 15,600 (b) 17,576 43. 12,271,512 

45. 240 47. 59,400 49.  (26!)?/22!2016!4! 

EXERCISE SET 12.7, page 552 

1. 1/2 3. (a) 172 (b) 14) (c) 13 
5. (a) 11/36 (b) 5/36 (c) 4/9 7. (a) 99/100 (b) 1/100 

9. (a) WI7170 = (b) 1164/8585 = (c)_- 7372/8585 

11. 11/4165 13. 8008/23023 15. 75/612 

17. (a) 0.922 (b) 1.6x 1077 

REVIEW EXERCISES, page 554 

1. 3, 7, 13; 111 2. 0, 7/3, 13/2; 999/11 3.22 

4. 120 5. —16 6. 62 7. 50 
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8 Ss é 9 s( 14k 
gaaik +2 k=0 

11. 38 12. -9 

15. 275/3 16. —450 

19. 5, 1, 1/5, 1/25 20. -2, 2, -2,2 

23. 1/2, 1/12 24. 21/32 

27. 9/5 

30. x4/16 — x3 + 6x? — 16x + 16 

32. 720 33. 78 

35. 15 36. 1 

39. 360 40. 210 

43. 2/7 44, 8/663 

PROGRESS TEST 142A, page 554 

1. 1/4, 2/9, 3/16, 4/25 2. 29/6 

4. 8 5. 41 

7. 1/3 8. 

10. 8, —16 ll. 43/8 

14. a!° + 10a°/b + 45a®/b? + 120a’/b? 

16. 360 17. n+l 

19. 8.46 x 107° 20. 1/3 

PROGRESS TEST 428, page 556 

1. 5/3, 5, 51/5, 52/3 

3. 6, 16/3, 14/3, 4 4. 10 

7. 0.2 8. —1, 1/4, -1/16, 1/64 

11. —31/2 12. 25/7 

16. 7 17. 2 

19. 200 20. 0.8x10-> 


13. 
17. 
21. 
25. 
29. 
31. 


37: 
41. 
45. 


8 

=3 
243/8 
—728 


16x? — 32x°y + 24x2y* — Bxy? + ¥ 


10. >, log kx 
k= 
14. —33/2 
18. 3/2 
22. +256 
26. 10 


4 


x© + 3x4 + 3x2 + | 


0.81 


—2/3, —4/3, —8/3, — 16/3 


15S. 


22 


—1/81 
11520x* 


34. (n+ 1)n 
38. 24 
42. 2/9 
46. 1/33 
3. —-1, 1/2, 2, 7/2 
6. 55/2 
9. -2 
12. -6 
18. 24 
21. 3/35 
6. 13, 1/4 
10. —4, —8/3 
15. n(n + 1) 
18. 360 
21. 7/12 


SOLUTIONS TO SELECTED REVIEW 
EXERCISES 


CHAPTER 4 


1. 


4. 


6. 


15. 


16. 
18. 


22. 


26. 


28. 


33. 


34. 


{1, 2, 3, 4}. (The negative integers and zero are not 
natural numbers.) 

T. (Irrational numbers are a subset of the real num- 
bers.) 

F. (The negative integers and zero are a subset of the 


integers.) 

I-3) — |] — 5| = |-3] — 1-4) 
=3-4 

FO = 19/2 — 6| = |-3/2I = 3/2 


c. (Every exponent of a polynomial must be a nonneg- 
ative integer. ) 
x(2x — 1)(x + 2) = (2x? — xix + 2) 
= 2x3 + 3x — 2x 

2a* + 3ab + 6a + 9b 

= (2a? + 6a) + (3ab + 9b) Grouping 

= 2a(a + 3) + 3b(a + 3) Common factors 
2a, 3b 
Common factor 
a+3 


= (a + 3)(2a + 3b) 


x —1= (4) — (1)? 
= (xt + 1)x4 — 1) 
= (x4 + 1)(x? + I)? -— 1) 
= x4 + DO? + Diet Da- 1 
Pare 3 a3 
x? - x 3x3 — 3x? 
bila © So 3x3 — 3x? 
Wr x x27 - 4x43 
a, ete 3) ae) 
x(2x — 1) (x — 1) — 3) 
_ 3x(x + 1) 
2x-1” 
Factor each denominator: 
= een eee a ee 
2x? (x+2)x-2) x-2 


x#0,1,3 


39. 


40. 


42. 


46. 
48. 


50. 


51. 


53. 


Product of all factors each to its highest power: 
2x7(x + 2x — 2) 
LCD = (x + 4)(x — 4) 


3 2 3 2x + 4) 
r- 16 «-4 (xe t+ 4(x-4) + 40-4 
Pe eat Sa, | Sepa ed a 


(+ 44-4) (t+ 4) - 4) 
Multiply numerator and denominator by 
LCD = (x + 2)(x — 1) 


i _ 3(x — 1) — 2(x + 2) 
ach 2s ee (x + 2)(x — 1)? 


= eae sea 
~ (x + 2)(x - 1)? 
(qare 9 = (2) ery by 
ee wee 
ae ae 
V80 = V16°5 = V16- V5 =4V5 
‘\ /z7y5 = (x7y5)¥/2 = x75! 
= Byl2y2yV2 = ByViy 


or 
Valy’ = Vibayty = By 
aes Coe a ES 
VxtVy VxtVy Ve-Vy 
20 Vy 
AY. 
Vey? + 2Wx aS 3Wx2y2 
= 3ixlly"2 = 3V/igl 
Equate the real and the imaginary parts. 
xO2=—=4 Jy yH7 
x=-2 y=4 
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$-2 SOLUTIONS TO SELECTED REVIEW EXERCISES 


54. Ma M-P=P=—-i 
56. (2+ )(2+1)=44+21+ 214+ 7? 
=4+4i-1 
=3+4i 
CHAPTER 2 
4. k-2x = 4kx 
k = 4kx + 2x 
= x(4k + 2) 
k k 


8. 


ARE L BOk# |) 


Let n be the number of quarters. 


Cents _ 
per coin 


25n 
10(2n + 4) 


Quarters 


Dimes 


value ) i oe 4 
quarters dimes 


265 = 25n + 10(2n + 4) 
265 = 25n + 20n + 40 
225 = 45n 


n= 5 = number of quarters 


Total value = ( 


2n + 4= 14 = number of dimes 


Let x be the number of hours for machine B. 


F. The equation does not hold for x = 0, and therefore 
it does not hold for all real values of x. 
—-4<-2x+1<=10 


-§<-2x=9 

a ee 

os 

55 Se 

oe 

or 

9 5 

ae a = 

2 89 
Po = es 
‘ —_ 
3 0 3 


Since the numerator is negative, the denominator must 
be positive if the quotient is to be negative. Note also 
that the denominator cannot equal 0. 


2x-5>0 
x>5/2 or (5/2, ©) 
3x + 21=7 
3x+2=7 —(3x + 2)=7 
3x =5 —3x=9 
x = 5/3 x= 3 
(29a 1 


-1<2-5x<1 


27. 


29. 


33. 


kx? — 37 =0 
kx? = 39 
= 3a _ , V3ak 
PN se ok 
k 


3r?-2r—-5=0 
a=3,b=-2,c=-5 
b? — 4ac = 64 
Since b* — 4ac is positive and a square, the roots are 
real and rational. 


Vxrt+34+V2x-3=6 
Vit+3=6-V2x-—3 
x+3=36- 12V2x-—3+2x-3 
12V 2x — 3 =x + 30 


144(2x — 3) = x7 + 60x + 900 
x? — 228x + 1332 =0 
(x — 6)(x — 222) =0 


x=6 x = 222 
Check: 
x=6 x = 222 
V6+3+V12-3= 6 225+ V441= 6 
3+3= 6 15+ 21= 6 
6= 6 36 # 6 
The solution is 6. 
2 
35. Letu=1--— 
x 
w—8ut+15=0 
(u — 3)(u— 5) =0 
u=3 =5 
Substituting, we have 
2 2 
3=1-- S=1--= 
x x 
2= 2 4= 2 
x x 
x=-l x= -} 
36. Let n = number of actual attendees. 
Number of Cost per 
attendees attendee 
Actual group 420 
M n 
Enlarged group 420 
n+ 10 A+ 10 


37. 


CHAPTER THREE §-3 


Since the larger group would have paid $1 less per 
attendee, 
420 _ 420 
n+ 10 “on 
420n + n(n + 10) = 420(n + 10) 
n? + 10n — 4200 = 0 
(n — 60)(n + 70) = 0 
n= 60 
The quantity under the radical sign must be nonnega- 
tive. 
2x? -x-620 
(2x + 3)(x — 2) 20 


2x +3 --O+ +++ 4+ 4+ 
BSP RS Se O+ + 
3 0 2 


(2x + 3) (x — 2) ++0-0-0+ + 


{alx = —3/2 or x22} 


or 
(—%, —3/2], [2, ©) 
39. 2x+1 - - -~---0 4+ + 
r+5 —- —- OF +4 4 4+ 
; : 
2xt+1 + + -—--0O + + 
x +5 
falx<—-5 or x2=—1/2} 
or 
(—%, —5), [—1/2, ) 
Exclude x = —5, since the denominator cannot equal 
0. 
CHAPTER 3 


!. 


d= V(x. — ¥1)? + (v2 — yy)? 
= V(2 + 4)? + (-1 + 6) 
= V36+ 25 = V6l 


G-@ SOLUTIONS TO SELECTED REVIEW EXERCISES 


5. y-axis test x-axis test 
Replace x with —x: Replace y with —y: 
y=1-(-x) (-yP =1-x3 
y=lte yelix<3 
no yes 
origin test 
Replace both: 
(Sy ex? 
y? H=l+x 
ws 33. 
7. Yes. No vertical line meets the graph in more than one 34 
point. : 
9. The quantity under the radical cannot be negative. 


3x-5=0 


ie OCS 

3-426 
k=8 
p=st 
3 
eer 
ene 


(Sf: g(x) = & + DG? - 1) 
axt¢xrr-x-] 


(f° g(-1) = (-1)7 + (- 1)? —- (-1)- 1 =0 
(g °f)(x) = g(x + 1) =e + 1)? - 1 = x? + 2x 
g(x) =x? - | 

g(2) =2?-1=3 


(f° 8)(2) =f(3) =3+1=4 


‘ 35. (fegyx) = fx?) = Vi? ~2= bel -2 
x23 37. (f° aN(-2) =|-21- 2=0 
Xx 
11. Solve the equation: 39. (fegy(x) =/(3 - 2) = (2 = 2) +4=x 
2 2 
fy) = 15 =Va-1 an+4 
225=x-1 (g°f\e) = gQ2x + 4)==S—— 25x 
x = 226 
14. Replace x with y — I: CHAPTER 4 
2 _ 2 
Sx) =x x v Poy 1) 2. 2?*=8*~'!=(23)'—! Write in terms of same 
=y-2vt+l—-yt+1 base 
aeae =, 2 : ; 
=yV 3y +2 22° = 23: -3 (a™)" = qm 
18.0 fixy=x—1 when x=-I 2x = 3x —3 If a“ =a", then u = v. 
iat ee =A Pea x=3 Solve for x. 
19. f(x)= —2 when x>2 4. S=P(1 +i)" Compound interest formula. 
ee pot Ol Interest rate i per 
SON Grete ee SO) Ss k 2 conversion period. 
, X2—xX, —1—(-4) 3 i=0.6 
21. yy = mle — x1) n=4x2=8 Number of conversion periods. 
pet by 3 = C4) S = 8000(1 + 0.6)® Substitute for P, i, and n. 
y+6=3x+ 12 = 8000(1.5938) Table IV in Tables Appendix 
y= 3x +6 or a calculator. 
25. 2y+x—-5=0 = $12,750.40 
1 5 
Yeon ets 10. logs y= 3-1 
The slope of the given line is m, = —1/2. The slope m = 1 ; 
of any line perpendicular to the given line is SU 15 Equivalent exponential form. 
pe le 5*~1=573 Write in terms of same base. 
my —-1=-3 If a“ =a‘, th =v. 
Then, with m = 2 and (x), y)) = (—1, 3), One CE Masco 
ea alee x= -—2 Solve for x. 
Sal ~ AY = 
a , + = = 
ype d= de $1) 12. log3(x + 1) = log, 27 If loBa log, v, 
op 8 then u = v. 
» x+1=27 Solve for x. 
28. p=kO x= 26 


13. 


or 


16. 


or 


22. 


25. 


26. 


27. 


30. 


38. 


log3 35 =5 Since log, a‘ = x. 

log; 3° =x — Introduce unknown x. 
3* = 3° Equivalent exponential form. 
x=5 Ifa‘ =a’, thenu =v. 

et = 3 Since a'°8-* = x, 

em =x Introduce unknown x. 


In x =1In 3 Equivalent logarithmic form. 
x=3 If log, u = log, v, then u = v. 
gg WERT 2g ee 
O8a 2x 8a 2x 
= log, (x — 1)'? — log, 2x 
= log, (x — 1)! — [log, 2 + log, x] 
= slog. (x — 1) — log, 2 — log, x 
log 14 = log (2:7) 


= log 2 + log 7 Property 1. 
= 0.30 + 0.85 = 1.15 Substitute given 
data. 
log 0.7 = log ca 
10 
= log 7 — log 10 Property 2. 
= 0.85 -1 log,a=1. 
= -0.15 
Z log, x — u log. y 
3 a 2 a 
= log, x3 — log, y!’? Property 3. 
13 
= loga ya Property 2. 
=| Vz Radical f 
Oa Vy adical form. 


; {log x + log (x — 1)] 


= s log (x(x — 1) Property 1. 


= log (x? — x)*3__— Property 3. 
_ logg x 
log, x = log, b Change of base formula. 
_ log 32 = - _ 
logg 32 log 8 x = 32, b= 8, a= 10. 
l api 2° Substitute given dat 
Ogg 0.973 ubstitute given data. 
Checking: g°3 = 32 
32 = 32 
¥ 2.1 Introduce 


= (32.5)>/ unknown x. 


39. 


40. 


41. 
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log x = log 2.1 —2 log 32.5 Properties of 


2 logarithms. 
7 _5 Table II in Tables 
= 0.3222 3 (1.5119) Appendix. 
= —3.4575 
= (4 — 3.4575) — 4 Mantissa must be 
positive. 
= 0.5425 — 4 
x = 3.49 x 1074 Table II in Tables 
Appendix. 
Q(t) = qoe Exponential decay model. 
9 _ g 0.061 Substitute k= 0.06 and 
pe Q(t) = go/2 
1 = ,—0.06r 
77 e 
In ; = Ine 0: Take logs of both sides. 
In 0.5 = —0.06c(In e) Property 3. 
= —0.06r Ine=1. 
ne In 0.5 
—0.06 
_ 70.6931 Table III in Tables 
—0.06 Appendix. 
= 11.5 hours 
23% = 14 
(3x — 1) log 2 = log 14 Take logs of both sides. 
_1, log 14 
x= 3 + 3 log? Solve for x. 
2 log x — log 5 = 3 


log x” — log 5 =3 Property 3. 
2 
log ze = 3 Property 2. 


N 


x 


xX _ 1093 — Equivalent exponent 
5 10 1000 forni: 
x = V5000 = Solve for x. 
RS 
Oy Te aa 
I°= 180 radians 
© ¢n( 7) = —7 pag: 
60° = 60; =) 3 radians 
1 radian = (182) 
7 
3a 180 


. 377 = * 
5) radians = > (2) = 270 


3-6 SOLUTIONS TO SELECTED. REVIEW EXERCISES 


. 180\° ; ¢ oes 
6. 1 radian = eA ae _4 (Since ¢ is in quadrant IV, sine is 
in t= : 
5 negative.) 
2 radians = 2 (#2) = 240° nay sint  —4/5 4 
cos ¢ 3/5 3 
Since 480° — 240° = 240° and 240° is not an integral 
Itiple of 360°, th t coterminal t be Nie 
multiple o , they are not coterminal. Cli 4 
8. g-f= 4 = 1.4 radians 28. sin? t+ cos* r= 1 
4\* 9 
2,2,_(_3) _-2 
10, 7 jadians = UU (#82) = 330° a ie ( :) 25 
6 6 7 
Since cos t= 3 (Since sint <0, tant > 0, ¢ must 
be in quadrant III.) 
270° < 330° < 360° | 5 
a sec f= —— = -5 
the angle is in quadrant IV. cos ¢ 3 
11. 6 = —220° is coterminal with 0’ = —220° + 360° = 32 sint _ sint, | _ ta DR 
140°, which is an angle in quadrant II. " cos*t cost cost . 


14. The real numbers ¢ and ¢’ determine the same unit 35 


Step |. The argument t = 2a is in 
circle point if they differ by a multiple of 277. 6 


quadrant II. Then 


2 200.2 ‘ S47 
t=aT-t=a7 == 
15. The same unit circle point is determined by 6 6 
t+ 2an Step 2. 
for all integer values of n. With n = 4, tan V3 
5 : : 
_ Isa _a 
t+ 2an= ar ae + 87 = 7 Step 3. Since tangent is negative in quadrant II, 
23. tan ¢<0 in quadrants II and IV tan 3m _ Stans avg 
sin t <0 in quadrants III and IV 6 6 3 
Both tan ¢ and sin ¢ are negative in quadrant IV. 
CHAPTER 6 
25. From 2 R=e-ad =25-9= 16 
sin(—t) = —sint >0 b=4 
we conclude that tan B = opposite _ 4 A 
adjacent 3 
sint <0 


so fis in quadrant III or IV. Since tan ¢ is positive in 
quadrants I and III, both conditions hold in quadrant 


Ill. 5 b 
27. sin? t+ cos*t=1 
eee ee 3)'=38 
sin’ t= | (2 = 95 
B Cc 
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5. @=ce—b? =49—- 16 =33 | y 
a = V33 
ui 33 
acne hypotenuse 7 


adjacent 7 V33 mare 


A 
7 4 
10. tana= = = 0.8333 
a = 39°50’ 
B Cc 
fe A 
6. hypotenuse OP = V3 + 1=2 
a 
ee hypotenuse 2s 2 
opposite 1 
Since 6 is in quadrant II and 60 
cosecant is positive in quadrant II, 
csc 6 = csc 6'=2 
B 
50 c 
12. sin $2°= 20 
c 
_ 20 
~ Sin se 7-4 
A 
52° 
v2 ¥ 


7. cot 0’ = adjacent BEeDE = —F=1 
opposite 1/2 


Since 9 is in quadrant IV and 
cotangent is negative in quadrant IV, 


cot 6 = —cot 0’ = -1 2 20 Cc 


§-8 SOLUTIONS TO SELECTED REVIEW EXERCIRES 


_ _tree height — 25 _ 
io ane shadow length 10 20 


0 = 68°10’ 
17. a*=b* +c? —2bc cosa 
144 = 49 + 225 — 2(7)(15) cos a 
~130_ _ 
10> 0.6190 = cos a 
a = 51°50’ 
B 
15 12 
A 7 Cc 


19. y= 180° — 38° — 22° = 120° 
c iz 10 


sin 120° sin 38° 
c= 14.1 


CHAPTER 7 


l. sin aseco+ tang 
P 1 
= sin o——— + tana 
cos 0 
=tano+ tango 
=2 tango 


3. sina+sinacot? a 


= sin a(1 + cot? a) 
= sin a csc? @ 


Dy 


7. 


15. 


cos(45° + 90°) 
= cos 45° cos 90° — sin 45° sin 90° 


=(Y)o-(Zhn--2 
sin p> 9n( 33 + 43) = 80 (F +5) 


xan) om (2) 0 (2) ( 


“e) PICA 


-( 


2 /\2 2 2 
_V2+ V6 
4 
csc 15° = sec(90° — 15°) = sec 75° 
sin ze cos(2 = 2) = see 

vg 2° 8 8 

ese( + 4 a 
ee sin (ao + 77/3) 

. T\_ . T 7 
sin (0+ 2) = sin C08, + cos o sin 3 
cos 0 = aes 

< seca 10 
; 36 
Dae fast SN Re OD ee SO) 
sin* og = | — cos‘ a 100 

: 6 ; ae 
sino = ——~ Since a is in quadrant IV. 


10 


Substituting, we have 


sin(o + 2) 


3 


Tw 
ese(o 4 2) 


3 


tan(a + B) 


tan?a = sec? 
tana = ae 
12 


= (0) (3) + GCS) 


pAV3=3 
10 
—_ 10 1043 + 3) 
4V3 - 3 39 


+ 
_ tana tan B tan B= -3 


1 — tan a@ tan B’ 


eS aca 
aS (-2)° po 2 
12 144 
Since @ is in quadrant II. 


2 


21. 


23. 


Substituting, we have 


tan(a + B) = 70 


2 2 


cos 2u = cos* u — sin* u 
sin u = at 
csc u 5 
4\?_ 9 
2S | =sint we] = (| =-) =e 
cos? u= 1 —sin?u=1- (2) 5 


Substituting, we have 


cos 2 -2-(-)--2 
i 95 5) 25 


sin 4t = sin 2u, where u = 2t 


sin 2u = 2 sin u cos u = 2 sin 2t cos 2t 


indr=2 
sin 2t = 5 
: 16 
25, — 1 — cin2 9, = 19 
cos* 2t = | — sin“ 2t 75 
4 ; ie 
cos 2t = 5 Since 2¢ is in quadrant I. 


Substituting, we have 


: 3\(4\ _ 24 
sin 4t = 2(2)(2) = 55 


pe Me , [Ltrocoso 
2 | i. 2 


3 
_ (12\? 119 
cos 0 = 2( 12) 1 


~ 169 
sin? o = 1 — cos? o = 14400 
28561 
; 120 : F 
ie) Since o is acute (quadrant 1). 


t pay 
pee Vi cos t 
2 1+ cos ¢ 


2 4\? 
esc? f= cot? 4+ | -(-4) + 1=2 
! 9 
in2 —| — een 
si sett 25 
; 16 
ee eae ee 
cos* = 1 — sin“ ¢ 5 
4 : nates 
cos tf = 5 Since W(t) is in quadrant IV. 
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Since 


270° < t < 360° 


135° < t/2 < 180° 
so #/2 is in quadrant II and 
tan ¢/2 = —1/3 


80° sa 
2 2 


cos (PaLVIENG 


25. cos 15° =cos 


2 
27: lianas? stag = ee 
2 1 + cos 225° 
Since cos 225° = —cos 45° = a 
piivs ey eeN2 
Paw? 
28. Let uw = 15x. 
Then 2u = 30x. 
cos 2u = cos? u — sin? u 
= 1-2 sin? u 
Substituting 
u= 15x, 


cos 30x = 1 — 2 sin? 15x 


30. tan Sm 2 ee. eos a 
2 1+cos a 1—cosa 


z 1 —cos a _ ,l 60s a@ 
l-costa Vin? @ 
_ ,l —cos a 
sin @ 
Since | — cos a= 0 for all a, the sign of tan a@/2 is 


determined by the sign of sin a. Therefore, 


aah) sin @ 

. 3a. a | 3a a 3a a 
31. —=sin === —-=)- S++ 

sin 5 sin ) 3 cos( 7 5) cos( 9 + 5) | 


= Heos @ — cos 2a] 


$40 SOLUTIONS TO SELECTED REVIEW EXERCISES 


3x+x 3x —x 
2 2 


= —2 sin 2x sin x 


32. cos 3x —cos x= —2 sin 


36. 2 sn o cos a =0 
sino =O or cosa=0 
30 


a0=0,7 o= > 


ria 


37. sin 2 — sin t= 0 
2 sn tcost—snr=0 
sin (2 cost— 1)=0 


sint=0O or 2cost—1=0 


t=0, 7 cos t= 


/=7 Sa 
> 3 


41. 2-i=V224+(-12 =V5 
44. r= Vet b= V(-3" + BY = VIB =3V2 


aioe 
tan 6= 3 = 1 


wily Nie 


6 = 135° 
—3 + 3i=r(cos 6+ i sin 6) 
= 3V2(cos 135° + i sin 135°) 


45. 2(cos 90° + i sin 90°) = 2(0 + i) = 0+ 21 
S(cos 71° + 7 sin 71°) 2 (71° - 50°) 
3(cos 50° + isin 50) 3 


+ i sin(71° — 50°)] 


5 
= 3 (cos 21° + i sin 21°) 


51. r= Vae+ b= V3* + (-3)2 = V18 = 3V2 
Pe ee ee 
an 3 
6 = 315° 
(3 — 3i)° = [3V/2(cos 315° + i sin 315°)]° 
= (3V2)%(cos 1575° + i sin 1575°) 
= 972V2(cos 135° + i sin 135°) 
— /y 
= onv2(—*2 + 2) 
2 2 
= —972 + 972i 
53. In trigonometric form, 
—9 = 9(cos 180° + i sin 180°) 
so r= 9, 6 = 180°, and n = 2. The square roots are 
7 Al (ue + se) Sac (ve + 2 
Vv. 9Ucos| —— a sin > 
2 2 
fork = 0, |. Substituting for k, we have 
3(cos 90° + i sin 90°) = 3i 
3(cos 270° + i sin 270°) = —3i 
(CHAPTER & 
1 Xp tx Sere 2 2s 
[ 2 2 
a ub 7 i Sa ee 
y 2 2 
6. By the distance formula, _ 
AB = V'170, AC = V 136, BC = V 34 


Since AB? = AC? + BC?, triangle ABC satisfies the 
Pythagorean theorem and is a right triangle. 


10. 


12. 


20. 


24. 


slope of AB: 
ae We Sy eek ee) 
Xg2—-x, 1I1+4 5 
midpoint of AB: 
Xptx —-44+1 3 
Se TS. 2 
ity. -34+3 
y= ee 5 =0 


The perpendicular bisector passes through (— 3/2, 0) 
and has slope —5/6. Then 
y— yr = mx — x1) 


y-0=-%(r+3) 
10x + 12y+ 15=0 
h=-S5,k=2,r=4 
(x-hP t+(y-kre ar 
(x + 5)* + (y — 2)? = 16 
x-.=x-2 y-k=yt+3 r=9 
a=2 =-3 r=3 
center: (2, —3); r= 
x? + 4x + y? — 6y = -10 
(x2 + 4x + 4) + (7 - 6y + 9) = -10+ 449 
(x + 2)? + (y — 3)? =3 


cent (—2, 3);r= V3 
v2 4, -x-2 
ywt4 t4--~- 744 


(y + 2)? =-x+2=-(x- 2) 
Since (y — k)? = 4p(x — A), 
vertex: (h, k) = (2, —2); 
axis: y+2=0 or y=-2; 
direction: opens left, since p < 0. 
2x? —12x=y—- 16 
x? — 6x + 9) = y—- 16+ 18 
Ax - 3)? =y+2 
(x 397 = +2) 
Since (x — h)? = 4p(y — k), 
vertex: (3, —2); 
axis:x—3=0 or x=3; 
direction: opens up, since p > 0. 
Dividing by 36, we have 
2 22 
Pie Sj 
4 9 
Setting y = 0, we have 
x=4 or x= +2 
Setting x = 0, we see that there are no y-intercepts. 


28. 


34. 
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Dividing by 9, we have 
2 2 
aan ee 

a) 

4 


With x =0, y= + 3/2. 
Withy=0,x= + V3. 
2x2 + 12x + y?-—2y=-17 
Completing the square, we have 
20x? + 6x + 9) + GC —2y+ 1) = -174+ 18 +1 
Ax + 3? + (y- 1)? =2 
Since the right-hand side is positive, A#C, and 
AC > 0, the graph is an ellipse. 


CHAPTER 9 


3. 


Substituting x = 6y + 11, we have 
2(6y + 11) + 5y=5 
l7y = -17 
y=-l 
x=6y+ 11 =6(-1)+11=5 
Solution: x = 5, y= —-1. 
Substituting x = 5 — 3y, we have 
(5 — 3y)? + y* = 25 
25 — 30y + 9y + y? = 25 
10y? — 30y = 0 
10y(y — 3) =0 
y=0 or y=3 
x=5-3y=5 x=5-3y=-4 
To eliminate x, multiply the first equation by —2 and 
us second equation by |. Then add the two equa- 
tions: 


—2x — 8v = —34 
2x — 3y = -21 
—lIly = —-S55 
y=5 
x + 4(5) = 17 
x=-3 


Solution: x = —3, y= 5. 
Rewriting the equations and adding, we have 
x+y?-9=0 
x? + y —3=0 
y>+y—12=0 
(y — 3)(y + 4) =0 
y=3 or y=-4 
xr=y-3=0 vr=y-3=-7 
x=0 no real solutions 
The circle and parabola are tangent at (0, 3). 


$-12 


21. 


SOLUTIONS TO SELECTED REVIEW EXERCISES 


t = tens digit, u = units digit 35: 
10t + u = original number 
Then 
(107 + u) +1 = 49 
or 
llet+u=49 (1) 
Also, 
10u + f = number with digits reversed 
Then 
10u+ r= (108 +u) +9 

or 


—-9t+ 9% =9 (2) 
Solving Equations (1) and (2) simultaneously, we 
find 
t= 4, u=5 
The original number is 45. 


x = cost per 1b of hamburger 
y = cost per Ib of steak 


Then 
5x + 4y = 22.00 
3x + 7y = 28.15 
Solving, we find 
x = $1.80, y = $3.25 


Interchange equations | and 3: 


I 
a 


—xt+4y+2z= 
2x + Sy — 2z 
-3x- yt z= 12 


Ul 
| 
Ne) 


Add 2 times equation | to equation 2; add —3 times 


equation | to equation 3: 
12. 


—x+ 4y+2z= 15 
I3y+2z= 21 
—13y — 5z = —33 


Add equation 2 to equation 3: 


-x+4y+2z= 15 
I3y+2z= 21 
—3z=-12 


Use back-substitution: 


—-3z=-12 or z=4 13. 
I3y + 2(4)=21 or y=1 
—x+ 41) + 2(4)=15 or x= -3 
x=-3 y=1 z=4 


The figure shows the set of feasible solutions and the 
coordinates of the vertices. 


Evaluating the objective function at these points gives 
us the following information: 


z=Sy-x 


0 5 
45 

e 2 
4 26 
29 1 
6 6 


The maximum value, z = 26, occurs at x = 4, y = 6. 


CHAPTER 10 


From the third row, x3 = —3. Then, from row 2, 
X2+ 3x3 =-8 
X2 + 3(-3) = -8 


x2= 1 


From row 1, 
xy 2x2 + 2x3 =-9 
x, — 2(1) + 2(-3) = -9 
x= -3 


xy=-l 2=1 


In matrix form, 


18. 


20. 


21. 


29. 


Add —2 times row | to row 2: 


1 1| 2 
0 -61-9 


Multiply row 2 by —1/6: 


E 1! al 
0 1:13 
Add —1 times row 2 to row 1: 

1 0| 1/2 

0 11 3/2 
The solution is x = 1/2, y = 3/2. 


Two matrices of the same dimension are equal if cor- 
responding entries are equal. This requires that 


x=9 and 4x=-12 


The only value satisfying both equations is x = —3. 
-1 5]_ [2 #1 

4 -3 3 2 
Slee ee tas he ;| 
~ | 4-3 —3-2 b= 


Addition of matrices is defined only when the matrices 
are of the same dimension. 


B-a=| 


Appending the identity matrix /, to the coefficient 
matrix, we have 


=e “3 0 

1 4:0 1 

1 410 1 
-23!] ql Interchanged rows. 
1 41;0 1 Added 2 times row 1 
O lid 2 to row 2. 


Multiplied row 2 by 
Vit. 


1 01 -4/11 al Added —4 times row 
Ol; Wil wi 2 to row 1. 

-4/11 3/11 ae 

Wil 2/11 ve 


31. 


37. 


39. 


CHAPTER ELEVEN §-49 


Appending the identity matrix /, to the coefficient 
matrix, we have 


=—-O Oo 
- © 
and) 


, Interchanged rows. 
i 1,0 1 

0 -3!1 -2 

E i. 0 | 
0 1, -1/3 2/3 
E 0; 13 | 
0 1! -1/3) 28 


Multiplying the coefficients of the right-hand side by 
the inverse, we have 


[is 2a) [s]-[5] 


so x = 2, y = 3 is the unique solution. 


Added —2 times row 
1 to row 2. 


Multiplied row 2 by 
— 1/3. 


Added —1 times row 
2 to row 1. 


Expanding by the cofactors of the first column, we 
have 
13 4 


safes 2 
9 gi 2 


5 4 


= (40 — 12) + 2(-4 — 10) =0 


2 2 8 4 


ED S| 
Q(x) R 
Q(x) = 2x7 +2 +8; R=4 


§-44 SOLUTIONS TO SELECTED REVIEW EXERCISES 


14. 


19. 


23. 


“1,7 -3 0 2 


-7 10 -10 

7-10 10 -8 
P(-1) = -8 

2)7 -3 Oo 2 

1422 «44 

7 Il 22 46 
P(2) = 46 


-2,}2 4 3 5 -2 


—4 0 -6 2 
2 0 3 -1 0 
Since P(—2) = 0, x + 2 is a factor. 


10i + 5i2 
—25i° 


2+i (942) = 
0-51 \0+5i) — 


“5 +10i 12. 
25 bs) 
With V—3 = V3i, form the product: 
(x — 3x — V3i(x + V3i) = (x — 3)? + 3) 
= -3x°4+3x-9 


The number 1/2 is a zero of the linear factor (2x — 1), 
and —1 is a zero of the linear factor (x + 1). Form the 
product: 


(2e = 1)? + 1)? = 4x4 + 403 — Bx? - Ae $I 
Divide by x + 2 to find the depressed equation: 


-2| 2 -1 -13 -6 


-—4 10 6 
2 3: 9-3 0 


depressed 
equation 


Solving 2x* — 5x — 3 = 0, we have 


(2x + 1)\(x -3)=0 


The polynomial 


P(x) = - x4 + 3B - 4x? +5 
et ee on ne 


25. 


28. 


has 5 variations in sign and therefore has a maximum 
of 5 positive real zeros. 
The polynomial 
P(-x) = -20 — x4 -— 3x3 — 4h? — x — 5 
has no variations in sign, and therefore there are no 
negative real zeros. 


The polynomial 
=3x45 2? +1 
eo 39 LA 


has 2 variations in sign, so there can be at most 2 
positive real roots. P(—x) = P(x), so there can be at 
most 2 negative real roots. 


The only possible rational roots are +1. Using con- 
densed synthetic division, we find 


13 2 1 -! 
1/1 4 67 6 
-ITil 2 0 1 |[-2 


Since neither remainder is zero, there are no rational 
roots. 


Since the coefficients are all integers, the Rational 
Zero ‘1 heorem restricts the possible rational roots to 


1 j 1 2 
+1, *5: =i va +2, *3: 
#55 #3. 22, #2, +10, 0 


Testing by synthetic division, 


-1] 6 15 -1 -10 
-6 -9 10 
6 9 -10 0 


we show that —1 is a root. The remaining roots are 
those of the depressed equation 


6x7 + 9x — 10 =0 
and are found by the quadratic formula: 


— —9 + V81+240_ -9+ V32)1 
7 12 12 


CHAPTER TWELVE §-48 


CHAPTER 42 With a, = 3, a4 = 1/72, and n= 4, 
3. An =N— an) a, = ar"! 
a =0 a4-ayr 
a,=2-0=2 : 
a,=3-2=1 pee 
a,=4-1=3 216 
a, =5—-3=2 pak 
% 6 

Ss: > 12h 2414) Then 
k=1 +(1-6)+(1 -8) As 
=—16 a= ar=3(t)=4 
I. Gq =a, + (n— Id mene rey gy 0 ee 
az, = —2 + (21 — 1)(2) = 38 OS BONING 12 
13. Use the given information to determine d: >A a1 
SPSS 5 
n= 16, ai =9, a, =4 a 2 
a, =a, +(n-— 1)d s — 4 =r") 
=14+ 44d : L>¥ 
d=1; 1 ee (4) 
Then find aj3: S a3 2 _2t 
1 32 
a33 =a, + (n—- N)d eas 
! 
=4+ (4) =8 
3 27. ee 
ay, 3 
15. Sn = F12a, + (n— Dd] _@ __ 3 9 
25 2 1\) _ 215 OSE i-(-2) 3 
ied -\)j;/a= = 3 
>| 5+ 24(;)| 3 von 
30. By the binomial formula, 
a2 -6 


ee G-2) = () +Ge9 


19. ag>-air= 5 


1-2 
)-4 4-32 
( 


Fro e(X\)_ 43 4 (94 
ae +545) a) 
a= ay =( )= 4 
2 2 = 5-2) + 6x7 — 16x + 16 
64, se Ee 
7 a -40—(2 33, 3! _13:12-t_ 13-12_ 
a,=ayr""! “42! 11!2! 2 
3\5 243 (n= Dn + D!_ (= Dnt Dn! _ ntl 
ag = (- 4-3) = ga an: n'n! n'n(n — 1)! n 
6 6! 6:5 
23. The sequence is 35. (6) - 5-22-15 


3, a2, a3, 1/72 


$-46 SOLUTIONS TO SELECTED REVIEW EXERCISES 


39. 


40. 


42. 


The six letters can be arranged in 
P(6, 6) = 6! = 720 
ways. However, the existence of two of the letter o 
will make half the arrangements indistinguishable. 
The answer is therefore 
! 
ae) eee 360 


P(2, 2) 2! 
10! 
C(10, 6) = a6! 210 
There are 8 successful outcomes: 
1,6 2,5 3, 4 
6, 1 5, 2 4, 3 
5, 6 6,5 


There are 6 X 6 = 36 total outcomes. So 


N 


probability = = =9 


43. 


We can select 2 white pens in C(4, 2) ways. We can 
select 2 pens in C(7, 2) ways. Therefore, 


probability = aa > -2 


Index 


A 


Abscissa, 114 
Absolute value, 12 
of a complex number, 331 
in equations, 83 
in inequalities, 84 
properties of, 13 
Acute angle, 217 
Absolute value function, 131 
Addition 
of algebraic fractions, 33 
associative law of, 4 
commutative law of, 4 
of complex numbers, 54, 469 
of functions, 156 
of matrices, 425 
of polynomials, 18 
Addition formulas of trigonometry, 307 
Algebraic expressions, 15 
Algebraic fractions, 30 
addition of, 33 
division of, 30 
least common denominator of, 34 
multiplication of, 30 
subtraction of, 33 
Algebraic numbers, 487 
Algebraic operations, 15 
Ambiguous case, 295 
Amplitude, 249 
Analytic geometry, 343 
Angle(s), 214 
acute, 217 
central, 214 
coterminal, 220 
degree measure of, 216 
initial side of, 214 
negative, 215 
obtuse, 217 
positive, 215 
quadrantai, 215 
radian measure of, 217 
reference, 241 
right, 217 
standard position of, 215 
terminal, 214 
trigonometric functions of, 225 
Angle of depression, 283 
Angle of elevation, 283 
Arc of a circle, 214 
Arccosine, 264 
Arcsine, 262 


Arctangent, 265 
Area of a circle, 214 
Argument of a complex number, 333 
Arithmetic progression, 512 
common difference in, 512 
Arithmetic sequence, 512 
Arithmetic series, 515 
Associative laws, 4 
Asymptotes 
horizontal, 490 
of a hyperbola, 365 
of a rational function, 490 
vertical, 247, 490 
Augmented matrix, 417 
Axis of symmetry, 120, 352, 368 


Back-substitution, 392 
Base, 15, 171, 183 
change of, 196 
Bearing, 285 
Binomial coefficient, 535 
Binomial expansion, 531 
Binomial formula, 533 
Binomial theorem, 533 
Break-even analysis, 386 
Break-even point, 386 


Cc 


Calculators, 237, 266 
Cancellation laws, 6 
Cancellation principle, 32 
Cardan’s formula, 483 
Cantesian coordinate system, 114 
Center of a circle, 213 
Central angle, 214 
Central angle formula, 222 
Change of base formula, 195 
Characteristic, 198 
Chord, 213 
Circle, 213 
center of, 213 
circumference of, 214 
diameter of, 214 
general form of, 349 
radius of, 347 
standard form of, 348 


symmetries of, 229 
unit, 216 
Closure, 3 
Coefficient, 17 
binomial, 535 
leading, 17 
Coefficient matrix, 417 
Cofactors, 445 
expansion by, 446 
Cofunction, 309 
Coin problems, 68 
Column matrix, 416 
Combination, 542 
Common difference, 512 
Common factors, 23 
Common logarithms, 198 
Common ratio, 518 
Commutative laws, 4 
Completing the square, 90 
Complex coefficients, 459, 478 
Complex fractions, 36 
Complex numbers, 53 
absolute value of, 331 
addition of, 54, 469 
argument of, 333 
conjugate, 469 
division of, 470 
equality of, 469 
imaginary part of, 53 
modulus of, 333 
multiplication of, 55, 469 
nth root of, 337 
properties of, 471 
quotient of , 470 
real part of, 53 
reciprocal of, 470 
subtraction of, 54 
trigonometric form of, 332 
Complex plane, 331 
Composite function, 157 
Compound interest, 178 
Conditional equation, 62 
Conic sections, 347 
characteristics of, 370 
general equation of, 368 
standard fonns of, 370 
Conjugate complex numbers, 469 
Conjugate Zeros Theorem, 477 
Consistent linear system, 376, 394 
Constant, 15 
of variation, 152, 153 
Constant function, 131 
Constant term, 17 
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of the exponential function, 173 
of the logarithmic function, 189 
of the trigonometric functions, 227 


Continuous compounding, 180 
Conversion period, 178 
Coordinate(s), 10 


Exponential equations, 204 
Exponential functions, 171 
graphs of, 172 


of a point, 114 
Coordinate axes, 114 
Cosecant function, 256 

graph of, 259 
Cosine function, 225 

graph of, 233 
Cotangent function, 256 

graph of, 260 
Coterininal angles, 220 
Counting principle, 538 
Cramer's rule, 449 
Critical value, 104 _ 
Cube root, 42 
Cubing function, 132 


D 


De Moivre’s Theorem, 335 
Decay constant, 177 
Decreasing function, 136 
Degree 

angular measure of, 216 

of a monomial, 17, 18 

of a polynomial, 17, 18 
Demand, 387 
Denominator(s), 7 

rationalizing, 40 
Dependent variable, 124 
Depressed equation, 475 
Descartes’s Rule of Signs, 481 
Determinant, 443 

cofactor of, 445 

minor of, 445 

of second order, 443 
Diameter of a circle, 214 
Difference 

of complex numbers, 54 

of functions, 156 

of matrices, 427 

of polynomials, 18 

of real numbers, 7 
Dimension of a matrix, 416 
Direct variation, 151 
Directrix, 352 
Discriminant, 94 
Distance, 13 

formula, 116 

problems. 70 
Distributive laws, 4 
Division, 7 

of algebraic fractions, 30 

of polynomials, 460 
Domain, 124 


Double-angle formulas, 315 
Double inequalities, 81 
Double root, 94 


e, 175 
Element of a set, | 
Elementary row opcrations, 418 
Elements of a matrix, 415 
Ellipse, 360 

foci of, 360 

standard form of, 361 
Empirical probability, 552 
Entries of a matrix, 415 
Equality, 5 

of complex numbers, 54 

of matrices, 424 

properties of, 5 
Equations, 61 

absolute value in, 83 

conditional, 62 

equivalent, 62 

first-degree, 64, 149 

fractions in, 63 

general first-degree, 149 

general second-degree, 87 

graph of, 117 

left-hand side of, 61 

linear, 64 

literal, 73 

logarithmic, 185, 204 

in one unknown, 64 

polynomial, 459 

quadratic, 87 

right-hand side of, 61 

roots of, 61 

second-degree, 87, 100 

solution of, 61, 117, 460 

systems of, 375 

trigonometric, 326 
Equilibrium price, 388 
Equivalent equations, 62 
Equivalent fraction, 34 
Equivalent system, 418 
Even function, 247 
Expansion of a binomial, 53] 
Exponent(s), 15 

negative, 40 

positive integer, 38 

rational, 44 

zero, 40 
Exponential decay models, 177 


natural, 175 

properties of, 174 
Exponential growth models, 176 
Extraneous solution, 97 


Factor, 7, 466 
Factor Theorem, 467, 472 
Factorial, 533 
Factoring 
by grouping, 24 
of difference of cubes, 27 
of difference of squares, 27 
of polynomials, 23, 25 
of sum of cubes, 27 
Feasible solution, 407 
Fermat's Last Theorem, 465 
Fibonacci sequence, 519 
First-degree equations, 64 
general, 149 
Foci of an ellipse, 360 
Foci of a hyperbola, 363 
Focus of a parabola, 352 
Fractions, 7 
addition of, 30, 33 
algebraic, 30 
cancellation principle of, 32 
complex, 36 
division of, 30 
equivalent, 34 
multiplication of. 30 
subtraction of, 33 
Function(s), 124 
addition of, 156 
composite, 157 
constant, 131, 136 
decreasing, 136 
division of, 156 
domain of, 124 
evaluation of, 128 
even, 247 
exponential, 171 
graphs of, 130 
identity, 130 
increasing, 136 
inverse, 16] 
inverse trigonometric, 26} 
linear, 138. 140 - 
logarithmic, 183 
multiplication of, 156 
notation for, 127 
odd, 247 


one-to-one, 158 
periodic, 237 
piecewige-defined, 132 
polynomial, 138, 459 
quadratic, 138 


range of. 124 
rational, 489 
special, 130 


subtraction of. 156 
trigonometric. 225 
zeros of, 460 
Fundamental identities, 30] 
Fundamental Theorem. 473. 474 


G 


Gauss-Jordan elimination, 422 
Gaussian elimination, 391. 418 
General first-degree equation, 149 
Geometric mean, 520 
Geometric progression, 518 

common ratio in, 518 
Geometric sequence. 518 
Geometric series, 521 

infinite, 523. 524 
Graph 

of an equation, 117 

of an exponential function, 172 

of a function. 130 

of an inequality, 78 

of a logarithmic function, 188 

of a polynomial, 465 

of a rational function, 489 

of trigonometric functions. 245. 262 
Growth constant, 176 


H 


Half planes, 396 
Half-angle formulas, 318 
Horizontal asymptote, 490 
Horizontal Asymptote Theorem, 495 
Horizontal line test, 159 
Horizontal lines, 145 
Hyperbola, 363 
asymptotes of, 365 
foci of, 362 
standard forms of, 363 


Identities, 62, 230 


fundamental trigonometric, 230, 302 
logarithmic, 186 
Identity 
additive, 4 
multiplicative, 4 
Identity function, 130 
Identity matrix, 433 
Image, 124 
Imaginary axis, 331 
Imaginary number, 53 
Imaginary part, 53 
Imaginary unit, 52 
Inconsistent linear system, 376, 394 
Increasing function, 136 
Independent variable, 124 
Index of summation, 506 
Inequalities, 11! 
absolute value in, 84 
double, 81 
graphing of, 78. 396 
linear, 77 
properties of, 1! 
second-degree, 104 
solution of, 77 
systems of, 400 
Inequality symbols, 10 
Infinite geometric series, 523, 524 
Infinite sequence, 504 
Infinity, 79 
Initial side of an angle. 214 
Integer, 2 
Intercept, 118. 144 
Interest 
compound, 178 
continuous compound, 180 
simple. 69 
Interval, 78 
closed, 78 
half-open, 78 
infinite. 79 
open, 78 
Interval notation, 78 
Inverse 
additive, 4 
matrix, 433 
multiplicative, 4 
Inverse function, 261 
Inverse trigonometric functions, 261 
Inverse variation, !52 
Irrational number, 3 
Irreducible polynomial. 29 


Joint variation, 153 


L 


INDEX 1-3 


Law of cosines, 289 

Law of sines, 292 

Leading coefficient, 17 

Least common denominator, 34 
Level of production, 386 

Like terms, 18 

Line(s), see Straight line. 
Linear equations, 64 


applications of, 67 
roots of, 64 
system of, 376 


Linear Factor Theorem, 473 
Linear function, 138, 140 
Linear inequalities, 77 


graph of, 78, 397 
systems of, 400 
in two variables, 397 


Linear programming problem, 407 


constraints of, 406 
fundamental theorem of, 408 
objective function, 407 


Linear systems, 376 


applications of, 383 

consistent, 376, 394 

equivalent, 391 

inconsistent, 376, 394 

matrix methods in, 418 

solving by Cramer’s rule, 449 

solving by Gaussian elimination, 391, 
418 

in triangular form, 391 


Literal equations, 73 
Logarithmic equations, 185. 204 
Logarithmic functions, 183 


graphs of, 188 
properties of, 189 


Logarithmic identities, 186, 187 
Logarithms, 183 


base of, 183 

change of base, 195 
common, 198 
computing with, 198 
equations with, 185 
identities, 186, 187 
natural, 183 
properties of, 189. 191 
simplifying, 192 


Mantissa, 198 
Mathematical induction, 527 
Matrix, 415 


addition of, 425 


1-4 INDEX 


augmented, 417 
coefficient, 417 
column, 416 
columns of, 416 
determinant of, 443 
dimension of, 416 
elementary row operations, 418 
elements of, 415 
entries of, 415 
equality, 424 
identity, 433 
inverse, 433 
invertible, 433 
multiplication, 427 
nonsingular, 433 
order of, 416 
pivot element of. 419 
pivot row of, 419 
row, 416 
rows of, 416 
scalar multiplication of, 426 
square, 416 
subtraction, 427 
zero, 432 
Member of a set, | 
Midpoint formula, 344 
Minors, 445 
Minute, 242 
Mixture problems, 71 
Modulus of a complex number, 333 
Monomial. 71 
degree of, 17, 18 
in two variables, 18 
Multiplication 
of algebraic fractions, 30 
associative law of, 4 
cancellation law of, 6 
commutative law of, 4 
of complex numbers, 55, 469 
of fractions, 30 
of matrices, 427 
of polynomials, 19 


N 


Natural exponential function, 175 
Natural logarithms, 183 
Natural number, 2 
Negative angle, 215 
Negative direction, 10 
Negative function, 130 
Negative number, 10 
Nonnegative number, 10 
nth root, 42 
of a complex number, 337 
principal, 43 


of unity, 337 
Number of Roots Theorem. 473 
Numerator, 7 


ie) 


Objective function, 407 
Oblique tnangle, 288 
Obtuse angle, 217 

Qdd function, 247 
One-to-one function, 158 
Ordered pair, 114 
Ordinate, 114 

Origin, 10, 114 


P 


Parabola, 132, 352 
axis of, 352 
directrix of, 352 
focus of, 352 
standard forms of, 353, 355, 357 
vertex of, 352 
Parabolic reflector. 357 
Parallel lines, 146 
Partial sums, 510 
Pascal’s tnangle, 532 
Period, 237, 251 
Periodic function, 237 
Permutation, 539 
Perpendicular lines, 146 
Phase-shift, 252 
Piecewise-defined function, 132 
Plane, 394 
Point-slope form, 142 
Polar form, 332 
Polynomial(s), 17 
addition of, 18 
coefficients of, 17 
complex coefficients of, 459, 478 
constant term of, 17 
degree of, 17, 18 
difference of, 18 
division of, 460 
equations, 459 
factoring of, 23 
graphs of, 465 
irreducible, 30 
multiplication of, {9 
operations with, 18 
prime, 30 
roots of, 460 
subtraction of, 18 
sum of, 18 


term of. 17 
in two variables, 18 
zero, 17 
Polynomial function, 138 
of degree n, 459 
graph of, 138, 465 
Positive angle, 215 
Positive direction, 10 
Positive number, 10 
Power, 15 
Prime polynomials, 29 
Principal argument, 333 
Principal nth root. 43 
Principal square root. 45 
Probability, 547 
empirical, 552 
Product, 3 
Product-sum formulas, 322 
Progression 
arithmetic, 512 
geometric, 518 
Pythagorean Theorem, 319 


Quadrant, 114 
Quadrantal angle, 215 
Quadratic equations, 87 
applications of, 100 
discriminant of, 94 
roots of, 92, 95 
Quadratic formula, 92 
Quadratic functions, 138 
Quotient, 7 
of complex numbers, 470 
of polynomials, 460 
of real numbers, 8 


Radian measure, 217, 222 
Radical equation, 96 
Radical form, 45 
Radical sign, 45 
Radicals, 45 
operations with, 49 
properties of, 47 
simplified form of, 47 
Radius, 213, 347 
Range, 124 
Rational expression(s), 30 
addition of, 33 
division of, 30 
multiplication of, 30 


subtraction of, 33 

Rational function, 489 
graph of, 489 

Rational number, 2 

Rational Zero Theorem, 482 

Rationalizing denominators, 48 

Real axis, 331 

Real number line, 10 
coordinates on, 10 
distance on, 13 

Real number system, 3 
properties of, 3 

Real part, 53 

Reciprocal, 4 


Rectangular coordinate system, 114 


Recursive formula, 505 
Reference angle, 241 
Reference Angle Rule, 242 
Reference number, 239 
Reference Number Rule, 239 
Reflexive property of equality, 5 
Remainder Theorem, 464 
Repeated root, 94 
Richter scale, 187 
Right angle, 217 
Right tnangle trigonometry, 275 
Roots 

of an equation, 460 

of a linear equation, 64 

of multiplicity k, 474 

of a polynomial, 460 

of a quadratic equation, 92, 95 
Row matnx, 416 


Scalar, 426 
Scalar multiplication, 426 
Scientific notation, 198 
Secant function, 256 
graph of, 259 
Second, 242 
Second-degree equations, 87 
Second-degree inequalities, 104 
Sequence, 504 
arithmetic, 512 
Fibonacci, 519 
geometric, 518 
infinite, 504 
partial sums of, 510 
term of, 504 
Series, 508 
arithmetic, 515 
geometric, 521 
infinite geometric, 524 
Set, | 
element of, | 


member of, | 

solution, 61 
Set-builder notation, 78 
Sigma notation, 506 


Signs of trigonometric functions, 227 


Simple interest, 69 
Simplifying fractions, 36 
Simplifying radicals, 47 
Sine function, 225 
graph of, 245 
Slope of a line, 141 
Slope-intercept form, 144 
Solution set, 61, 77, 301 
Solution(s) 
of an equation, 61, 117, 460 
extraneous, 97 
of an inequality, 77 
of systems of equations, 375 
of systems of inequalities, 400 
Square matrix, 416 
Square root, 42 
principal, 45 
Square root function, 132 
Squaring function, 132 


Standard position of an angle, 215 


Straight line(s) 
equations of, 143, 144, 148 
horizontal, 145 
parallel, 146 
perpendicular, 146 
slope of, 141 
vertical, 146 

Subset, 2 

Substitution of variable, 98 


Substitution property of equality, 5 


Subtraction 
of algebraic fractions, 33 
of complex numbers, 54 
of fractions, 33 
of matrices, 427 
of polynomials, 18 
Summation notation, 506 
Supply, 387 


Symmetric property of equality, 5 


Symmetry, 119 
tests for, 120 

Synthetic division, 462 

Systems of equations, 375 
consistent, 377, 394 
equivalent, 391 
inconsistent, 377, 394 
solving by elimination, 380 
solving by graphing, 376 
solving by substitution, 377 

Systems of linear equations, 376 
See also Linear systems. 


Systems of linear inequalities, 400 


See also Linear inequalities. 


INDEX 


Tangent function, 225 
graph of, 247 
Term of a polynomial, 17 
Term of a sequence, 504 
Terminal side of an angle, 214 
Transcendental numbers, 487 
Transitive property, 5, 11 
Triangle 
oblique, 288 
right, 275 
Triangular form, 391 
Trichotomy property, 1] 
Trigonometric equations, 301, 326 
solution set, 301 
Trigonometric expression, 301 
Trigonometric form of a complex num- 
ber, 332 
Trigonometnic formulas 
addition, 307 
double-angle, 315 
half-angle, 318 
product-sum, 322 
Trigonometric functions, 225 
domain of, 227 
graphs of, 245, 259 
inverse, 261 
range of, 227, 248 
signs of, 227 
Trigonometric identities, 230, 301 
fundamental, 301 
Trigonometry, 213 


U 


Unit circle, 216 
equation of, 216 
Unit circle point, 217 


Vv 


Variable, 15 
dependent, 124 
independent, 124 
substitution of, 98 

Variation 
constant of, 152 
direct, 151 
in sign, 480 
inverse, 152 
joint, 153 

Vertex 
of a parabola, 352 


1-5 
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of a feasible solution set, 408 
Vertical asymptote, 247, 490 
Vertical Asymptote Theorem, 491 
Vertical line test, 126 
Vertical lines, 146 


Ww 


Work problems, 72, 102 


x 


x-axis, 114 
x-coordinate, 114 
x-intercept, 118 


Vv 


y-axis, 114 
y-coordinate, 114 
y-intercept, 118 


Zero matrix, 432 
Zero of multiplicity k, 474 
Zero polynomial, 17 
Zeros 
of functions, 460 
rational, 482 
real, 480 


A6 
B7 
C8 
D9 
EO 


